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ON ABSOLUTE SUMMABILITY FACTORS

M. ALT SARIGOIL,
(Kayseri)

In the present baper, the hypotheses of g theorem on absolute sutnmability factors of infinite
series have been weakened.

1. DEFINITION. TLet @, be an infinite series with bartial sums s,
and let (p,) be a Sequence of positive real numbers such that
Pn:p0+pl+ <o - Pu— 00 as " — co, (P_; =P zf)").
The sequence-to-sequence transformation :

1 n
ta :F Z DS (Pn > O)J

fn v=

defines the sequence (t) of (N, p,) mean of the sequence (s,), generated
the sequence of coefficients (p,). The series Y as is called summable
FNy puli, & > 1, if (see Borl)

(o] P” k—1 ;
Z (_])__) ltn — lp—y lk < oo,
n=1 n

2. Bor! proved the following theorem in 1987,

THEOREM A. [t (@) be a positive non-decreasing sequence and there
be sequences (Bs) and (X,) such that

l A7\n' < Bn (2‘1)
Bam 0 as no oo (2.2)
§ nl AR, | , < oo (2.3)

n=1
[ 2@, = 0(1) (24)

and, for &t > 1,
; -_1_| &l = 0(2.) as n— oco. (2.5)
v=1 7
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Suppose further the sequence (p,) is such thal

P, = 0(np.) (2.6)
P-nApu = O(I)nﬁvz»l-l)- (27)
. i whn . =
Then the series Y ¢, Prlnis summable [N, pule B> 1.
n==1 NP

3. The object of this paper is, by weakening conditions, to obtain
a more general theorem than the one due to Borl. In what follows we
shall prove the following theorem.

TaroreM B. Let k > 1 and let (x,) be a positive non-decreasing
sequence. Under the assumptions (2.1),(2.2), (2.5) and (2.6) of theorem A if
the sequences (Br), (M) and (p,) satisfy

=1
2 w8 Bty M ABM] < 00 (3.2)
si==1
@ 2l = 0(1) (3:3)
and .
A(&) == 0(-1-) as n— oo. (3.4)
HDr n
Pudo i summable [N Dol -

Then the series Y tu -
i n=1 ”Pn ]
It may be remarked one of the conditions (3.1) and (3.2) does not
imply to the other under the conditions of theorem A.
On the other hand the hypotheses of theorem A imply the hypotheses
of theorem B, but the converse of this implication need not be true.
This can be shown as follows. By observation of Mishra[2], the conditions

(2.2) and (2.3) imply that

1,8y == O(1) (3.5)
and
E Bnmn < co. (36)
H=1

By (3.5), we can also write
#(Bo + But1) = 0¢1).
Hence, we have '

S 0Bt Buer P 1ABa] = Y, 000 {0 But Busa ) AR | =

nel =1

= 0(1) i na, [ABy| = 0(1),

#=1
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and considering that
k ; ; I
Al = ol — ) Agyy | = RG] — [hary)) (3.7)

where £, lies between | A | and | dut1], We have

ngl Cvqu”M“’k)l =} % e A(l;\n]), L}

= 0(1) 3} @B, — 0(1), by (3.6).

n=1

Henco, (2.2) and (2.3) » (3 : "

. . 1) and (3.2). In additi 1A

2.4)=(3, g ( . In addition, it

1 e o 3 o ) 04) e i Stvtaval 3,
" =y \ ’ ent t )
Ap = wnly A?\n = Bll and % > 1. 0, take th&t ey log (”’ -+ 1)7

% For the proof of the theorem we re

Leama, If
then, for & > 1

quire -the following Lemma,
the sequence (Bu)~satisfies the conditions (2.2) and (3.2)

Tu(n ) = 0(1) (4.1)

?

and

\i, v g,k = | .
Yol =00) asn oo (4.2)
Proof. Since B,— oo ag 7 — co by (2.2), we have

OBl < it 3, 1ABE 1< Y, 0B + By )1 | Ay |=0(L) by (3.2),

V= V=5

and

g:l v lg, B — 0(1)1};1 o1, § I-AB’H = 0(1)% | ApE| ZL -1y —
n { =1 Cov=1 .

