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1. Notations and definitions, L'y — the set of all segment bounded
Tunctions, defined on the interval A: fe F, repregsents A in the set of all
intervals, :

For every feF,, 5> 0 we define

I(f; x) = lim I3, YIEOF
8§50

H

S(f’ r) = jgl_nol S(Sa e x),
‘where
3, f5 @) =intly cy e o), tefo =5, 0 f 504y,
S(Sy f5 ®) = SHP{:I/ cy Gf(t), te o — 87 ¢ - 8] ﬂA}

The completed graph of fel', is the segment function

T@) = [L(f; @), 8(; o).

We define the Hausdortt distance between J, 9 € Iy according to
. ([5], pp. 34), as follows

([0, 115 f, ¢) —= max{sup inf o(4, B), sup int o4, By},
#E€f Beg 4eg Bef
where

P(A(m; 7/); B( En ’))) S II'IELX{I.’X? LTy Ely lq/ =317 l}

The Hausdorft distance between f, ge I
denote

a in the point z,e¢ A we
(A5 flap) — 9(xy)) =

= max{min max[ |z — g,|, lg(4) — fla) ],
rEA

I_n_iAn max[le — @, |g(z) — fwo) 1}
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2. Main results
THEOREM 1. Let o € Flo .y be defined as follows
M, x e [0, x,);
o(2) = 10, = 2y;
—M, xe(zy 1],

where 0 <@, <1/2, M > 0.
Then

(1) lim [n~1n 0] Y2<([0,1]5 Bu(o), o) = [#e(l — @)

N"— 00

holds, where

is the Bernstein polynomial.

THEOREM 2. Let o, € Fy be defined as follows

0, z=20;

ool = {—M, e (0, 11,

Then for sufficiently large n
_ Inxn
(2) ([0, 1]; Bu(sq), Sg) A_%_
holds, where

B'n(o'(ﬁ ®) = Z ) (7\;‘)1)¢»,‘)(99)7
v=0

pusta) =( " @t — oy

v
is the Bernstein polynomial.

3. Proof of Theorem 1. We shall prove the statement in two steps.

1. In the first step we shall prove that for sufficiently large n the
inequality
(3) <([0,11; Bu(a), o) > [#,(1 — @o)n~tIna]
holds.

In view of the properties of Bernstein polynomials and the definition

of the Hausdortf distance we can say that (3) is valid, if we prove that
the inequality

By(o; &) > — M +3;‘\; Congt. Mn-2

3 .
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hol g ¥ = .
ir&gs‘;ﬁ}aze 9;0 1 080?:0_'_ 7;5)()9308;(11), 0 )< A <1is an arbitrary point on the
12 o o5 n) = [@y(l — 5 .
Really, atter some tra{nsfogr’na’aions[\\?e(z Obt:iol)ln el

Bu(o; ) = )%, o(—\i) Do) =

v=0 Vs

(4) == o1 (»V_) p” \(.T*) + v 5
" 0 ( 'TO _;| >7‘~5(:\‘0;n)
= — M l_l - ' E ]];;,~;<m6k)J +
'78:—%! >A8(xg5m)

v ) o( V-) P 2)

= 4 by [ M40 (—v-~) ]_p»,v(w[f")

) N '
’1 1‘6‘6*% ! >28(xg in) @

=—M+42m Yy Pl T

Y iikk 14
. <f»g‘—/.8(.1‘0 )
|

Now we take into account, that if 3(n) < n-v (Y >i) n3(1n) - oo
H
for sufficiently large = ’ |
)

(O(II
2
¥y Pu(@) ~ = S exp(—wv?)do,
" x—%‘ < J(mi VTC 0
is valid, where w(n) = n2§(n)[22(1 — z)]-V2
If is clear that if lim (nl/)z%(ng)*l :wz)],

