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SOME FUNCTIONAL EQUATIONS CONNECTED WITH
QUADRATIC FORMS

I. COROVEL

(Cluj-Napoca)

1. Let It be a commutalive ring with identity and let M be a uni-
tary R-module. A function f: 1/ - R ig a quadratic form if

(i) fra) = 7?f(x) for all re R, z ¢ ,

(i) I': M x M — R is bilinear, where

(1.1) Flw, y): = fle + y) — fle) — fly), for all o, y e I

(see e.g. Jacobson [6]).
It is easy to check that any function defined by (1.1) satisfies the
following function equation (see [4]).

(1.2) B, 9) + L@ +y, 2) = F@, y + 2) - By, »).
If the function f: M — R satisfies the parallelogram law
(1.3) S+ y) + fl@ — y) = 2f(2) + 2f(y)

and 2 is not a zero divisor in R, then F is bi-auditive (ef Jordan — von
Neumann [7]).

From (1.1) and (1.3) it follows that I satisfies the partial homogeneity
condition
(1.4) Bz, —y) = —F(z, y)
K. Davison has proved the following.

PROPOSTION 1, Let B be-a ring in which. 2 is not « zero divisor,
Let M be R-module and suppose F: W x M — R satisfies
(1.2) and (1.4) Then F is bi-additive. : :

Let & be a complex vector space and I: X ¥ X — O a sesquilinear
form, then a funection

f(w) = I(z, x), for all zcX
satisfies the parallelogram law (1.3) and

(1.7) f(a) = A2 f(w), reC, zeX.
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S. Kurepa [8] has shown that if a function f: X — € satisfies the
parallelogram law and (1.7) then there exists a Tunction I such that

(1.8) flw) = I(x, ), for all z e X.
2. Our aim is to study the functional equations (1.2) and (1.3) on
the non-commutative structures.

THEOREM 1. Let (@,.) be an arbitrary group and (H, +4) an abelian
group such that every equation 2 a=2 b in H can be concellated by 2.

It I: G — H satisfies the following relations.
(2.1) F({U, Y) —l“F(my; 2) = Iﬂ(my yz) - F(f’/; ), ¥V @, Y, €0,
and ,
(2.2) (@, y™) = —F(a, y)
then the function I' verifies the relation
(2.3) F(x, y2) = F(x, y) + F(x, 2) and Play, 2) = Bz, 2) + F(y, 2)
Jor all @, y, z € G i.e. is “bi-additivity”.
Proof. In (2.1) replace 2z by »~* and using (2.2) we obtain Mo, y) —
— F(wyy 2) = F(m7 YR — F(?/, 2).
Adding this equality with (2.1) we have

(2.3) 2F(w, y) = F(w, yz) 4 F(x, y271).

D_eﬁne the function ¢:G — H by

(2.4) 9(y) : = F(w, y)

and (2.5) becomes

(2.5) 29(9) = g(yz) + gly="") *
Interchanging y by 2 we get

(2.6) 29(2) = 9(2y) -I- glay ™)

From relations (2.5) and (2.6) and using (2.2) and (2.4) we obtain
the functional equation f: G — H,

(2.7) 9(ye) - g9(2y) = 2[g(y) + 9], vy, 2 € G
We need the following theorem (see [2]).

TUROREM 2. Consider the functional equation (2.7), where (Gy.)is a
arbitrary group and (H, ) is a abelian growp in which 2z = 0 implies that
x'=0.

I f: G — H is a solution of equation (2.7), then f is a homomor-
phism of ¢ into H.

Therefore we have

9(y2) = g(y) + 9(2), for all y, z €@
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From this equality and (2.4) we obtain

(2.8) B, yz) = B(o, y) + F(e, 2)
which together with (2.1) leads to
(2.9) By, ) = F(w, &)ty Hy, 2)

This complet, the proof of the. Theorem

J. Consider the functional equation

3.1 el £ (o1 9 (e i
(3.1) Sr@' = H, fley) + floy™) = 2 [f(a) “+ fy)]
wghele (G,.) I8 an arbitrary group and (H, +) is an abelian group such
that every equation 2¢ — 2p in H can be cancellated by 2.

ha . . . 3 oo oy ) g h

The 111110110_11(1‘1 equation (31) was studied by J. Aczel in [1] where
G 2}‘!1(1 H are abelian groups and by M. Hosszt ahd M. Osileds in [5] where
G is a finitely generateq group and H an abelian group. 7

E_qua.mon (3.1) was stl}died in [3] where @ is an arbitrary eroup
eind H is an abelian group. We prove it here for the convenjence of a Tea-
der. .

