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[Iheorem 1 if follorvs the ineclualities

it¡(t) :.f,(t,,a(,"-''t, [t;(À'-r)10-, lus,^' D]u¡r(],ø(^, t),l?au-tt¡0., lGut^-L)lo.) *

-f/t, tt,r¡, lttr-Jt,¡, lttr]rt, G¡tr, lGurh,, l(|uz'lo,) _

- M,(a!r) -,rrjr'-t)) - N¡(G¡DQ|) - Gr,u{,'-rt¡ g

S - 1,1,p¡(t) - N¡G¡pt for.f e [0, ?l
It¡(t) : ?¡(t ) '-I') for, f e [_?, 01.

[]l'Lernrna t the tunctions p¡ft), j:=), n, a,t,o nonpositiyc, i.e.
r1(r')(r) < tr,r(l) for t e l-a1,, i/l.

In an analogous wa¡r i[ is plovetl t]r¿1,1, the inecßLa,lities
,ur(ü) { u¡(A)(t) irntt ,¿,(/')(f) < ,ur(t) { lUØ(t)

lrolcl fol t . !- f, ?l l.lrich shorvs th uplc of
rninirnal ancl mzr,xjmal c¡uasisolution

{ zrt(t).

). l¡rorn
aI rlua-

t e I-'l: , :[]. 
rc¡lcl f.r'

llìhis cotnploles lhe ploof of Theolerir 1.

',\.t,1 
Itì\tA1,tc/\ _ tìtr'I rf,, t).,\N,\LystÌ Nt.tît:llìtotrtir,r1. r)rÌ 1.ì rEorìru r)Fr i...\l,l,rlrlriii,i:i:iò,lv*. ,,
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1' *otarir¡rrs and defilrir,iorrs. .L--th" set of a' segrne.t boundecl
,l'iå'*ìlì, rlerinerl o.iìì,,;ì;;;;;;i'ä i¡' . r,o r.epresent"s À in rrre ser or arr

Fol ever.t, I u Fo, g > 0 rve tlefine
I(T; r) : tim I(t, J; n);

ò-tl

B(.f, r):lim ñ(8, /; ø),

It'lteLe

1(à,./; n) :inf{ø : A e.f(t), t,e fn_ à, r l ò,1nA};
,y(8,.f; nr) :sup{y:!eÍ(t), te fn_à, ø*àln^}.

the courpretccl gr.aph of / e 7ro is trre segrnenl, function

,f(:v¡ : lr(f ; n), B(J,; n)1.

rtol, JIf åTí]ïrt;Iïr#,?-"-"orrr ¿is1¡¿111ce trerneen ,f, t e1r,o accor.cling to

r(10, 1l;,f, l):max{srp 
}r:tn úo, r), 1:? ilr p(21, B)},

n'here

p(A(n, !t), Ij(|, .q))._ nax{1,, _ 
E l, ly _"rtl}.

¿uootlllro 
Flaus.orff clistance bet',een f , gelto in the poi.t ro e A rve

r(L,; !(r) _ g(ãto) :
: tn¿ì_\{nritr rnarI lr, _ ,,01, !g@ò _.,¡eùll,

rnin rna_xf 1,, _ 
^,01, lfl@) _ Í(nr)lll..
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2. ìt{ain lc.sults

Tunonnlr L Let o e JÎ¡o,r¡ be deJined as Jollows

holds, rvhcre {l - 
19 * rì(roj rr,),0 < À <1is an ar,bit'ar.y poinb onlheinterva,l 

çyo, in.+ a["r; ,1)),"81*'r'r"rr1ì WoG - n)tritn tr.ytz.Reallv, after some tlánsior:maíior,s r,," obtain

B,(o;rJ')-Ëoi"'
fi \;, )p"'"@i)

o(c) : t

ì

M,, uelÙ, uo);

0, a: üo¡

- l[, n e (no, 7f,

uhet'e 0 (no {712, M>0
'f'h,en

(4) T " (; ) 
p,,.,(rt) I r\" / 

l"r-;l>iô(i'o;')