" — 00

([4], pp. 18).
then TPy ) -

lim E ])“’\}(w) =1

H—=00 v
y——|<98
” '< (n)

|
Hence for sufficiently large = the asymptotic equality

(5) Y pal@) ~ = { exp(—v)do

v
l ’_; ‘ >38(n) T win) ®

holds. Then, using (4) and (5) we have
(6) B(o; af) ~ — M ?/—{I exp(—o?)do,
1

w(n)
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where b
o(r; n) = 13(zy; n)[2ntad(l — xg)]™
: ; . 1/2
[ @l — @) .hm] ,
2 a¥(l — 2¥)
Now we observe two cases ' =
;) It 0 < #, < 1/2, then for sufficiently large » the inequality
0 <
@, < of < 1/2 I8 true and
[o(1 — @)~ [2g(1 — @5)]1™t <1
gels. Then we can imply that
ol n) < [ AHn /2772

b) 1t @, = 1/2, we have

‘/{70&@01 = {[1 4 A~ M2 ][1 — A pnn) 2 -1 =1 -k e(n),
ao(l—m)
where lim e(n) = 0. In this case

w(r;n) = [R(1 + e(n))In w22

holds. But let us note that 0 << » <1 and for sufficiently large =, &(n)
,forl' bo sinall enough such that A1 + &(n)) < 1. ot llarer o
“ ’l"h}‘erefore we show that.if 0<<z,<1/2, then for sufficienfly oe

2M g o ol Ll
: i gl xp(—v*)de
(7) ]311(0'; -/)/0) > J]l + VTE )

[Re (1<) 2/

, I = oh such that A(1 + e(n)) < 1.
is true, where 0 < 2 << 1, g(») is small enoug vl
® mut(,,n:\ ?](:abother hand ,it iy proved the inequality ([6], pp. 166)

iy I oy e .
(8) Sexp(—tz)dt > o (l — 5;) exp(—=z%).
Then from (7) and (8) follow o —
(9) Bulo; o) S LD - 3 M [2ma3(1 4 e(ﬂn))e o 121,J
1 — (2L E g(n)) In p)Tt]ap o]

> = M Jr —*'7;:7

4] 7an n
' WM
> — M+ 2MECy e s —+ G M
4w A

. soint in (2o, @ L 8wy 5 1)),
= ;) is arbitrary point in (z,, @, -+ 3(x; #
where af = xy -+ 23(w;m)is an arbitrary ¥ .
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Further in view ot the definition of Hausdorft distance, it is not hard
to see that (3) is valid, as lim »*2(5-1 1n R)M2 == 0, when 0 < ) « 1.

=00

2) In the second step we shall prove, for sufficiently large # the
inequality

(10) w00, 115 Bu(0), 6)) < [a(1 — apn-"n njre
holds. '

In view of the definition of the Hausdortt distance the statement
shall be valid, it we show that the uniform distance between Berngtein
polynomials and the function o in the intervals

[0, 2y — 8(zy; n) and (@ 4= 8wy 5 m), 1]
Is smaller than §(z,; n) = [wy(l — x)n-"'1n n |12,

a) Let xy = x, — 113(®y5 ), u; > 1 be an arbifrary point in the
interval [0, Ty — (@3 n)). By the Bernstein polynomial we have
(11)  B,(o; Tp,) = M — 3

[ M ( by )],p”";ml) _
/"'u‘l“,‘;) l > 1 8(xg 1) : .

=M — 20 3 Dol %)

— >y A Sy n
A TPy 5n)

2M
~ M - exp(——fvz)d/u’
B

@y (n)

where

o)(n) = uy[@y(1 — )n-1n W]V MR 2, (1 — @y )]~ Y2

ao(l — @ 1/2
= =20 o) “lna > [In n/2 vz,
220,(1 — )

as-yy > 1L and oy, <o, < 1/2.
But it is known ([6], pp. 166) that

(12) Sexp( —t2)dt <; exp(-—z?)

holds. Heunce (L1) and (12) yield

(o)

