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Abs traer, Regarding thie existence of special thirg order non-linear initisl value problem, Fai-
rer el alf [8] have mentioned in their text book that special equations of the type ¥ = f(x, ),
With suitable initig] conditions, appear more Trequently than the general ones. They are also
useful in many physical problems. For t)ese equations {he presenf author has given the theory
and derivation of order conditions governing the parameters of the Extended Nyslrém me-
thods in references [10]. In thig paper we want to present the derivations of families of hird,
fourth & fifth order Extended Nystrim methods and their special eases for solving specigl
third order non-lineay initial value problems,

AMS Subjeet classifiegtion : Primary : 651.05; Secondary : 65105
Key waords: Extended Nystrom method, 3rd order initial value problems, families of drd,
40 & 5ih order EN-melhods.

I Introduetion. Keeping in view fhe remarks made by Hairer
et al [18] about the occwrrence and utility of the special third order
non-linear initial valye problem in many physical problems and using
the theory for Extended Nystrom methods, developed by the present
author [10], in this work We want to present families of different
order Extended N ystrom method (which we denote as BN-method from
DWW onwards) to solve the nongtiff equations of the type "' = flw, y)
with suitable initial conditions. The general approach, for a given order
S, appears as shown below,

For the special third order non-linear initigl value problem

Y =M@, y) with, y(a,) = Yo; Y (®0) = yi, ' (o) = y," (1)

the sth order EN -method is defined gg

L s—1 !
Y= ?/(-To -+ h) :F‘:‘/O -+ h“s./l/(; -+ h? Vs?/(;l -+ h3 Z asjzaf -+ To(h)
=1

—1

91= 4 (@ + ) = g5 -+ hB.y - b2 3 Asiley -+ T4(h) (2)

N
i=1

Cs—1 I
¥ =y (2, + h) = Yo + h Y ayk; 4 I3 (h)
Ji i=1
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where

s—1

by — f (@0 | a, o + hougy - h? vitfo 1 h 8 E k)
vy — ¢ ©

j=1

1i ivi i ‘der BN-method
' ) re adoptled in deriving various 01(1{‘3‘1 D ]
ig 1 gshbef;glli?r?zlul;llé) ?3?1& Sarr%a, [10] a system of necelsﬁ;dsyde%g%gn{luf
iy {o {" B onditions governing the parameters of the m.eb‘o a?;ion oy
qf m;[L?I y fgllowing Chawala & Sharma [2—4] and using eq:lllo] >(which
ééte lt;o i?mplifying assumption) in proposition 3 of reference ,L ,

; P—3 __
for readers ready reference is presented here P(P—1) (P — 2) Y aual

(e

ifferent s of P& I, we supple-

ok =2,3,...8.———(3) for different valnes o P&k, .

- ai, ti; (_]1:i zfimve?svstem zs,dditional relations governing L]&e ‘ ;itll‘(rﬁgl‘::ﬁ:

E(}feﬁle me}ahod (2). .Fiﬁally solution of !;hlsf Sgrﬂg?;lbi?nob‘ﬁllgedefivation u

s i al and also incases of ex on. The . ¢

}mriﬁi(i)e“smgf U‘;}lﬁiﬁelfioburbh and fifth order KN-methods are presented. in
sections 2,3 & 4.

2. Families of Third order Extended Nystrom 11‘110t112§:‘,s.s ffol;htllllg
; eci':l" third order non-linear initial va'lue problem (1), a clg
lefder( (explicit) EN-method may be defined as

2
y ’ 17 y 3 al N . T }1’
Yi = Yo + hoagys 4 h2vyy’ ++ b ]é agsl; + To(h)

Hr v .1
Ui = o - BB B2 gy - TH() (2.1)

J==1

2 ’r
W= 0 DY, Ty TH ()

j=1
i—1 ’ )
’ ar! 3 i 10
where & = f(@: 4 ah, yo 4 heuys + h2vy] - b ng e

{ lo; 7 A a 7 i‘Or
which involves eleven parameters, namely, ay & a;, v, ag, gy @
- ; le 3
P 1£28-t T'o(R), To(h) and Ty'(h) be each of order _O(Eh];)_ rﬁﬁiﬁo?ﬁﬁ}iﬁ% e J
{ Sarma, [100] there result for third order explicit i
?2 1), a system of seven equations involving ten parame y 8
Mate