X ?'''(at;È)l +
-] 

J '''u1'" "'

"(; ) tt","(t't)

" (;i ) 
p',"(r't)

.:t ,]0 _; <7,ô(xo;r)

(1) Iim fri-li.;lt n)-rtzrllO,1.1; B*(o), o) : [e;o(l - nò')Ltz
,Lè Ø

It,olds, uh'ere

:-tt[1-

å
l¿\

;J

"(
l_
,IL

l"*
l0

8,,(o; n) : P","(n),
I-Ï. I

71,,,r(n) : n'(7 - n)"-u '0 t;
7,ô( ro ;r)

is tlt,a Bernste'i'tt ltolllnominl.
l'unonlrlr 2. Let oo e -É'6 be de,Jined as follotos

--r1 -j E irt,"(
¡";* ,iP'01"'''L \

-_M+2t[ x ,p,,(nl).
I a,,;*_i,ôrro;r)

1L
P",',(al)

oo@) : í
ì

0r n:0;
-I[, u e (0, 1l

Ih,ett .f or suff icien'tly lctrge tt l{ory u'e take into account, that i1l ò(re) ç r¿-r

for sufficientl¡. l¿¡*" ,,

1
l -; r)

,ìT \
o ,IT --) @r

c(f0, 1l; B,(où, oo) X 1n ll'
(2)

h,olds, toltere

1L 2 'ol"

I P,,"(r) - .l \ cxlr(-u2)t1o,

l'-;i*u"" v" J

is valid, whele aþt,) .:.r.ltzð(rr)f2ø(1 - n)l.rrz ([4], pp. 1g).f[ is c]ear that if lirn 1rìrrâ'g1rr)) t : ô, tfroìi tt ! r'';; 
x p,,,',(r):l

, "-- I'-;lnu,"'
T:lence fo. s'fficienl,rJ' ]arge r¿ t]c as¡'mptotic eq'arity

(5) ,¡ t),,.,(t:) - ,-i_ i exp( -,z)ct,u

| 
,-r 

i -ot,r l, , ,,,1,,, D

holds. 1'hen, using (4) anct (5) rre have

Bn(oo ; ù: i ",lll yt,,,,(r),
v.o \+t, I

tr),,,,,(n) : (:) r"(1 - ø)"-'

is th,e Bernstein polyttomial.

3. Proof o1 theorem l. \Ye shall prove the statement, in trvo sl,eils.

i. irr the firsi,-step ne shall pto.õ that for sufficientl¡' Iarge rz the
inequality
(3) c([0,1.] ; B,(o), o) 2 lr¡(1 - no)n'-rlnnlttz
holcls.- I; vie$, of the properties of Belnstein pol¡'lornials-and the clefinition
of the llausdorfÏ ätistãnc" we can say thal, (5) is r'ruIitl, if tve prove that
the inecluality

ßu(o; ,üf ) > -M +-f Corrst' Mn-)'tz
À

æ
2M

tt;
(6) B"(o; n{) - - ltt -f I ""0, - uz)da,

to 1r)
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-;U - elr f-
Z)

v_ -. \,, I I¿rù(lo;t)
il t-l

æ

);,)l,"'^"',' ==

mate
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),2 rn( t - øn)

F urilrel in vierv of the cìefinitjon of rrarxclorff distance, it is not rrarclto see that (3) is valitl, 
^*ii-l¿7ø!i'ln,,r)rt, .: 0, rvhen 0 < À <1.

,ounolìrj," 
the seco'cl *tup-iuu shall p.o'e, fo' sufficienil¡, large ra thehr'r¿2 n{(7 - nf)

.Nou' l'e ol¡selr-e trvo cases
a) If {r < û, { 1/2, lJrcn tor sufficiently l¿t'*,, i¿ tlte inec¡uality

fro { nl < 1/2 is true and

lno(r - øo)l' føf1l - ni)l-l < 1

gets. ll'hen .t\¡€ utln impl,1. {,þn¡

or().; rr,) ( [ À2ln n'fZ|ttz.

