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1. L¡ei, Il be :¡ commutaiir.t: r'itrg- l,ith iclentitv ancl let M be a uni_tar¡r ¿-.noclutc. A function .f I lr ; Ir, rs 
^ 

quãàiaîic'rorm it
$) JQr): r2l@) lor all r e R,, r: e tI,
(ii) ¡, t ff x )ì --+ ]1, is bilirrczu,, l,lrtre

(1.1) It(r, y): : J'@ f- y) - l@) _ f(y), for arr n, y e M
(see e.g. Jacobson [6]).

,^,,^__Jl]*"o-_11-I 
to check,that any function ctefinecl by (1.1) sal,isfies therouo\r'tng rlìnc1 ion equation (see t4]).

(L.2) .L'(n, U) -l X(n I tt, z) : tr,(r, y I ø) l Út,(y, ø).

rf the funcr,ion J : r[ -* 1? satisfies the paralelogram rarv
(1.3) l@ -l y) i J@ - y) : zJ@) -l zf(y)
and 2 is not à, zero clir.isor in il, then r is l¡i-auclitir.e (cf Jordan _ l-onNeumann lZl).

_. 
rrrom (1.1) ancl (1.9) it foilorvs that ? satisfies the partial homogeneityconclition

(1'4) F@, -y) : -t(r, y)

I(. Davison has prorrecl the folloting.
?Ro?osllron 1. 1,ød R be.u rin_g it¡ rulticlt 2 is not cL zet,o clit:,isor,"Let ilt be R-ntodu,Ie a¡nt s.xr,ppose !, U , ,ji _- n intiiír,(I.2) and (1.4) Then, I ís^bi,-ctctititiae.
f,etX beacomplexr.ector space *ndL:J X X __+C asesquilinearforrn, then a functiön

l@) : I)(a, a), for all n e X
satisfies the paralleloclam larv (1.S) ancl

(r.7) f(xn¡:lxlrÍir"), Àe (0, nex.
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,.s.. r(urep-a [B] has shorvn ilrat if a function f : x --+ c satisfies theparallelogram larv ancl (1.?) then there exists a iunction-/, such that
(1.8) l@) : L(n, r), for all r e X.

2. our aim is.to stucl¡' flre f'n.tional eq'ations (1.2) ancl (1.8) onthe non-cornmutative struðtules.

ll'nnonnrr 7. Let (G,.) he ou arbitrary {Jt.or.Lp cr,ttd,(H, f) an, ctt¿eliq,tl
gro'¿q) suclt' tltøt eueTy eqrlütion, z a,:z b in Ír cci,tz be àonceltatect tty ,2.If ]t : G -- It satisfies tlte fol,totoittg reløtions.

(2.I) F(q, A)ln@y, ø):nt(r, yø)-l-F(y, B), y ffi, !, zeG.
and,

(2.2) I!(n, U-t) : -It(r, y)

tlten tha fu,nction, I aeri,fies th,e relu"tiott,

(2.3) a(n, '¡¡ø): tr'(r, u) Ix'(n, ø) ancl x'(uy, ø) : n'('nt { lx.(u, ø)

lor all, fi¡ lJ¡ z eG i.e. is (,1¡i-additi.a'itr1i1.

_.Proof .In_(2.1) replace a.'bJ. a-l ¿¡nc1 using (2.2) ve obtain I,,(n, !!) -- l(nll, ø) : I(n, Uø-r) - 1'(y, B).
Adding this equality with (2.1) rve har.e

(2.3) 2I(n, y) : n(n, !tz) +F(r, yz-1).

Dpfine tlre function g : G -+ II b5,

(2.+) s(y): : It(r, y)

ancl (2.5) becomes

(2.5) 2s(y) : s(yø) * s(yz-l)'
Interchangútg lJ b¡' a rve get

(2.6) 2g(ø) : s(zy) ), s(øy-')
I,'rom relations (2.5) ancl (2.6) a,nd using (2.2) and (2.4) rve obtain

the functional ecluation /: G -+ II,
(2.7) s(yz) -l g@y) - 2ls0) -l- g@)1, y y, ø e G

\4¡e neecl the follox'ing theorem (see [2]).
Trrnonnu 2. Cutsicler tha fu,nctional ec1uu,l,iotr, (2.7), tolrcre (G,.1 ,ís a

u'rbitrury group cvntl(H, -l) is a nbclían grou,lt-inzolticlt,2n : o intptiós that
lî :0.

