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1." Introduction. Tet' ' e a real ‘ormed linear space and ‘¢onsider
thie following' semi-inner products (), (,), defined on B and given by

(59 )i = 1 (g g 3 /2, @y e 8
e L T )
1-20+

For the sake of completeness we list some usual properties of thege

semi-inner products that will be used mn the sequel (see also [2]):
SR (z, a), = fl&|? for all » in E‘, ,

()| (v @) = () 2 = (o, ), iE, yed; '

(111) (“—"‘v! BY) s = afd(a, ¥y for all @y e Hand @y BiE ER'?- aff >

() (e + g, ), = wllo|® 4 (y, @), for all @, ye B and uc

V) (@, 2, < el 2]l + (g, 9, for 4il 4y y) s & B

(vi) the element @ ¢ B ix Birkliot orthogonal over y<€E,ie, |u4:
4l 2 Jlz|| for all e R and we denote wly it (g, 2), <0 < (y, 2),;

(vii) the space B is smootlh iff (@, ¥): = (@, y), for all @, % in B or
L), is linear in 'the First variable ; ' )
where p =g or p =4, ,

For some properties of (;),in connection with best approximation
and continuous linear fanctionals, see [2] where further details are Lgiven,

To reeall some well-lnown theorems of reflexivity and strict con-
vexifiy due to R.C. James and M.G. Krein, respectively, we need the follo-
wing concept : the nonzero element u e I is a maximal element for the
functional f e B*\{o0} it

03
.m;

S =il e
(sce also [8], p. 83).
Trworem 1. ([5)] Let I be o Banach space. Then 1 is reflexive
Uff every nonzero continuous Linear Junctional on E has at least one maximal
element in ‘1.
Another famous result of R.C. James is the following.



130

S. . S. Dragomirj oy “p 2

S s LN o - 3
) TaHEOREM  2; ([6]) - Leet B bea Banach spacel Il is veflexive iff | for
cvery closed and homogeneous hyporplane H iw Fothere exisls point u €

e EN\{0} such that w1 H.

We recall now a characterization of strict convex spaces in terms
of maximal elements dues to M.CG. Krein (see for example (8], p. 102).

TurorEM 3. Lel Ii be « normed linewr space. Then I 18 strict
convew iffl every nonzero continuous linear functional on B has '@t’ most one
element m B of the norm one. O H

Recently, we proved the following result, (see [3], p. 384):

THEOREM 4. Let 10 be o wormed [(Banach)| space. Thew the Jollowing
sentences are equivalent
(1) & is strict concen [reflevive (reflewive and sirict convea)];

o) Jor every G @ [(closed) | Linear. subspace tn 18 and for each @ in B
there exists at most one |at least one a (¢ wnigie)| @ an Goand, at anost
one [at least one (@ unique)| element @' in G sueh thal w== a’|- 2" where
GL denotes the ‘orthogonal complement of @ in theiseuse of Birkhoff.

It is clear that this rcsult contains Theorem 2 of R.CL James and
gives a similar characlerization fou strict convex, spaces,

2. Main results. The following result inmproves James' and Krein’s
theoretns for the ‘case of real normed linear spaces. '~ 7 e

TrvormM 5. Let B be « real normed [(Banach)] space. Then the
following statements wre equivalent': L '

(1) B is strict'convex [reflowive (reflexive and strict' éonvex)];

(i) for every wonzero continwous Vinear functional fion B there ewists
atnost one [at least onel (« wwigue)] element w in 1, |hii| == 1 such, that the
following interpolation holds.: . : ot
(@A) pod N o [ttt Sefla) s LA o e Ytomio]

for all '@ in K. _ . , o

Proof. “(1)=(11)". a. Assume that B is strict convex, f is a_nonzero
continuous linear functional on # and suppose, by absurd, that there
exists fwo distinet elements u, v € EN\{0}, |lu|| = |0l == 1 such that (1)
holds. Thetif(u) = f(v) = (Ifll, i.e., &, v are maXximal elenmients ot the norme
'one, ' which"eontradicts Krein’s' theorem.” ' Cllkey’ P RO o

M=), A, The converse implication is also obVious Fromi Kreins
theorem. ‘We shall” omit the 'details. ; ‘ A
Ty (i)Y -b. Suppose that B is réflexive and 16t f be a totizero ¢on
tinwous linear functional on E. Then, by Theorem 2, there exists w, e
€ I’N{0} such that w, 1. Ker(f), and since

J@ywy — flwy)w € Ker(f) for all @iin #

we derive, by (vi), thal. . ; | TP
(flayw, — flwg)w, wy)e <0< (f(apv, — J(wy), ?00)&' .
for all » in H. . | | a 81 o i [estid

8 . ol _A_Enf?r_al_ization of James’ and! Krein's theorems
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By theuse of semi-inner produets properties (see (i)—(iv)) we have :

“'f@%>(w wﬂ') <f(¢)e;i9@l($ w”~)fdraﬂ:xel? g

B Y I S N I
ififlwg)is 0 and o iyl o BRI 4 i
J(wy) ( | Wy ) L Lo f(20o) Vet q
S g <fm)<i..Q“,_;_L for all'z e B
iy Sl Fe o el AT T T g, Ol e E

it flw,) <O0.
“Onvthe other band; a simple calculus shows that
Il = 1w I flaw, .

” Consequently, pulling o= wo/llw, |l it flwy) >0 or u: — — W,/
llewgil it flwg) <0, we covclude that the interpolation (1) holds.
TR . g . . . . i . .
ifi 1(11y)=>(1)”. b. The converse implication is obvious from Theorem 1
of R.C. James and we shall omit {he details,
i s k ! . 4.1 1 . . .
ol iy ‘(1_):(11)’_’. ¢. The statement : & is reflexive and sirict couvex ilf ¥
I3 b_mm-t:..h_Hpuc? with the property that for all nonzero continuous linear
Iun(:numL] Jon E there exists a unigque element 1 in H, || = 1 such that
(1) holds, is proven by the aboyve arguments,

. ComoLLARY 1. Let B be o smoolh real normed (Banach) space. Then
1 is striet conver |refleaive (refleaive and strict convex)] if and only if for
gvery nonzero continuous lincar functional f on B there eyists at most one
[t Teast one (a unique))| element u in By el = 1 suech that the following re-
presentation holds ; -

(2) @) = |Iflt (2, w), for all » in B.

CoroLIARY 2. Let 1 be a smooth  complew normed [(Banach)]
space. Then B is striel convea [reflewive (refleaive and strict convew)| iff
Jor every nonzero continuous. linear Junctional f on B there ewists at most
one [at least one (w wnique)| element w in B, Al = 1 such that the Sfollo-
wing representution holds |

(3) J@) = Ifl (&, v), — 1@, w),] for all © in 1.
The proof is obvious from Theorent 5 aud we shall omit the details,

Lemark, The above corollaties improve : Theorem 6 of J.R. Giles
- S TR . 3 - - St e i ] o
[4], Propoesition 2 bis of P.1,, Papini [7] and Theorem 1.8 from [1j.
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