; ! 2.M
(13) Bu( oy w,) > M — ]/i: S exp(—v2)do
T
(ln ;1/2)1/3
>0 2

(27 m In gyl
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b) Let @, = @, - ped(2y; 0), Wy > 1 be an arbitrary point in (g +
4+ (@, ; m), 1]. In this case we obtain :

Blosad= -2+ % [¥4e(7]) ]pwta

z, Y | >10,8(vg5n)
Hy nl 27078’

= —M{2M ¥

v
— <y L )
N <»,,‘2+p,8(x0,;)

Py Zu,)

M g
~—M +]2/ S exp(—v¥)do,
T ©q (1)
where
wy(n) = wal@o(l — @o)nd In n M2t - [2ay,(1 — 20, )17 12
n 1/2
= gy _m(L(]__?“.Ol_ -lnfn,il ’
2o,,(1 — @y,)
i) If @, = 1/2, then wy(n) > (In n/2)"/2
i) If 0 < 3, <1/2, then
B = Tk "k '——‘m -1
wo(L — @) lj_"”_o.hl”)(l_, V_mo ._«)]
Tl — #) T pa -y n 11—z, %
: 129 Vlnn‘nl
b= 1— e(n)
S BRI Ty I
holds, where lim e(#) = 0. Since u, > 1, for sufficiently large n is true

us(l — e(n)) > 1 and we can conclude
wo(n) = (In nf2)2

Now using (12) we have

201 & iy masiaed
(14) Bu(o;ay,) < — M+ == S exp(—o)do
(In 1;/2)1/2
. 2M
< —M -+ —

(27 n In n)l® '

Further (13), (14) and the definition of Hausdorft distance yield (10).
The theorem is proved.

IV. Proof. of Theorem 2
large n the inequality

. At first we shall prove that for sufficiently

1
(15) ([0,17; Bul(ay), o0) < 23}

holds.

In view of the definition of Hausdorff distance, (15) will be valid,

if for every e(z

gels.

Really, using

v |
‘ = — | <3(n)
w|

where
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o,
it

Bu(oy; @) < — M 4 o1
%
the asymptotic equation
()
2 2
Y Padle) ~ 2\ exp(—odo,
e

0

for sufficiently large » we have

(16) B,(o,; 2) = 5

where

But it is known, if 0 < @ <1 and 0 <2

o(n) = nV28(n)[2a(1 — w)]-12
’ = ;;{ f <28(x;u)

v
9y ( _»#) pn,v(w)
n

TN

v n

Y= = l > 28(x;n)
['ﬂ/[ i Oy (¥_ ):’pﬂ u(
"

[
— M4 2M %

v
\ & ’ >28(x,5m)

v
~E ‘ > 28(x, ;51

pn,v(m)y

3w ; n). = [2(1 — x)n-11lnn]Vz,

inequality
(17) )3 Puo(®) < 2 exp(—22)
*— ;LV—‘ >2z[,\‘(1-r)»—1]1/2
holds. ([4], pp. 20)
Hence (16) and (17) yield
By(oy; @) < — M 4+ 2Man

which proves (15).

3
S0, [nae(l — x)]Y2 the
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Now we shall prove that for sufficiently large n the inequality

. . In+x
(18) ([0, 1135 Bu(og), 00) >
n
gets.
Using the properties of Bernstein polynomials and the definition of
Hausdorft distance we can say (18) is true, if the inequality

Bn( Gy .’E-A) > - M *{* 17‘/[1@777‘

holds, where 2, = a~tlnn, 0 <x <1.
We calculate

l A — o l > w8 (xg3n)
v i

s= — M 4 Mp, o(22)
— —M 4+ M1 — m tn )t
Congequently
B,(oq; @) > — M -+ Mexp(—xlnn)
or
Buloy; @) > — M - Mn?,

for every a; = wmllnn, 0 <x <1.
Now we take into account that

n~* » nlln w,

when 0 < » <1 and prove (L3).
Finally, it is evident (15) and (18) yield (2).
The proof is complete.
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