It is easy to see that

(3.2) fe), = Outelip,

(3.3) Yyel, fly) = fiy™),

(3.4) Y.y G, flay) = fyr),
We prove by induction that

(3.5) J") = n2f(a),

Indeed, taking ¢ — o in (3.1) and in view of, (3.2) we have

) = 4f(x) ‘
therefore (3.5) is true for n — 9. Suppose that (3.5) is valid for every
natural number less than . '

Patting 4 = z*-1 jp (1), we have
J@") 4 ft) = of(z) -+ 2f(an-)
from the induction hypothesis and this relation, we have
Ja") = 2f(@) + 200 — 1)f() ~ (n — 2)%() — n2f(as).
Define the function F: G x G - JI by I
(3.7) 2B(2, y) = flay) — f(x) — {y).
From (3.4) and (3.7), we obtain
(3.8) Bz, y) = Py, #)
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' ' {1 10] quation (3.1) then flz) =
"HROREM 3. 0f f: G - H s a sol'utz,o_n of‘(’.qy 4 (: p
= F(or;L H;‘)Oilh?areolﬂ 119 {lt’f'iv?,e(l by (3.7) and it verifies the relation (3.8) an
the following relation

(3.9) Lz, yz) = F(x, y) -+ I(x, 2), for all ©, 4y, 2@
Proof. We first prove the following
(3.10) Pla, yo) + F(w, 2y) = 2[F(w, y) + F(, 2)].

: (3.7), (3.1) and (3.4) we obtain
i;ii \4[1«3(.1',( y>)+ B(ay &)= 2[flay) + flo2) — 2f@) = fly) ~ fi2)]
= 2f(@2) + 2(y) — flawy™) + flzwy™) — 4f(y) + 2f(ey)—
— 4f(x) — 2f(2) = floyz) -+ flawy™) — 4f(z) — 4f(y) + 2f(wy) —
— 2f(2) = fwyz) 4 flzay™h) — 2f(2y7) — 2f(z)=
= flayz) — flzys™)

gj‘)) (2, 92) = 2f(ey2) — 2f(w) — 2f(pe) = 1
of(wyz) — flmyz) — fw~Yz) = flwyz) — fla~tyz).
From (3.12), (3.1), (3.4) and (3.11) we have ok
4[F(x, yz) + L(x, 2y)] = flayz) — f@7y2) 4 flozy) — fla~zy) =
=gl

wyzy — fleye™) — [2f(w) +"2f(y2) — floyz)]+-
+ [2f(x) + 2f(zy) — fle tey)] = 2[flayz) — flaya™)]=
p— S[F((U, ¥) + F(O), 7).

1d the relation (3.10) lholds. ‘ i .
a TFor « fixed, x € ¢, define the function ¢: 6 - ¥

(3.13) g(y) = ¥, y).

Then, from (3.10) and (3.13) it follows

(3.14) 9uz) 1+ 9(zy) = 2[9(y) 1 g(2)].
I rAY

it f b g i 'phism . of
Now, using Theorem 2 it follows that g is & homomorphis
o (2, +) and (3.9) holds
L) into (H, ) and (3.9) ho 8. 7 oo s A FM e st
(G,.‘\)T m} (ie( wi,llih)ow some properties of the function ‘1 dixflmrco;ii c?; H(iple;
it OE *‘ X and X we denote complex vector spaces and b tl B
lgeb }\;iﬂ(l unit 1 we assume that the algebra A has the g
algebra : 1
2 g a1 r . i ‘ ‘11 |
1egu1a1£1t} 'n\ t e A there exists 2 natural number » such that -+ » and
For any : LGt
t+ »n -1 are invertible elements in A o B B 5 e
il /qurthermore we agsume that X is a left module
is left and right modul orer A.
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THEOREM 4. TLet A y Xand X' be as apove, If f &, Xesmupy
tion of the parallelogram law

(4.1) @ ty) 4 fla — ) ~ ) + 2f(y), for all o, ye x
and if f satisfies the homogeneity condition )

8 a solu-

(4.2) Sy = ¢f(en, t ¢ A, e X
then the function ¥ . x X X~ A" defineq by
(4.3) 20(2, y) = fle + y) — f(z) — Jy)

i additive, Symmetrie, f(x) = Mz, ) and

(4.4) Flx, y) W2y ty) = t(w, y) - Bz, yi, ted; 2, yeX
Lurthermore the Junction

Mts o, y) = F(te, y) - H(w, ty), ted, xeX '

s a Jordan derivation on d, i.e.
(4.5) ME285 2 g) = tohis; m, y) | bty @, ) s
holds, where
bos =1s |- s, I, aecd

Proof. From Theorem 3 follows that the function I defined by (4.3)
is bi-additive, symmetric and f(z) — Bz, 2) for all & eX
In the hypotheges of Theorem 4 it; ig easy to check th
I can be reduced to the funetion M (see [8]).
Mz, ) = (fw 4 y) — f(o — IDIS—1(fle 4 iy) — flp — iy)/8,
Ve, yed,
therefore (4.4) and (4.5) are true.

at ﬁile function
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