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iìi rri,ïrï,.,,L''1N;ILì'stt i\--ti;TllltIr¡l.F Bt' L¡t ,t-t{ÉoItIqi_}E 
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ä'IETHOD FoIì scLyLNG THÐ pErìIoDIc pRotsr]trMFoR TNTEGRo_nip.Ëi¡ñËñTrAr, EgulTroNs
t t'',,1T:1.:ìr"'''' ¿'lnrr 

"'ìi,,ji;),1ìo,'

the papel a rlo
a rninirnal ancl fol. approxirnate
tn',, ,i'iniof,î ,:å,t*il,.ï;:.i:

or the system of inl,egro_clifferential
(1) û.: Í(t, n, Gn) for ü e [0, 

"](t) : æ(t I T) for I e l_f ,'Ol1vlìeÌe fr e 8", t; : ($t, nzt ..,.t fio)t J :10, ,J_rl y I¿, X R,, -_+pu, Gn _
: (Gñ, Gzn, ...,G,ï),Grn : 

! 
lr,{r, s)r,(s)ds, 1;: t, n¡, lt;,:10, Il y

x l-h,, I,l, 
"::::*r ,0,'-t, consr ) o, tt, <,I.

o, ""yi:n-i?îtf#;';l:iå:"g; T, ^-."lrá'"ì,.,i.å 1,osrii.'e integers
fntr,ocluce flre notitíón

(nt,lnlp¡,1ùr): 
{

n'lrere r:(nr, u

(x)u tu2, . . .¡ frþJ¡ llÞi+t 7llÞ¡rz1 . . ., !/u) lor p1 )i
(nr, nr, .' . ¡ üþJ¡ UÞ¡-rtr . .,¡ !/¡-tt fijt Ujrt¡., .,Uu) for 7t7 I j
zt. . . ,$n), !/ : (!lt, Az¡. . .¡ !Jò.

¡¿u.atl# |í"iîîi,Ïl:"ìI"ftïl¿':,nîiïîïl;^','iï:,:l:,tïi,,,,J,Tdïå,1o,., or crru,,rc, Science and

,13rì ' lvanâ ÌIor'ová

using 1,he e,rpressions for T,z,X I',or¡,2 â,r.ìil estitnatioll (6)rve obtainfcll sulìti-

ciently lalge ra

l^,t <!!:lr'('''ð{ l-l-l-nl t -\
zIL\Iùl-il t rí'lr¡' I u' '" ) - '' \ l(rr f 1¡ /

where 0 { c¿ a t_. Fronr here and frorn (g) it follo\\,s (ror sufficieni,ly
2

large ø)

Á, > lÂ' l'

ancl then
{L"(1, no)}

LrL*(f, "r:n) : l',nr(Í, r,o) - L,(.f,-.î'o) ) t), i.e' tl1t' ì9t]t-t-l"t"
is- noÏ clóer.easing. 1ìiris sontl'ttcliel,ion pl'o\¡es tne tneoreln'

4

t.llFlìl'.llNClls

1. Clrcncy,I1.1,\/., Shar.nt a,,\., i)e.inslcirL¡trituer srric,s,o:rtttrdinn.Iotl|llal of i\latltclltatios

x\/r, (1 964), 241--252.
2. l{ o s ì.rì ii L, tr-., :l ttolc ¡ttt I:lctnslcitl polynontittls ol' c¡tnne:t ILut(:iiotts' u'rf hclll:rtic¡ (('hli)'

2(2õ) (196()), 2, 281 232.
3. Lrrpas 4.. t¡u!:oruslt¡i potDtt scti(s, Ñlal-¡crratica ({ll.j)' 8(:ll) (1 9ô6)' 2' 287 296'

4. S t ¿r rr c tr , I).!)., Use ol' pioltabiListic mc!ltrxLs in llic llte ar4'.ol' urtilornt approtinu¡irtrt.o[.'.o':
li,rrorLs I't¿tctiotts, Èlc.,r,t 'Ror,',,anje clc ln¿rlltútttaIi.r¡ttcs ptll'cs t][ a¡lplir¡trécs' \l\' (] 1169) ó,

67:t--691.

ììcceivc¿l 5.Vi1.199f] Ðepar'!n7cnl of ),Iolhctinlícs
ÌIrLsnrylt U tt i æ t sil t¡

J¡111(¡í):ouo nânt. 2tt

6ti2 9i Jirtut
Czerltc'sLct¡a l,: itt
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We
tru 0 for I ._l;1,, ?1.,suppose that this is not

ffil å..1,"-Í; ilJifl'tnly,å1.Ì,,i],r,i ï:ï*:',
Cnse t. Let o(/) 2 O for t

L1:.at 
^g 

(t) > 0 fol i'e ' l'- I,,- Tj. follorvs
the function /u(1, s) u'e o¡tain lties ot
tlre functiot't g($ is'noninc¡easi ?'1, i.e.