b) If ro - 112, rve have

an(1 - øo) ,t--.- r-- r11 * À(n-rlnrr,¡t/zll1 - À(ra-11nrz)1/2IÌ-t:Il e(n),
n[(7 - nf )

g'lrete lim e(rr) :0. In this casc

o( À ; rr,) - | ),:r(1 -1- e(ri)) In tt 12ltt2

holtls. llui, lei, tts llol,e that, 0 < À < 1 and for sufficieilf,l¡r l¿¡trs n,, e(n)

carr bo stnall euough suclt tha,t À(1 f e(n,)) < 1.
llllrer.efole rye Áho]Y that if 0 {no ç 1/2, then fcx sufficientl¡r l¿1'*" ,'

(7) It,,(o1,"á') > 'rt +tit', E t'x¡r( -r'i)rlu
/ 

¡i:Jrr..1,j)t,',,¡z¡rl3

is 1,r'uer, whete 0 < ), a 1, e(l) is sLn¿ l enough s99h tì31-i i.(1 +,e(rr)) < 1'
On the othcr hantl it is plovecl the inequalit-v ([6]' pp' 166)

i rt(8) 
\"xr,q-r'2)rrr 

> :"(, - tf,) "-u,-",
z

lfhen flom (7) trnrt (8) follott'(e) ti'(' ; 

ii'Ì, ;;,f i- !,il,T,',i,1!,r,,-'l,ii'].1; ;'-"',

> -- '1l , -::í={"1'';;',;.'")l''' "-'''

> - ,tI -¡ 3]{: tt )'t'¿ > -.lt | !'lL .r)',,' 4ì,lf n À

wlrere oð* : øo -þ Ào'(øo;rz) is al llrbit'l'ary point in (:no, o:o -f 8(ero; zt'))'

(10)

holds
tf(0, 1l; R,(o), o)) < [øo(1 - n)n-rInrt,lt/z

T' l'i.l' of ilrc definii,ion of the Frausdorff rlistance 1,rre sl,atementshalt bc valicr, if rve sho*' tï;;;h;-;"ito"-'.áìÅiu',.ã'ï""i."", se.nsteinpolynornials ancl the function ;-ü'ihe intervals

10, oo _ ò(øo ; rr,)) anrì (,r,0 f ò(øo ; rr,), 1l
is strrallel than ò(ern ; tt) : løo(1 _ n)trrln n)t/2.a) l,ef "', -:]'l - 1r.,à(,ro i /r), ,ur ) t be an a'biLl,al.r. p.irrl in theinte.r'aI r0, r'n'- ò(jo; ;)).' ri.l riie' ile'nstei, por.r-norrriar ue rrar.e

<lt(n') : prl_øn(1 - rr'o)ir,-11n.ølLlz .tl/zf2tnu,(I _ ï,r)l_rtz

- ,r,t -ir: \ erp(-u2)cr,,
6 t(u)

trn(1

? u,,(r,r,)

1n r¿ ) fln nf2.¡ttz,- co)

2r,,,(1 - ,t'¡,,)

rylteÌe

(12)

as ¡r, ) 1 ancl â,pr {.r:o ç 1/2.
llut it js hnol,n | 61, p¡r. 166) ilrat

(

1exp(-t2)tlf e-xp(-ø2)
o^,

holcls. IIe nce (11) ald YI

(1:l) 2tlÍ ?[],(o; ,t'r,) > .il ,, _ \ ,,*p( r.r)tìu
I' ' 

u,, ,),rr,,, 
- /'

>,u- -?r! --(2n'n,It'r tt')rtl '

eltlI2
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148 V. At. Kostova 0 fn vie'w of the clefinition oil Hausdor,ff distancc, (15) will be valid,

b) I-,et fios: aro f ¡rrÐ(roi n), Vz) l be an arbil'râry point in (ro f
* ò(æo ; tt), 11. In this càse \\re obtain :

B'(o ; np') : - M + 
l.u"-ip,,,a1",,,r 

L' -t- " (;) lr'''{**')
,-M+21l[ X F,¡(n,,)

] <',rr+u'¡ô1'o;")