= 0(1)i§1 V(B - Barr)1 AB;| = o(1) by (3.2).

5. Proof

of the th LR '
prove that f the theorem. For establishing the theorem we have  to

i -Pn k~1
Z( ) an—Tn—1[k<oo

t=:1 n

where

1 " v
Q‘n —_— ) a’r-Pr;\r 1 =
B Al E T =5 (P — P, ) G
» r=1 p, P, oD,
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So,

s o= 1,

1 * P, Pa, Ay
i — Lo ) "
Tn 5 in—l = A(Pn_l )w%() VP,

Abel’s transformation enables us to get that

1 n—1 Pﬂf-Pw-H —l— A)\t_&b _A (‘1__) n~l»!§2\»”8v ﬂ"
.T” = Tﬂ—l = A (7)”__1‘)1‘_*1 i _(@ -+ 1)1),01,1 l)n—l v=1 v

=k 'P” 2\1 :T Tn +11n, —‘_11?1,41 Say'
P B ()t S,
n~1

=1 v

Pnk

oo gl .
; i H o p l T"I,,.]}'<oo
By Minkowki’s in equality, it is sufficient to show that Z ( 71,,,)

n=1
for 1 =1, 2,3, 4.
Now, using (2.6), we have

R o o o S

2 n N2 l)n—l va=1
N
Holder’s inequality gives us that

M- -1 "g;] 4 1
Zl(fﬁ)‘ | T F=0(1) ¥ A(}j‘) 8
P = .

i h i raf W] as k1 N
X E (%‘) Pl A}‘o ,L | 8 IL .’)‘){P‘ E pv}

=2

= n—1 v=1
w41 1
o_n‘ P‘D k X : k . A (ﬁs—) ==
= 0(1) v>:,l (*p;‘) ]hl A?\,, l ,S" I ,,,:5,,"{,‘1 =il

- : o aelsl?
— o) 3] (‘Pi)k pan el g Y o
hn v=1 ‘Upy v !

by virtues of (2.1) and (2.6).‘ | -
R};placing [ %] by B, in equality (3.7), we have that
|ABE| = 0(1) (B, + Bv+1)h~1'ABv]- So,

mt1 _Pu k—1| 7 Ih - 0(1)’"2_1 fpka/'y({ap ”I— Bv'H)k;llAp’vl __I_
Z ;7—;; = v=1

=2

n—1

+ 0(1) W (v - 1);'.71“71-»}1 Bh: 0(1)@)1(7"{3"1)k2
=1

= 0(1) as m - oo, by (3.2), (4.1) and (4.2).

Again, by (2.6), we have
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e

w1 P\ r-1 ) m--1 1 k=] 1 n—1 P‘ I
7)) Teal =¥ (L Y1 T Pt | =
2 mar =B )& o

ne2 NLTy_y -1 v=1 VP,

-1 1 n—1 P i V3 g ) 1 n—1 A—1
=0(1) y A( ~‘) ' ( »\’;) PuldoFlsy [Fad =g |*)_
P . )31 . o ¥ I, | P );1 t

i })ﬂ 3 : o omAl il . m ! l s 'k'
~ 0(1) ( ) o 2 [¥ |, [ A(-» fffff ) =0(1) g 5, ¢ 18 l"
3 (o) 2o X A5 = )3, et L2

m—

= 0(1) Z]““vl A([)\yi"')[—f—O(l):v,,,[?\,,l]"':0(1) A8 M oo, by

Hence, constdering (3.4),

G A e 1oy », |
G =S S s
== n = L -

m4-1 7 ]

= 0(1) ¥y o[-

n—1

(3.1) and (3.3).

as i 7,, we have

*

= w)

21

k—1 A /i 1 " n—1 _Z) ik
— : — N 1) as m X
nee \ P ) (.Pnhl) } E [ Ill ( ) B

Finally, as in 7, 2; We hg

m ‘Pﬂ A—1 m I)n K] ] 8y [L
i Tn, =y \-~~) ,)\n LU Pl
N-g] ( ) ; 4l Zl ( I

Pn

wm

= 0(1) )}

ve

eSS

|2 ]'ls“li = 0(1) as m = o
n - i B = ) 9

which completes the proof.
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