(7) gQ) > g(T) : eu,,,g(¡).

1 'J' 9n{ b¡, lhe finjtc inclemenl,
I such thal

(s) iftò - :/!)-!!!o) 
'' 

I.,-to rt'
Iìol Ío > i¿ lilolr ineclualil,y (5) rve obtain

< ¡r^ko ")ds

¡0

i(¿0) < - ¡r 
I 

/c(ú0, s)e' r.-")g(s)ds 
S

lo- h

ç fl lrrnt"t Ø-r) - eM(to-rt f e,vlro - 1l <

to

ei[ (to-
À/co(

¡/
lW

1elth

I o-lt

Ir'or' Ío ( /r, fr,orn (5) and (6) it liollows that

e(úo) s -il h(Íu, s¡eartr.- ")g(s -F ?)e-naz'¿, _

k(to, s¡e'vr U o-").q(s)cls (

U ,#tkoteMtu - r).

t
J

lo- |t

lo

lr.5

138 S. G. Hristova and D. D. Bainov

Renu.rlt 1. In 1,he case n4ren 2.¡ : i - 1' then

(Y¡, lfi)t,¡, Ltl1o¡) : (n,, 't:''"'t Ni-t¡ t¡ 
' " '1ll o)'

Ðofirrilio' 1. The functiors or 'r,o t l-T,.T-l -- !l'." â'r'e callecl a'

"oopt""ät-ïã*".1 ^r,¿ "pi"t l"r*isol*tio's of peiiod p'oblern (1) if

(2) 'i,; S f(¿, e)i)lu)þi1l'tu),,,,G¡u,[G'*]¡;' lGu)o) for' Í e [0' f']

t)u¡ 7- f ¡(t, tu¡, lto)¡,, la)','Gpu' lGzo)¡,' [Ou'lo¡)

I)i(t) : a¡(I 'f ?) for Í e [- ?' 0l' 1j :1' n')'

(3) t'u¡(t) : tu¡(t ! 'l')

1)) Lt) i l-:t, 'J'l + Jl" aÌe callecl a cou-

plepi'oì:leù(1)ifieiat,ions(2)and(3)are
fulf ï q'a

e set of funct'ions

S(tr, zu) : {tt,: l-T, T) --+ E" i u(t) : u(t + ?) for t e l-T' Ol

u, e Cr|,0, ?1, ì?") and o(¿) < rr'(r) ( zo(Ú))'

f.lrcMinr\ 7. I'et ttrc fotlowing cond'i'tiort's be Julfi'lled' z

1. TIrc fut'ction rn e C1(l--1" fl' I¿')'-. 
-'r. 'riír"rf,-;;;;;; t'. cilòi 't')'x.i-n, I'.1, 10, x>)) unil is ttoutt'cted'

S-. Ttrt" foltowing rel'ct'tion's hold'

i
riz(/) ( -Mm(t) - N 

Iic(Ú's)rn(s)ds 
lol f e [0'1/']

t-h

rh(t): m(t )- T) for ü e l-f' 0'l

wlret'e M, N: consl' ) 0 at'e suclt' |'h'a't

(4) 2NTIco(e¡4t'- 1) < M

ctnd, lt,o: ,.,1ì?il, 
7r;(l' s)'

Then nt(t) ib f" tel-T, T)'
Proof . Consider the function ttl) : m(t)eMt' 1lhe function g(i) satis-

fies the relat'ions

(5) e(¿) < -N /c(f, s)eMo-'lg(s)ds for ü e [0' ?]

ht-

(6) g(t)e*' : g(t * f) for t e l-?, 0l'
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Ineclualil,ies (.B)-(10) contr'Íìtlicf inequaliLv (4)'
Tlotä.2.2.1-,e1,'9(") <0. ll¡r 1,1t, r'c exists a point tt

such tuat u(tr) : o. f¡e Tiirite inôre ies the existence of

"-i,"li* 
fo"¿'t'0, I'l lol rshich the ho1r1s

y(t,,) :ryr,r__olq: É, , ,; 
.