I1 J.:G -+11¡_s a solution of eqtrnbion (2.7), tJren / is a hornomor-
phism oï G into /.I.

lherefole tve have

g(yz) : g(y) -f g(z), lor a\ y, ø eG.

iìrlrn this equality antl (2.4) l,e obt¿in
12..q) n(t: , ,ua) : þ,(¡,, u) f I,(,,t,, ø)
which together rvil,h (2.1) leacls tcr
(2.û) Ji(:t;,4, ,,) : 1,(n, z) I L.(,r¡, r)

this cornplet the itlooli of the Tlieor,etn

ll. Coltsicler. 1,he functionill ec¡u.tltion
(3.1) /: G - H, ,f(t.y) !Je:a-l) :2 l].eù _l .Í(.v)J
v¿hele (6,.) is an arbitrar{-.g^lou_p anrl-(1i, +) is an ¿¡ltelian e.r,ou1r suclrth*t evc}v er¡ualion Zct, :'Zi¡t iï òär, l;c¡ cancellatcri br- 2.

'ìlhe f*rrcti.nai 
_c'çrati.n_(81) rv¿rs stur'lierr rrr- J. ,.rcret in [1] u,he'eG arict Jr a.e abetia. gr,oups a,,a b¡i u. i+å,r_)i, ;r".i li. óìì,.,,, i' [õl n,]ìer,eG is a finitety genc,r,areitlq',u.,p ui.r]¡ ;; ;tiììîi'ö.*,

Ðc1rr'tio^ (3.1) *'as stucliecr in f3r rv'er,e G is a^n ar,bit',ar,1. s'onrl
:if,,|]" 

is ar irtretiarÌ gro,p. we p.oi:e iî Ì,ere iãìr rì,,",,,,ììì-.,,,j..',,,,, 
'r :r rea-

It is easy to sec ilr¿r1,

(s'2) 
.rG) : a

(s.s) v y eG, .f(,1):J,(y_r).
(3.4) y "t:, ..r¡ G, J,etu) __ J.(y,r:),

We prove by in<luction thal,
(3.5) 

Je:,,) : n2J(,,i,).

Tricleed, tahing U : ",t; i' (lì.1) :trrd in 
'ie*, rtf (3.2)*,e have

ilt:2) : q¡qr,¡

lÏi:l;i'î,1|;ilJì.1_ï;,,i.:ï ;1 
== t s 4,pose rrrar (3.5) is varicl ror erc.r,y

Futúing .r1 : :/,, I in (t ), ri,e hzlvc

f(n") + J@'-") : 2.t'(r;) l2¡'1.¡"-t¡
f.om x'l;e inc'ructio' rr,r'pothesis ¿-¡ncr this 

'crat,i<llrr u,e hiù\re

J@',) : 2.;f(.n) { 2(n, _ l)¿J(r) _ þt _ 2)zJ,(,r) :,n,2/@).
Ðefitre the Tllrnction Ì' : G! X (/ _+ 1i b¡,

(3.7) 2Þ'(.1:, y) : J'@y) - Je.) _ J,(y).
From (3.,f) and (iì.?), rve obt¡¡¡u
(3.8) ti'(r, t¡) : It,(y, s;)
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Tnllonnlr 3. Il' l: G -- II is a sc¡lttt'i,r¡n, of cqtca,tion ('J.I) thon í(r) :: n'@, u) tultere tr. is clefincd lnt $.f ) un,d, i,t ueri,fias the relqtion (3.5) and
th c follotoitt,ç¡ relat'ion,

(3.9) I(n, yz) -þ'(n, tt) * n'@, ø), .for a,ll x, c¡. z eG

Proof . \{re first plor'e the follos'ing

(3.10) Il(r, t1z) I L'(r, ?!t) :2lF(n, y) t 1'(n, z)1.

From (3.?), (3.1) antl (3.4) le obtarn

(3.11) 4lT(t', y) ! J:'(a, ?)l :2ll@y) * l@ø) - 2l@) - l(y) - /(")l:
: 2i@ø) I zJ(y) - I(zny-t', I lþuy-') - +J'@) 'r 2l@y)-

- +l@) - 2l@) : !(uyz) ! fþ:ty-|) - +l@) - ql(y) IzT@s) -
- 2ï(r) : l@yz) -i l@ny-r) - zl@y-r) - 2l@):

: .f(nyz) - f(z,ynt-1'1

ancl

(3.12) 4lr(r, t¡z) : zf(nyø) - zJ(tt) - 2Í(yø) :
: 2J@ya) - l@yz) - l@-'yz) : l@yr) - f(n-tyz).

