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Abstraet. In'the Paper a monotone-iterative method for approximate
finding a couple a minimal angd maXimal quasisolutions of the Periodic
problem for o system of integro-differential equations of Volterrs, type is
Justified.

In the simulation of various processes in ecology, radio engineering,
physics, ete. an important role is played by the periodic problems for sys-
tems of integro-differential equations. Such methods for a solving them,
where not only the exig tence of the solutions ig established but an iterative
Procedure for approximately finding them is proposed as well, are of par-
ticular interest. One of the most effective approaches in this respect is

In the present Paper a modification of the monotone-iterative me-
thod for construetion of quasisolutions of the periodic problem for systems
of integro-differential equations iy justified.

Consider the periodic problem for the system of integro-differential
equations
(1) & = f(t, », Gu) for te [0, T
@(t) = x(t - T) for te [T, 0]

where 2 e B, 3 = (5, Loy -y @)y f :[0, T] %X R xx o —R" G —
¢

—_—

= (G, Gy, ..., G.x), Gz = S ki(t, s)wy(s)ds, (1 — 1, m), k[0, Tl %
=

X [=k, T, T = const > 0, 7 = const >0, » < 7.

With each positive integerj = 1, # associate two positive integers
P; and ¢; such that p, g =n — 1.

Introduce the notation
(wu oy + o vy Lpyy Ypjr1, Ypjr2y - -, yn) for Pz
(@1, g, .. © Tpgy Ypprty -y Yiog, Ziy Yivry- - - yYa) for p, <J
where 2 = (xla Laye v 5&n)y Y = (yla Yare 3 Yn).
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Remark 1. In the case when p; =Jj — 1, then

(s 12 1pp [?/]q;) = (&1, Xgy- -y Lim1y Yis - ‘
The functions v, w: [—T,_ T] - R* are c_alled &
er quasisolutions of period problem (1) if

ey Yn)-

Definition 1.
couple of lower and upp |
B, < filty Vs, [0y [W)a, Gty [G0]p,y [Guw]y) Tor T e {0, T)

(2)
7"05 Z f]'(t7 Wiy [1’0]f7j7 [/v]flj) Gﬂ(), [Gw]ﬁjy (Gv]q,)
o) = vyt 4 T) for te [T, 01, (=1, n).
(3) wi(t) = wiit + 1)

initi tp! metions v . [—T, T] — R* are called a cou-
Definition 2. The functions v, w: L . " led 2
ple of quasisolutions of periodic problem (1) if relations (2) and (3) are
filled only as equalities. . ) : _ bt
N mfi)eiiuigiﬁu 3. %"he couple of quasigolutions o, w: | —.T, T] - B q!’.
eriodic problem (1) is called a couple of 1‘111111111&1 and maximal qua,?;-
1:0111'[.10115 if for any couple of quasisolutions (w, %) of problem {%‘) 1!} he
Snequalities o(f) < w(t) S w(®) and o(t) < @(t) € w(t) hold for e [T, T1.
For any couple of functions v, w : — {4, ] Tl R" such that o(f) £
< w(t) for te[—T, T) we define the set of functions
S, w) = {u: [T, T » R u(t) = u(t - 1) for te [—1T, O]
w e C/[0, T1, R*) and o(1) S w(t) £ w(i)}.

TevMa 1. Let the following conditions be fulfilled :

1. The function m e C{[—T, T'], R").” '
2. The J%:mction ke C([0, T] ’>< [ —h, T, [0, o0)) and is bounded.

3. The following relations hold
?

() € —Mm(t) — N k(t, s)m(s)ds for te [0, 1]

N

i=h

m(t) = m(t + T) for te[—1, 0]

where M, N = const > 0 are such that
(4) AN Thye™ —1) s M

and k, = max K, s).

) £ 0 for te [T, T
Then m(t) & or te[—1T, . ) . =
Proof. Consider the function g(t) = m(t)e™". The function g(t) satis-

fieg the relations
i

(5) QM§—NS

t—h

k(t, s)eM¢-g(s)ds for t € [0, T

(6) g(tyeMr = g(t 4 T) for te [—17, 0l

3
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We shall show that git) s 0 for te [, 7T

Yo R Hab gir) s — 1, T). Suppose that thig i
(t(l;l)les }[-?. there existy apoint £ e [ -1, T]such that 5(&) > 0. By Iquugal?i?t
4 without loss of generality we can assume that £ e [0, 7. Consi .

e following two cases IS EanE
. g((71?)86> Zi)lfef g(t) 2z Oyforrt e [0, T']. Then from equality (6) it follows
s funet?n 7‘0 € L—1,>1']. From inequality (5) and the properties of
b io o(“t, $) we obtain the mequality g(¢) £ 0 for ¢ e [0, 77 3 ol
he Tunction g(t) is nonincreasing in the interval [0, 17 Hernc(. ” e

(7) 90) 2 g(T) = e™7g(0).