Ggy4-Ggy =1 (2.2)
gy oy + gy g = 1/2 (2.3)
(g 0F -+ Gg0l = 1/3 O (2.4)
gy - g = 1/2 (2.5)

|
’. i:_______ S e Ex_tf:’ﬂﬁd Nys_tr('}m methods

. . BB
@a1 0y By oy = 1/6 (2.6)
G31 + gy = 1/6 : (2.7)
gy v “+ g VplES l/6 (2.8)
Clearly the above system (2.2 — 2.8) implies that
g0 = @gy(1 — ) for § — il 42 (2.9—2.10)

To the above System we have tq supplement conditiong resulting from
the following :

(1) the necessary condition for the consistency of equations in (2.2-2.4),
which is given by

W 173“1/2 (g - %) + o %g. = 0

(ii) cousidering equation
P =3d&75 — 2, that is

(2.11)

(3) due to Simplifying Assumption of [117 with

gy = a}/6 (2.12)

Along with relations (_2.11—-2.12), the system (2.2 — 2.8) is tq be solved
for the eleven Darameters of the method. Thig System when solved in

berms of three free barameters gives valyeg for the Temaining unknownsg,
as

Olg :2 *3“1»/3(1 *2Q1), 0(3:1
Tge = (2ay — Doy — o), 7, =1 _ T
d;}}' = Egi(]. a OC;') fOI' 7 = 1, 2.

U3z = 1/6 — 31y Ggy = /6

Vg = 1/332 {1/6 i 331 V1}7 vg =1

This method ig denoted by B,
o # 1/2, )
! The two cageg

given below.

Special cage W‘hen. %1 = oy = 1/2 (say) Solvin

(@1 vy, @31), which is valiq for « o,

of exception can be studied ag only one special case ig

g the reduceq System
= % =1/2 we obtain a three parameter
family of solutions for the unknowns of the method (2.1), given by

dsj == 531(‘1 = .OL;) fOI' ?: = 1, 2-
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Q3o =1 — g5, gy == 1/48

= i i i3 bed as B MY (v, a 1 Z531)-
vo. =1/ (632(-]-/6 -= @3 V1), vz =1, which iz denoted as ¥ 2 (Vi) @1y

ape LI , 9 C X Le (4} ‘\T 7"}“'6“1 lneth()dSo [(0 3 p "0
:}o I{"Jllllllcs 0] f()lll []l OF (l(‘l ]JX( :ll.(l /(i 1A ) ¢ ‘ o T ] 1 )
b]enl (l) el CI&SS Of foul‘th Ol‘del‘ (expll(}lt) El\f—lllbithod be .dejll]_ed as. Y
2/ €

3
Y1= Yo + hogyo 4 WPvy ' - B Y agiby + Toh)
j=1

3
Yr=yo + B2Bays + b3S} aylky + Ti(h)

=1

4 - 11 {0 i
Y=gy Y dgky - 15 (h) (3.1)
ge==1

3

where ki = f(&, - ah, 4o - howyl -+ REviye” 4= B2 duk), ©=1,2,3.

=

which involves eighteen parameters, namely, ay,, g, Gy & a, Ypulfao
Ggty- @arTOr § = 1, 2,3. n der O3 T fron:
o let cach of Tu(h), Ti(h) L hashonder Q). en From
jable (3) of Sarma [10 there results for fourth order 0 79y - :
h{fﬂlfc(fl)); (3.1), a s[yst]em of twelve equations involving fifteen Balmgtes
given by

2741 + 2542 i 543 L X (3.2)

gy g + Agp 0y + Qg a3 = 1/2 (3.3)
gy & - Gy 0f + Gy 02 = 1/3 (3.4)
Agq o F Wy 0 4 Uyg o} = 1/4 (3.5)
@y + Qg5 + @y3 = 1/2 it (3.6)

Ga1 @1 + Gy 0y + Qg3 &5 = 1/6 ! (37)
Ga 0 + Ay o} + g3 08 — 112 lgie (3.8)
gy - Qg + a5 = 1/6 (3.9)

Oy O3 F Gyy 0y |ty 05 = 1/24 (3.10)
?41 Vi Wga Vg o Qg v5 = 1/6 (3.11)
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R — LW DR LR ;|
Gay %y vy o Uyg UpVp'of Gy g vy ==.1/8 (3.12)

