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KR,IÌIN'S

l' Infroducti'n. r,ei rx r';e a, real 
'o'med rinea' spÐrce ancl conside'1.'e rollo*'i'g serni-innut'1ri"iì"t.r'i,i, ¡,i,;-i""îî-"TrÍå'cr gi'en by'Q';,t/),':,|T11 (ila I tailo _ llall,)lzt, a, t¡ e Ít);

(p, !t),, ' 
:,1]å" |la -l t,t:l1z .- llltll,)lzt, nt, q e n.

I¡or r;he sa.ko, c¡f, conrlrrc'teness u.c rist sone usuar prope.ties of thesese,'i-in'e' p"t1*cis ihar, ir.ill ¡o: 
"*äà 

i""'Lirä"-ã.r"ìiisËä arso ¡21¡ ,

lil (.r, ¿j)p ' llø ll, fol tùt ;r in D ;(ii) (-..u, !l),: (u)¡ __.tl),: _(n, ;Ð, if n, u e E;
ll a., ye Þ0;
ø),, .Îut 

e [R :
;),, for: tì

j- tlti I ,ot'lhogr; ll;u .-l-ote 'r ,l y , ,r), ;

illf 1,¡ 'rt)¡: (et It) o,-
l4relc

¡I,o¡rrr|i,icx .1, (,),, iI r,err¡¡1,111i,,1, tvitlr llenf apploxirrralionrtrrt ( rirre¿rr I'rrrrr,ti,rrìÁi's, x.r,"l2J u.rrcr,r, i;ri;;;ìäe,rairs n'c p-i'crr.s'lne nr.r-r<n'wn l,heolcrus ol, l,cflexivil,l, alrd stt,i.r, con_vrxil' ,.o' Jiunos arr] i\{.c+. iiiloin, r,es'ectir.cry, ive need r.tle follo_ru'irrs cr,¡¡(i¡¡rü: rlrr, .rìo*z,cr,() ,,rel,,er,'t ,, u / i* i.. ,,ìoìi,ilå1"àlem"nt l,ru, thelutteliolLiil J'e /r'*110, 't

,:ï(u) : lllll llru ll
($0e a[-so fSl, p, 33),

'ÌIucnLrìr r ' (!5)l I'at -ri btt rt, ß.u¿ucrt, s?_!_Lcc. ,r-\rten, II ,ís re,reniue,/l,i,rr:;',{ 
i;:mero 

cordt¡tiòu,s ti,r,aui yì,,ãio,,,,,1oìi'n"-tio, äïi!å*r, ot¿e mari,mat
Another' larlons resurl, of rì.c. Jalnes is the folro.wing.
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llr.llre uso of iserììi-irÌrerrn'ocluots pr,ope'ties (sec (i)-(iv)) \\¡e ha\¡e;' .f!'!") {,r, ,q',1 
<./(;,) i Í1,) {n, rru l r,i,, .

lltooll l."'¡¡,ro¡ 7, i ll,rrl[*, liu)ull/,tut'arIneD
il f(tc,,\.. 0 arrrl

- ll¿¿'o ll
fol all àeIù

if /(ar,,) < 0

'Orr Lhc ot,hel hnncl; a sirnple calculus shorys that
lll li = lJ'(rooll lltuo¡1.

CrrtrRc(llr(,trll,;., pril Lilrg 1! , .._turf 
_lltt,r,l if [Qu) ) 0 o' r¿ : : _ u)^lllit',,i ¡¡' Jrruo) -', u" r,,rr,,iurrr' ,,*,r'ltì"";nt.,r¡i,ìì*ilií" iri',,rí,i*.- - -',"(ii)+(i)", Jr' illtlt' c(¡lr\'(¡t sc itrr¡rlicrrli<¡Ll js t¡l-¡r.iorrs Ilollr 'l'lieo'crrr IoI lù,( i. .lruurr's ir rrd u.c strirJ] urr,ìL lir'á tlctrr,il,.,.t'(i

is ir, lju,rr st,r,ict convcx itf ]?
_lu'.1ir¡rl ro conl inuotrs lineal
(1) hoìit lirull : 1 st¿oh tha'l,

reu,l ,n ol lt ett,
cl sü'iot
rtL ,f ,n, {i:;
li¿ll -= 1 ,.r-

(2) l(") : lllll þ,,, u,), fnr øU, n itt, IL
t¡oLlt, aortt,,plea
o (rr:J'leniue tr,n

l,ionul, ,f' rtn, II
tr, 11, llrrll : 1

(3) í(,t;) - llJll [(er, 1¿)" -- i(iu;, tr,).1 Jot. att r in lt).