Inequality (7) is fulfilled if and only ; gl
. ] B 3 | I if — i Lhig
f‘l'an.l"eq_uafht__\_r (6) it follows that g(7') — (J.y Hel’i’(}g)q{ .?*?'::Ijéﬂg u( 1él)uhrl‘ﬂ'mf‘](:
glemtl adwil.s L_he’fa,cl: that the function is monotone in the interxgal |‘lfi I;J
1e cgnt.m;hr:tmn obtained implies that the assumption is not true i
- ]]Ubt::i{;o;l 1];:;1;{;(15 ]jm;n: [?) EIL?}, 1 existhsuch that g(n) < 0. Introdéce
e Nty L intyg(t) 1 ¢ e [0, = — A where A = const d
(j?_'ltmult.y of the function g(7) it follows that there eiis‘i? i .I‘Eo_m o
] sueh that g(@) = — . : b e e 10,
Case 2.1. Let g(T) = 0. Then ¢ = 7 g inite i '
theorem there exists a p(ﬁnt- to € (h, 'TT sﬁcﬁngm? R

®) ity — I = glt) _ n
T —1, 7t
For ¢y > h from inequality (5) we obtain

)

g(to) § - N k(to’ S)eM[to_s)g(S)ds <

(9) =k
tO
< Nk, | eMt-9gs < & 2
= 0 SIS A (eMr
_ % of 1).
lo~h
For &, < b from (5) and (6) it follows that
) .
9(t) € ~N S k(ty, s)eMth=9g(s |- Tye-Mrqe
to—h
tl)
= NS (o, s)eMit=9g(s)ds <
0
N
(10) § M](,())\[eﬂl(h—m) — elw-(’u’“T) _'_ e]l'[lo Tor 1] §

v :
§ 2— Mey(eMr _ 1),
M ol )
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Tnequalities (8)+(10) contradict inequality  (4).

Case 2.2. Let g(T) < 0. By the assumption therc exists a point 1,
such that g(t,) = 0. The finite increment, theorem implies the existence of
2 point 1, € [0, T] for which the following relation holds

Jty) = .2(}1) __I)_(Q iy EEE ~ 14 :
ty — € Hh—¢ T

By arguments analogous to those in the proof of Case 2.1 we geb
to a contradiction.

Hence, ¢(t) < 0 for te[—7, 7] which shows that m(t) £ 0 for
te (T, T :

This completes the proof of Temma 1.

By means of Lemma 1 we shail justify the monotone-iterative me-
thod for congtruction of guasisolutions of periodic problem (1).

TumortM 1. Let the following conditions held

1. The functions v, w: [—1T, T'| - B" are a couple of lower and
wpper quasisolutions of periodic problem (1) and (1) Sw(t) for t [T, T].

2. The function feC([0, T) x R" x R, R") 48 monolone  non-

decreasing in 1]y, and [Gu], y and monotone NonINCTeasing in l]u]qj and [Gu]qj

and for o(t) € y < @ < w(t) satisfies the inequality
fj(t7 &gy [W]Pﬂ ["qu], Gjm7 [Gw]m [G%Jq;) .
— ity ysy [#)op [21op Gy G2y [G)y) 2

> — Miw — yy) — NG —Gy)y =1, m
where M, N,; = congt >0
3. The functions Lk, e ([0, 11 x [—h, T, [0, co)), j =1, n are
_ bounded. :
4. The inegualities

2 N TKAe"" 1) < My, j—1,m,
ky(t, s).

hold where K; = 1max
[0,T)xt—h,Tf

Then there ewist monotone sequences (VNP and {w® ()} which
arve uniformly convergent for t e [—T, T and their limits ©(t) = Hmo™ (1)

and @) = limw®™(¢) are a couple of minimal and maximol quasisolutions
k

k- 00

of periodic problem (1). Moreover, if u(t) is, any solution of periodic problem
(1) such that v(t) < w(t) < w(t) for t e [T, T], then the inequalities 9(1)
< u(t) € @(t) hold for te [T, T

Proof. Fix the functions », e S(v, w), 9 = (41 M2 - - R TR
= (lbgy Moy - - -y tn)- Consider the periodic problems

(11) .C.Cj *l— IlI;CUj + Njij — Gj(t for te [O, T]

2;(t) = @y(t + T) for tef[—1T, 0]
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where

) =it nsy [0)ygs ' Cdays Gimy 161,y [Gundyy) + Mymy(t) 4 NGyn(t),

J=1,n.