Gy vy -y, Vo - @45 vy = 1724 (3.13)

Clearly the above system (3.2 — 3.13) implies that

Uy = ag(l — o) for § — 1, 2, 3. (3.14—3.16)

As in the previouscase Wwe supplement to the above System further rela-
tlons, namely,

(i) The hecessary condition for the consistency of equations in
(3.2 — 3.6), which is given by b

1/4 — 1/3 (o + g + 0‘3) + 1/2 (9‘1“2 + agey |- % o) — %y ogorg-—=0

_ ; T , (3.17)
(ii) The equation (3) (due to Simplifying Assumption) with .
1P 203 X loree 2, 3, turns out to be
g1 = od/6 (3.18)
Ug1 - @3y = /6 (3.19)

Along with the relations (3.14 — 3.19), the original system (3.2 — 3.13)
will be a system of thirteen equationg, (3.2—3.4, 3.9—3.11, 3.13—3.19)
for the eighteen parameters of the method(3.1). This System when solyed

in terms of free parameters @1 % oy oy, g, gives values for the reamining
unknowns, as

= e+ o) + 6ay 0

e T AL |
— 6(ey 4 %g) - 1200y,

3
“3 _— -—4
= 2 3(ay + o) + 6oy,
gg=—=——— - = 72/ 1T DGdy

6(e; — ag)(ay — %)

LS _2 — 3(ey ag) + 6“1043
42— T —

R

6(o; — as) (o5 — o)

CGav=-1 - ayi}-- Dy3.

Oy = ag(1 — @)y, i=1, 2, 3.

a g = 4“2(1_ ﬁwﬂ) + (24 (141 “1 N 1)
y 24(a; — o)

gy :__4053(1 — bay,) 4 (24 @41 % — 1)
24 (a3 — oz)




b}
A. Sarma

__ .3
Qsp == 9(3/6 T G31y By = 03/6

Ay — Upg + 24v,(ay, Tyy — T43841)
-~ 24(@43642 . J4Zd42)

o, 43, + 24vy(ga,, — “4.-2“Q I
Ll 24(&43“1_’42 2 ({5420’43)

7

This method is denoted by EM, (e, %y Vis Ggy, a/,}}). e
The above solution is valid for (i) w # o, ()11) ac.li;él C; & wh(ﬁ‘e s
The cases of exception can be studied as only one specia
56 capt 1
two of o, o & oy are equal, 1 o
Special case when o, —= az_ﬁay). Solvm%‘v etl:)(i) f}g?;le{idfis‘}gsgf; 1‘al(neter
1 5 3 == &, I k2
—3.4, 3.9—3.11, 3.13-3.19) with a, 2 obtain 2 :
falii%)'r Sglution ’for unknowns in terms of free parameters o, vy, a,,, ap
_ Y, 0l ‘
@4y are given as .

741 =1 - 642 T lgg
i — 1. 9
Oy = Gp(l — o), i=1, 2, 3,

o & InH
24(w; — ay)

Qg3 —

Oy = 1/6 — ayy — a,,
3
O3 = &[0 — g1, Ggy = o} [6

Algs — Qs + 249Gy — ggtg)
Vo Se==—s  24(Gygtt,, — (g2 y5)

= [l Y TP T CZ ?i
v, — g — 4, + 24 Vi (@41 @ gy 42 ‘”)_, vy = 1.
=

24(F 430 45 — @42543)

; =l .
This method is abbreviated as BEMP (o, vy, agyy ay, € 45)

i x 2 theds. For the initial
4. Families of fifth order Extended Nystmn.l neth 27
value J{pI‘(I:)bll](l:Iirl L(:1), a class of fifth order (explicit) EN-method may be

< ___ Extended N'ystr('j_'m methods

defined g5
4
Yo = Yo 4 hagys |- hevsy + hs Y agly To(k)
=1
4
Y= 45+ 2Py AN gy Lo(h)
=

4 £
W= Y agl; T3 (h)
i=1

where [, — S 4 b » Yo - hoyyy 4 p2 vidfy - h®

Wwhich involyes twenty gix Parameters,
and %y Miy (g, (7798 ag for § — 1 :