')'ltc'¡tt'rtol'is ollt'it¡tts [r'oLn ']llrcolorlr 5 irricl lvc sh¿lll omii, t,he tlotails.
ll.nturk. îh. abo'r¡ .ol,oil.rri.s irur'.r-e: Theor,cr' 6 .ï J.rì. Gileslrtl, P.'¡ositi.n 2 Jris oJ r'.r,, r?,r1rirìi iilì,n¿ lrheor.ã;'i'.s'fronr ¡r1.

t:ÌEFIlRllNclls

lþqu ll

JQon) - ,ø;il)
c') < /(r,) "' 

,,- lkq)
- -Loo

)"
à, ¡

1 l)r'a¡1orrril s S',rir7rlrs(t.t.l-ítl¡t)tt ul'(ottlitÌu.o,u,s^ltrtcaI fttttclionrtls otr stttooltr rcflca;iuellntrutlt,spru:cs, 1,,,\nal. Nurn.'l.hcor.. f1,1r,.,,ì., lfi(1g¡J7), lO_i,i.."..-.."
2. l)r'agonril S. S., .l_cltttrntl,,ri:tlLrttt ol.ha.sl ap¡tt.rtrinutl[ott elencttt i¡t reul nor¡netlsTrnccs (tìornanian), St-utl. Oclc. _\Iat.. aCifOSZ1, 4g7-506.
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Ttrnonl¿u_2_; ffril'Let ]1. bc. a_Banuc,lt I,pgce. It) is re.Jlct;,itie iJf J,or
e'ue.t'.'tt 

-closed' cutt'il h'ontogetùaox;S ltylterqilane 1I ,i,n- iti tharc cnii.ts u 'poiiít "u e
e Ð\ [0] su,clt tlt,tLt t.t LI-I.

We recall llo\Y a cltalilct'elizal'ion of stlict colrvex sp¿torrs in ter,rns
of rna-rim¿ll elerrLonts duns i.o ilt.C. r(r'ein (scc for,examplä lsl, p. 10?).

Tnlonnu 3. LeL II bc o not'nted Lineu,t, .s,lftce. r'l¿cn Il ,ís. strict,
cotlùcü itf eryly ÌLonsero <,ottti¡¡,1¡ otLS lí¡t,eror fu,nctíou,ttl, r¡u, J] hcts cil, nt,ost on,e
elen'ten,t ita Itr of the nottn, ott.

Iìeoently, r¡'e pt'o-r,eç[ l,ht¡ 1'<tllt)l:ing; r,esull., (scc fiil, p. 3grl):
'l'nnonlnl +. L:,t ll brt rt, t¡,¡trn¿e.il, l(ßcnr,u,r,h) ) sp(.l(t(?,. 7,h.ctu tltc lrl!,rtuingselLteiLcæ ttra erTuittctlctLt
(i) ß is stt"iat con,t:rttL: lro.fle.t:ire (re,Jleat,i,r:o a,ntl, slriú r:out(tit;)f i

- (li) for euery G a f(alc,rui)l l,'ittec4r, subsltrL<tu itL .ll ruìl ,l'or t:u,rth :,; in, lt)
I'lt'eÌe enists ctt uiost one lut lr:ust tute u, ( ti rtttiq¡¿p) | ,u' ,i,i, (i utnL ú1, tttsxl,
one lutlehst_one (cr utuiqirc)l nl,r',u¿ettt il"'i.Jù G sttr,lt'tltul, ti¡-.,,' 1- ",; 

't¿,¡,r,.;

Gt rlenotes l,lLe ortlt,ogr.¡t¿ctl.ct,ttt¡ i¡lcnt,o,rr,'[ ri! G ,in tlta.s(tns0 (ú' ,ß,i,flttLì1J'l'.

Il, is clcar tltab this lcirtll, oontâins ll'hcr¡r'em 2 öf Il.C. Janrcs alcl
gives a similar c-haracterizritìolr llol stlict cclrtr.e_\ spâcer.i,

.2. Mtlill rosulls. 'l'lLr: I'oLlouiug lcËrtlt, inrpt'oves .l¿lrrrcs' irncl l{rein's
l,heol'Llns for'i jrc ¡¿¡ic rrf r crrl nurrrictl lilciu. sI,ar,r,s. 