_M +r#,,i;, ""o, u2)d.a,

where

ctr(rt) : p2[rr0(1 - ro)n-rlti- nlttz.rrrtz' l2nu,(l - fi*,)l-tt'

if for every n e ,Io,! , t
1L

ßo(oo; r,-) < - lt +2I!n
1T

gots
Iìeally, using l,hc :ls¡.rnptotic cclua,i;ion

Ð
ai
1'I

?",,(n) -
2

dtlù

5

exp(-os)cl'u,
1- < ôþ') Ir;

'where

co(rr,) : nLtz8(n)l2n(I - n)f-trz
for sufficiently large r¿ rve have

: *rl no(1 - no) .n,,]"' (16) Bn(oo ) n) :

i '- j fl^,",,,' " { ;;) 
P'''(n)

1,u,,,., 
"' (;) 1t""'(r)

2u,,,(l - frv,)

i) I1 ro 1/3, then cor(ri) ) (In nl?)tr '
ii) ll' 0 rn (1f2, Lhen +

#.To=Ð^:[(' t r'V
t-- 't .lY:l

cto l'ì' )('- ,,1,[ -t?^Y)]- ,,

=f, _ t__2t_s,_ lillrl'_,_"(¿)L,trr1rol1- no).y " I --- "
holtls, ç'liere lim e(tr') : 0. Since ¡r, ) 1, for sufriojently lar:ge r¿ is 1'rue

Fz(l - e(tt')) 2 1 and. \\'e c¿ì,n conclucle

ar(n) 2 (lt:.n,l2)rtz.

Non' using (12) rve have

: _xï _l \-.
¿r

,,,,1" 
-, "' (,; )lt" 'ø:

_'l
7L

2B(ro

where

< - ¿f + Z,,U ,), p,,,(r),

\' ; l>zô1zo;a)

8(n; n): [ø(1 - n)n-tlntr,ft/2.

(14) ll,(o; nu") 1 - '11 +
zlt c

ll" J ''
lln nlzltl2

2M

But it is irnown, if 0 < ø < 1 ancl 0 < a< JJ

- lnn(l, - n)fuz the
z

{ -;ll -f

inequality

(L7) T
722¡111- rln-t1t/2

?",,(n) ç 2 exP(-a2)
(2r tt'ln n)ttz

Fur,thcr,(13), (14) and the clefinition of ltausdollf clistance yielcl (L0)'
The l,heorem is pt'ovecl.

Iy. ProoJ. oj ,f,lrtorerrr 2. At fjrst *.e shallpt'oye that for sufficiently
large rz 1,he inequalit--v

-lnt¿(15) t([0' 1l ; Z,(oo), "o) < 2 T

holcls. (fal, pp. 20)
Ilence (16) and (17) yielct

B,(oo; #)) < -Xt+2Wn-r
which proves (15).

hokls.



V. -At. Kostova I

J

I150

(18)

C'el,S.'- U*ittg the ploperties of Ilclnstein pol¡'riornials.ancl the c'lefinition of
Hausclorff dista,ñce-rve can say (18) is true, if the ineqlalitv

19,(oo i r;,) ) - llt -l tuItr' \

holcls, rvhere n), - )\n-r ln ta, 0 < À < 1.
We calculate

, I 
nr * "'( ; )] 'tt.,.(,-'i)

: -M )- M(1 - ),tl,-r ln it,)"'

Consequently

Ru( oo a;¡) ) -- M + l'11 exP( - 7. In n')

or

Il,,(oo) r) ) -'V i }[rt ^,

fot' evcl'\' J'¡ - ).?ù-1 ln zl, 0 < 7. < 1-.

Norv rve take into' accottnl lhal,

tt,-)' > n,-r ltt' n,

when 0 < À <1 anrl Prove (18)'
Finallv, it is evident (15) ancl (18) I'ieltl (2).
lìhe proof is comPlete.