By arguinents analogous bO t,hose in tlre prool oT Caäe 2.1 rve getr

to a oontratliction.
I{ence,9(f) < 0 for f e [-T, 'l]] s4riclr slror.l.s t}rat rll,(f) ( 0 for.

t e l-T, 1'f.
This côrnpletes the proof of I.'eurrin' 1'

l3y means o1 r,ernma l lvc,sh Ll justity lhe..r¡rololoue-it'eralive me-

l,hod foî' construction of qlasisolutic¡rs oI peliotlic pl'olllern (1).

lrrnorllu 1. Let tlte Jollau'ín¡¡ cort'clitiatr's l¿cld

l. 'Ilta funct'totts' I)t u: l- l'r-fr) ' Il'' G're (t' corLp.le oJ Lozoer^øncl

,r,p1rrr- quãtisoitttiotts of p'eriod'it 1n'óbtenr' (I) att'd' 'u(l){æ(f) for t el-T,Tl'
Z. 'l:ne fu,ttctiotr' :f . C([0, f') x 11"' x R", H'.) i.s .n"¿ott'otott'e 

non-

d,ecrea-s'i,n {t in (lùp¡ a,nd, lëu)e,ì.,it at nt,ohoto*,e no't1,itt,6eøs'itt g i,' lw),. and, lquTo t

uncl for '¡,(f) < u < n ( zo(t) sü'ti,sl'ics Lhe itter¡r'tt'lit't¡

lt(t, nt, l-n)pt, l.''0,1, (l¡n, lÈnle,lÇn)r,\ -
- Ï,ft,Yj,l$hjt Iülri,Gtll,lGnlt'i' lân)o¡) V

2- - l[1(ni - U¡\ - tY1(G1:rt - G¡U), i == l, n,

ulrcre i[r, N:: const ]0
3. Tlrc Jtmcti'otts tc¡ e C([0, ?'] x [-/r', 'f'), [0, -)), i -- 1, lt' cL]'e

bou,ndecl.

4. ?he ùuequ,alitios

2 N¡Tli.@xrrt' - 1) ( l{¡, i : !,t2,

Ir,okl, tultere K1 : ma,x k¡(úr s)'
[0'îix[-/¡'?'[

Then, tlrct'e enist mot¿otonc seqtrenccs {uu')(|,¡Ii a,nd {?rr(D)(¿)}f *!l!dt
aïe uti.formh¡ cotnsergent for ú e L-'1, rl qn,tl their lintils d(¿) :)l:rt"(r)

and w(t) - tt-rtr')(ú) ara a cottpla of m,ittim,al uttd, manim,al, quasisolutions
/¡+æ

of r¡oriottic proi¡te¡n (I). Moreouer, if u,(t) ß ary soltttion of .periodic.pro_91.ery'
lif i"ri, ttÅt t:çt¡< ùtil ( æ(¿) l:', t^=i-r, T1, then the ùr,equ,atifies 'tr(ú)(
( ø(ú) < Ø(¿) lt'old, Jor t e l-T, Tl.

l>roof. Fix the lunctions 1r f1€ F!u, *)l.I - (6 1zr"',In), p:
: (lrr, vr, . , .r F'). Consider the periodic probloms

(11) ;t, -l l[¡ni { N$¡n - o¡(t for t e [0' ?]

n¡(t) : n¡(t ! 1'l for' ü e [-?' 0]

rvhere

o/t):J/t','ni, l.'Q1,t¡, l-u)o¡,, Gi\, l_(]nb¡, lGvlo) I M¡n¡(t) ) N¡G¡q(t),

j 1, 
".

Ilr' t he etrrrtritions of 1'heorem 1 p'ohlem (tl) Iras a sor.tion.Fl'nr l,elrrmn, l il, r'ollcu.s lrrrr lrie s.,iìLt i,,n o[ ¡rrolrrcrn (r1)is unirlrre.
DeJiine 1,he rrrappilg ,l : ñby LJrc cqualiL¡' I (f , 

'p.) 
.r,, \r,lrr,

soltrl,ion o1'}eriotlic lrlobìr,nl (tt¡ t,

, We shall plor.c thrl r:(l (,u, zo)
ancl p ¿,1) - r.r(l). 'lherr thu folltlrvi

?¡ S - M¡þ¡ - rf-, [ 1,1i, s]r¡(s)cls fol I e i0, ?l
J

(72) '-h

Ur$) : 1t¡(t _l :I) for r . [_ T, 0), j : t-,
Iìrorn lrctrntâ I it follorvs LJrat 1,he llunclions p,(t) ai.e. o( aÍ) -,L(u, u).In an anà ogous wâ,¡r jN i* p"uï,éä,tt
Lc.b. ,t, y. e B(t', ro) bc such tlri¡,| .4(i) < ¡r1j¡ r,or I eî;11) - A(ur to), ¡¡:12) . A'(u, u) n.uù 7t_ *,r, 'ì''rìltþ'{, i;;,,;,,.