'-.:-'

fl-ul;crnnlr "c. Í,at Itr be tt, t.ctiL t¿ortn.cd l,_(limacù)l s,pe,ce,. ,I,l¿aa tlta
Jol,lc,tuitrr¡ stutcn¿enls urc aqrtirttlcttL :

(,i) 1I is strict cott,uen lrcJ'ltu;í,ue (rcJLet:iue u,tttI stt'i.ct cott;tcn)11
(i'ù Jor e'uarq nonzero r:otrl,in,t+uu¡ l,'íneui, f,utrct'iotml, f'otr, It) tltera en,ists

at-tnost ona laÍ leu,sl one Qt n,ti,'i,r1u,a)l elcntent u, .itt ]tr, llr¿:ll .: I sttclt, ll¿ut t,l¿e

Jolluwí ng itr,lct'ltolul,ic tt ltultls :

(1) ll/ll (r, u,)¿ < /(,u) q ll/ll(a;, ,rr,)"

Jor rr,lt r: in, .\tr.

Proof .-('(r,)=(ii)". ¿ù. ,\ri¡utno t,h¿i, ,l/ is stt,ict colìvef ,,/ is a .nonzct,o

oontinuous lineal frrrr.ctioli¿ll orr 1/ ¿ncl Fiu]lllose, by absrrid, l-hat t,helc
e,rists l,rvo s l.Lj 't) e /l\[0], llr¿ll l]t'll :,= J such i,hat (t)
holcls. 'llhèn ll, i.e., u,,,u ani' Ína,rirn¿rl oicinculs of iho ,rur,-.,
onc, 'ri'hicli ints 1,heo1enL.('(ii)+(i)". a.'lhc colì\'('l'sc irrrlilicirlion is lr[¡o rilrvior¡¡ l;'ollr f(r'r'irr's
thcoltrni. \\rc shrlI oruit tJrc tictails.

'"(i)+1ii1t'. ìi. SrLpllosc that 7l is loflcxivc anctlcl I lie a nerizerolcglr-
tinuous lincal furtctiona,l on 14. Then, b). ll'heororn 2, thcrro exists zu,, e
e Za\{O} such that zoo J_ Ker(/), a,nr1 since

J'@)r.uu -- J(,tu,,);ri e I(or(J') llol all a in lt) , i

l'c rlet'ive, b.t'(vi), ltraf
' (J@)tou - Jþu)t:, ¿00)¿ ( 0 ç (/(a,)zoo -,t(w)n, m),

fol all n in ,&.
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(Brno)

'lììrrr ¡la,c.s 11r, IBr, f4ra'tl so'1.'tJler,xtrcur rvirl trre f.lrou,ineclussor lrlear prsiti'e olie.rai'oi;s 
-1*o -i,rrì-tuà 

'røsr,;akttu 
o,terators)

(1) r,,(f, n:): (l _ r,,,Ë, (r, 

", 

- ,) ,rr(.;r), ,, _1,2,...

at fol t, e {)10,, n* ), cr,* _= (Ll(1 __ n.\.
nvor,g(ìs unillorrnl 1, torv¿rrds íi,u i,,oí-.
t.ul.
lotts

(2)

r,,,(J, n).:I
L,,(1, n) : n(ø)

1,,(t2, :a) : .r2(,i ) -1- .{J'('*) ,

l( - n). 
')t

I thclc is pr.oved thc i,lltiol.clrr :

rvlrere r(æ) : p
In f1 l, fB

Tlrnonnlr. rf . ttt.,lt,tctíort .l is dcfinctt. i, ilte irttct,tur 10, a,) a,Lr ifr,,ii,,:;;i'ii,o,:,rr,,,,i:*:i.,,,,','í;i,"ti,';;trii'r,å',i*,n,,,, 
1i,,,',1,i,;jï,ii'de,reasi,yl in tt¿"e

.I"¡(f, n) -- tr,_l.f,o n), æ e (A., nl, m _,I, 2,,...
Jlemarlr,. IL is L,,(f , 0) : L,nr(,f, 0) -. /(0) for all n.A. Lupas has al'so pror.ecl in ¡'S¡ the rel.¿ltion

n'"^'_- 

,:' 
- 
l:'!' ^n) " " 

t'(t' n)

: (1 - n)ir \ L"nl|f w",
(3)
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