No¡, ¡-e sìra,ll prgve that 1ot' riuffjcient,l-y l:ìr'ge rz l,lte irrequality

t(f0, 1l I ,/ì,,(onl, oo¡ 2111'
1t,

-Iìn(onirr,) :-Ml, 
"Fl.^-;l>/,ò(ìo;¡l

-- -M )- 1VI1t",o@7,)

tt/\'fl I r.ììt,\.t. fo.\ tì tì\ I'lì t), \\r\t,\-rjþt Nt.tltìtr ì 1r¡,¡.;J.r.r. r)Ilr.ttrorrli i.r¡.: i.,,\t,t,rtrr.,ril,r;ii,ì..,,,,
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IJOINTS trIXES COI{I\{UNS

ì{II{¡\I CR.ICII lx
(paçcani)

I¡rfrotl'c(iq'r.,t]3,11^cet ar,ticle on ¡.esente querq'es théorèrnes d,exis_ûetrce des ¡roints 
'ires 

conlrnuns porr, .ieu,i a1,prìcati'ns 
"î "n1,u""* rnót.i_

,:ïiìirå3l"urets 
oir ra nratriquc'¿e |eìpace'satisfriL rres irrrrsaril t,,s ¡r.rr_

Ðófiuition l. SoiL. ) ¡ru cnsenrl.¡lc tb Ø: i/,|i. 1,,1,:-l __\.1. t,e
o:j""r,r: 

e -1- est un ,oi.t tiro 
"äir,n",,o 1,or,, la 

,íåi'iilå, 
Ø 

"L 1.,(t.) _ ,v,
L'ensembre cles points fixes co*rrnuns ae ta fami'e _ã, est noteé par :

]no: {ølJ,@): n, y i,er, ø e J}.
Dófinirion 2r soit (-\', úr) rrn esr)acc urét'it1ue. L,appìicati'rr;f : -, --+* -Y cst unc appticarion 'l,iãui.i';;ìíi . ø,s e .\. a.j.

X', - {n+}
et (J'''(n)),,6s{ converge à rr*lunifor.nre) pour tout øo e ,\_.

Tlróorèmo l. Soit ( e,métt,iqu cttttt,¡tlet rt .1., !l: -\ _> X.dcut: ttpplicatitttts ø1¡ant .Lt, ll q, q. ,], R,.,) continuet, aussi.
P(0): o, ç(r) 

" rl ,o {co, V e R* de soite que:

tt(f(g(n)), g(y)) < d(n, y) )_ e@,e;, n(ù)),
Døns ces cond,itiot¿s @ I Ilo c: Fr.

I)ém,onstratíon. On considdre Ia suite :

h: Í(no), rz : g(n)t nz: l(rz), n4: g(n),
(t2o : g(nro_ r), n2nn, :.f(nrr) ,. . . ,

de .1.

tl(nro, rrnrl) : d,(g(n2,.-r), l@r*)) : tt(g(ær,_r), .Í'(g(nr,_r))) <
-( d(ø"'-" ßz'-ì I 

.r.'.u'!'r::',rn;rî,', *',,r,r: 
eet(a2,-t, a,o)) 4

1ìI],FIìIìI]NCIìS

1. B e c 0 JI r.t ÌI o Il, ll. l[., O mo'nt"ott tt'o

C. I:I . ßepu'ant'et1ua o .¡úetlrputre Xagc)
2. Veselinir', V. À{., TIrc etact conslttttl

polgnontfuls i
lì. I{ostova,

dorl'f tnelric,
4.Lorentz, 21s,.^'l'o¡onto, 1953'

E. C.n¡1on, F'tt'., Xaycôoprfiootrc nprt'6nucrceril:!!, Corlrøn, IjAII' 197f)'

0. Fcllcr W., l,rtr,,,trrüii--to ì'roltobitity ll-hìLeory^atrcl lls 'lpplitatíotts, NctÏ lot'l<, London,

1,1960.

Iìcccivccl 1ó, I.1988 7'V " Atqlel l{a¡rc|rcu"
Cente r ol' AtfalhenaLics

't 00 1 lltLsse , Bulgaritt
Yiolela tll. I{ostoua

Vr,r¡ e,Y (1)

øo arbitraire