?ltft), i :t, ri are- n-o,positive for f e l- r, il, i.e. the inecluarii,yÀ(a, w) qi zl(zo, u) holdj.
Defi'e the sequences of funct,ions {t,rhl(ú)}tr 

^ttrL {r.o{t,)(t)}fl b¡. 1,heeqlalil,ies

¡(o) - 2, wlo) : ul

Dç,+r) - ATurt), 1ç(Ð), 1.¡lt;vr) : A(x|(tt), 1)tl)).

i.".1..1,1ìrttluf'nctiorrs 
'o(/d)(,) anal wQ')(!),h > 0 for' ü e l-T, Tl satislrJ¡ thc

0(o)(¿) < 0(1)(ú) S ... <

llence the sequenccs {orÀ)(t¡1ff arrtl. to(,,)(t-)}ialelnifornrly conr.rrrEslìtror Je l-T, Tr.r'r,r'ocrucò ilìc"åoiar,;n"*',rti) -iiiî-l,iót¿) and Ð(t)::1* 'nnq\). we shall shori. that û, +.0 u,c ir, co.pre of 'rrlrînnrat and maximal

h li ";ÌÌ jÌìi,,iËïT,îì g ?J,,,j, ä";ìäI l,hcre ur, uz e ,S1r,,, zo) ale a, óouple

) _ urÁt). Frorn conclition 2 of 1,he

4 - c. 243A

5 Method for solv ing the per.iodic problem 741
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[Iheorem 1 if follorvs the ineclualities

it¡(t) :.f,(t,,a(,"-''t, [t;(À'-r)10-, lus,^' D]u¡r(],ø(^, t),l?au-tt¡0., lGut^-L)lo.) *

-f/t, tt,r¡, lttr-Jt,¡, lttr]rt, G¡tr, lGurh,, l(|uz'lo,) _

- M,(a!r) -,rrjr'-t)) - N¡(G¡DQ|) - Gr,u{,'-rt¡ g

S - 1,1,p¡(t) - N¡G¡pt for.f e [0, ?l
It¡(t) : ?¡(t ) '-I') for, f e [_?, 01.

[]l'Lernrna t the tunctions p¡ft), j:=), n, a,t,o nonpositiyc, i.e.
r1(r')(r) < tr,r(l) for t e l-a1,, i/l.

In an analogous wa¡r i[ is plovetl t]r¿1,1, the inecßLa,lities
,ur(ü) { u¡(A)(t) irntt ,¿,(/')(f) < ,ur(t) { lUØ(t)

lrolcl fol t . !- f, ?l l.lrich shorvs th uplc of
rninirnal ancl mzr,xjmal c¡uasisolution

{ zrt(t).

). l¡rorn
aI rlua-

t e I-'l: , :[]. 
rc¡lcl f.r'

llìhis cotnploles lhe ploof of Theolerir 1.

',\.t,1 
Itì\tA1,tc/\ _ tìtr'I rf,, t).,\N,\LystÌ Nt.tît:llìtotrtir,r1. r)rÌ 1.ì rEorìru r)Fr i...\l,l,rlrlriii,i:i:iò,lv*. ,,
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1' *otarir¡rrs and defilrir,iorrs. .L--th" set of a' segrne.t boundecl
,l'iå'*ìlì, rlerinerl o.iìì,,;ì;;;;;;i'ä i¡' . r,o r.epresent"s À in rrre ser or arr

Fol ever.t, I u Fo, g > 0 rve tlefine
I(T; r) : tim I(t, J; n);

ò-tl

B(.f, r):lim ñ(8, /; ø),

It'lteLe

1(à,./; n) :inf{ø : A e.f(t), t,e fn_ à, r l ò,1nA};
,y(8,.f; nr) :sup{y:!eÍ(t), te fn_à, ø*àln^}.

the courpretccl gr.aph of / e 7ro is trre segrnenl, function

,f(:v¡ : lr(f ; n), B(J,; n)1.

rtol, JIf åTí]ïrt;Iïr#,?-"-"orrr ¿is1¡¿111ce trerneen ,f, t e1r,o accor.cling to

r(10, 1l;,f, l):max{srp 
}r:tn úo, r), 1:? ilr p(21, B)},

n'here

p(A(n, !t), Ij(|, .q))._ nax{1,, _ 
E l, ly _"rtl}.

¿uootlllro 
Flaus.orff clistance bet',een f , gelto in the poi.t ro e A rve

r(L,; !(r) _ g(ãto) :
: tn¿ì_\{nritr rnarI lr, _ ,,01, !g@ò _.,¡eùll,

rnin rna_xf 1,, _ 
^,01, lfl@) _ Í(nr)lll..

IìIJIiJ]JìIìNCIiS
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