Frorn (3.I2), (3.1), (3.4) anc-t (3.11) rye have

[lE(r, y?) + I(r, øt¡)l : lQr,yz) - J@-lyø) I l@zy) - J(x-rzy¡ :
: l@yz) - Iþyo-') - l2Í(u) l2l@r) - l@yz))I

-,r lzl@) I2lþy) - l@''=y)l :2lf(ruz) - fØya-r¡|-
: 8[7'(r, y) -l I(r, z)1.

arrcl thc relation (3.10) holcls.
Fcrr c Îi-rerl, ne G, ilefiue the funcl,iot-r g:G -Íl

(3.13) s(y) : I(u, y).

'I'hen, flom (3.10) ancl (3..t3) it follox,s

(3.14) s('yz) )¡ çt@y) - zjt(y) ï g(z)1.

Nol., rLsing 'I'heorern 2 it follou's that g is a hornomorphisrn of
(G,.) into (ã, I ) anct (i1.9) holds.
4. Nol,l'c rvill shorv sorne properties, of the function J,ì defined ì:y (S.?).

By .I ancl ,f' x'c clenote complex vect'ol spâces and l-r¡' / cor¡plex
algebra s,ith unil, 1 x'e assume tÌrat the algeì:ra, ,4 has l,he follou'ing
regularit¡'.

For anJ' ü e -4 there exists a natural numJ¡er r¿ such that f f ra and
t I tt, -l- 1 ate inr.eltible elements in -zl .

Fultherrnore \\'e àssume that -I is a lefl, rrodnle ór.er. á antX -l'
is left antl righl, rtrodul orer' /.

'l_'llnor¿litrt 4. Lcl Á, À. tnttl )., ttion t[ t\,e 1,,,t:t',til'ct,,t¡t,,itt'i,;;""" 
-t I)e us (ltorc' I.l f : .Y ->,1' is u solu-

(1.r ) l@ -l Ð 1- J'þ, -- lD -- zf(n) -l 2f(fi, Jor a,H r, y e ,xand i.J J satisJies tlre homogett,eit.t¡ cottd,ition,
(4'2) Jftt) :. tf(r)t,, t e, rL, t; e x'tlten' tlt,e .fnttcti,ort, tr, : .X X .I- .--) "\., tle,fi,ett by
(4.3)

is &ttd,itiae, rrrr*r7;:,''rrn.'r::'lÏ-* lr' i,r!|" 
- Í(Y)

(4.4) F(tn, y) -l L,(n, h¡) : ttit(s, 31) ! n,@, y)t, t e A; *, lt e .Xlltt r tlternor e tlt e Íu,,nr:l,i on

h(t; n, U) _.F(tn,, tÐ __ It(n, ty), t e A, n e X,i.s a Jr.,t,ilctn, tlct,,i.uctl,iot¡ on IL, i..e .
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(.r.5)
h,olels, where

It,(t"si rt !J)-:t"lt(si tt tt/)-t_h(tj nt y)"s
1"8:ts.-l-st, trueA

. _ Prou!. Iù,onr Tlleu

'- "' î,1'li[l"ljimlj i'Ï-Ï: i' u:i'ilì';1"]:''o bv (a B)

-l' (,¿ìrr be r,crliäcrl f o t,l 
"" iËril'o 

r,lrcclc lJraû flrc fr¿nctjon
)tr(a, y):U'(u j ù -J'@ -u))l|-'i(f(u_l,iy) _ Í@ _ ru)ß,

)

1

I

.t

I

J
)

Y fr¡ aQX,
therefore (4.4) and (4.5) are tr:ue

IìIJI¡I'JìTìNCI]S
!. Ã c z ('I, 

'1 . Tltc (terr(:t'rl snt,rt;^,, ^r t..-.i, ttuo u,tr.i,il,;;:t;;,,;;,,u1 
s.oltrtiott oI ltoo Iutttliott.r..tl (,(lu(,tlion.s l,U rr,lrtcliorr lo l.trrrcliotts additiocaJ_?1. turut ut( rtitt ttl. Itrrrttrt /,¿,s,.s. 

.Gtas¡¡itr 
ii,,; . 

,i;i;ir,:\, 
ú., 2l(tg6i¡) l._2,

I,or lhe lrcnnntot.pltisnts, llut. $tiinf. lnst. l)ol.

filli - 2r(x) I 2r(v) pe slrrput.i, rrrsr. giiin!,
n pli e s b Ì-attcl i l i u i t y, t\urt f)olouici ÀIaür., \J,1r J J ¡,

¡i
' !:' (t' ; r' ;' i " i', :!;L 

t p o s i t t u r c' t¡ u a s i s. o'p e s e t

ì":ü'':" l"lt l¡ratrcisco' I e74'' tnntt' pt'otltrl.s in lincar rnelric s¡tttce,,\ttn.
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