By the conditions of Theor
1 Y | nd 8 ¢ em 1  problem (11) ha bl
Fr om]ije}l.nma ;} it follows that the solution of problém )( llz;sisauii)ilqlgéon'
elihe the mapping A : 82, w) x 8 ) I
v ants ping A Sy w) xS, w CY[—-T, 1], R
2)31 ?-le qulallp.}’ Aln, p) = 2, where » = (2, .-?r., .). ._}:r )([i'\‘. 1{1’-- gt
o ,li); O-hDGl 10dic problem (11) for the {"OT?}}]P‘:TF 1"1’;'11rfftinl'.1q I‘rL iumque
e shall prove that v <A (v, w). Introd g fong P
Ve e thal v5.4(v, ). Introduce the notati 1) —
and p = — oW, Then the following inequalities holdmm A

t

Pi s — Mp; — Ny N kil s)py(s)ds Sor tel0, T]

3—h

(12)
Pil) =pi(t -+ 1) for 'te [—7, 0], j==1,n
. o 1

e ®£Z8§njginn1a 1 it follows that the functions Pp;(t) are nonpositive
.e. i ) = (v, w). In an analogous way it is proved that w EIA(w .*v),
s —2 o p e;(g(v, w) be such that «(¢) < w(t) for te|’—5‘.’/1“| ,Si;
e '(vﬂ,),_’ @2 = A(w, v) and p=x® _ 2@ By Lemma I tl]e?fuj_l.{:fi(lli
ﬁ,(t), J =1, » are nonpositive for {e [—T f} i.e ﬂl- i J‘ "B
USAD B e e | y 41, l.e. the inequality
Define the sequences of f (i (1)1 i ;

T q es of functions {v™(1)3 and {w™(f)}e by the

20
2 RIT 'U, w(o) == W

(1) (& k 2 :
P — A(’U ), ap( )), w1 A(w("), ’I)']")).

The functions v™®(t) a ") .
inequalities () and w®(e), & > 0for t e [T, T] satisfy the
v (1) < v(1) < ...

SN S (... SwO ().

Henece the sequences {v)(g)1e e
; i _ ences { (1)}8° and w™(¢)1g° are uniformly convergent
or te[—T, T|. Introduce the notations 17(Jt) = lim »®(¢) )a(;loil\l%l(%g)elﬂ:

k—oco

=lim w®™(t). We s show that 3, @
: (t). We shall show that 3, i are a couple of minimal and maximal

quasisolutions of periodic problem ( ¢ i
Piong reriodie pr 1). From inequalities it I S
[J&Eifn th-‘i]e exists an integer k such that v“""l)(it)1 < LI(L;) Si))("lj) e
nf (t)'?: Ua(t) Sw'™ V(1) for t e[— T, 1'] where u,, e 5(@ ; ! S
%1 tqu‘fimsalubwns of (1). v 44 555 Arcenus
roduce the notations p,(t) — v®(t) — #15(2). Trom condition 2 of the

4 — c, 2438
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Theorem 1 if follows the inequalities
j)j(t) :f;(f:, ,v(jl.'_l)’ [,U(k—l)]pj, [w“’*“],,j, Gj'v("”’l), [G@(;.-J)jlpj, [G'w(”*l)]qj) -
*'f!(ta Uyjy [ul-JI)ja [“’2]!1]7 Gju’lv [Gul]f‘j, [Guz]qj) —

— My(e{P — ofD) — N(Gp® — G-y

S — Mpy(t) — NGp for te [0, 1]
Pilt) = pi(t - 1) for te[—1, 0.

By Lemma 1 the functions p,(#), j == 1, n are nonpositive, i.e.
oM (1) < wy(t) for te [—T, T).
In an analogous way it is proved that the inequalities

uy(t) € w(1) and (1) < uy(t) < wh(1)

hold for ¢ e [T, T'] which shows that the couple 3, % is a couple of
minimal and maximal quasisolutions of periodic problem (1).

Let (1) be any solution of problem (1) such that »(1) < 2(t) < w(t).
Consider the couple (@, =) which is a couple of quasisolutions of (1). From
the fact that the couple (4, @) is a couple of minimal and maximal qua-
sisolutions of (1) it follows that the inequalities #(t) < «(1) < #(t) hold for
Bicnlic e 117,

This compleles the proof of Theorem 1.

]
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