2,3, 4.
Letting T'y(h), I5(k) and 1'.’;’{&.) each to be of order oW
" Sarmg, [10], for fifth order explicit, EN-met

from table 3 of 8§

by (4.1), a system of nineteen equabions

involving Uwenty
given by

‘_’551 T (752 T g, T by =1

2

51 oy - 57’_52 % - 5553 %g - 27:54 &y = 1/2

5751 o - (;32 o - Esa o + ?1/:54 o«f = 1/3

U5 o) U5y o sy o} = 1/4

s, o -+ Fsa % d54 oy = 1/5

@51 oy +- @5 oy - W5 oty - sy oy = 1/6
T s a3 U5y of = 1/12
Gy af +- W5q of - Usg o3 s 0f = 1/20
U5t + @sq |- @53 1= 55 = 1/6
Y51 01+ @5y oy - Us oty |- a5y oy — 1/24
W51 07 - s of - Usg 03—+ a5y o2 == 1/60

@51 V1 - i Vo -+ Gy, V3 + agy, Vg = 1/6

=

51 %1V - g, %gVe + gy oy Vs o dyy %gvy = 1/8

(4.1)

7—1
Z k), © = 1,2, 3, 4,
j=1

- Ji
hamely, «,,, Uy gz, @y, ag,, o
) We obtain
hod  defineq
Parameters,

(4.2)
(4.3)
(4.4)
(4.5)
(4.6)
(4.7)
(4.8)
(4.9)
(4.10)
(4.11)
(4.12)
(4.13)
(4.14)

(4.15)
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W51 Vi - Cgy V2 - gy V2 - gy ol = 1/20 (4.16)
Qg @5V + Wspadvy |- Asae3vg + (5q @3vy = 1/10 (4.17)
@51 V1 + Gsp vy 4 g5 vy |- Gy vy = 1/24 (4.18)
G5t &1Vy —+ dsg0vy (5303 - @, xyvy = 1/40 (4.19)
U51V1 + UspVy += GggVg + 5y vy = 1/120 {4.20)

Obviously the above system (4.2 — 4.20) implies that

G5 - g (L — ;) for § = 1, 2, 3, 4. (4.21— 4.24)

As in the previous, here too we supplement to the above system further

relations namely, (i) the necessary condition for the consistency of equa-
tions in (4.2 — 4.6), which is given by

175 —1/4 (o0 + oy -+ o3 - o) - 1/3 (o0 4= ey + oy 05 oy oy -ty

I ogen) — 1/2( 0 ag0 | 03050y - Opliglty - &y &a0y) - Gagogey = 0 (£.25)

(i) the equation (3) (due to Simplifying Assumption) with

P=3&k = 2, 3, 4 turning out to be,

oy = 036 {(4.26)
Gy + G = 033/ 27
Uay - Qg + g3 = o}/6 {4.28)

Along with the relations (4.21 — 4.28), the original system (4.2 — 4.20)
will be a system of eighteen equations, namely (4.2-4.5, 4.11—4.14,
4.18, 4.20 — 4.28) for the twenty six parameters of the method (4.1).
This reduced system when solved in terms of eight free parameters,
namely, o, ag, ag, vy, @y, @, U9y (51, Gives the values of the remaining
unknowns as '

: 12 — 15(ey + @y + %g) + 20(eya, 4 %03 - ayo) — 30(xy0p04)
[0 4 R -
: 15— 20(as + @y + a5) 4 30(0r05 | upoy + oye) — 60(oyepny)

o |
Ty = i

_ Maga(l — 6ay) + Blog + @) @daga — 1) + 2(1 ~ 60uya%)

120(0g — op)(oy — @)

 —————— Extended Nysirsm methods 5
B — 1

20 - 5 N e
sy = r—wi"sz‘!(:lf__‘_;“.@1_)_4:_‘{“_2_4:_“4_)(_2%‘151“1 =D+ 201 — 60a;,02)
120(y — o) )

(g — a)

20aq0.(1 — )
gy = == %a%ll — Guy) . oo 4 wa)2asia, — 1) 4 g 60as,0)

= 4 _ ) )
Tog = T oy o %) = G(onay + ey 4 g + 12,050y — 3
120y — ay)(ay — Wiy — o)

= 4 . 2
fon = Mm(glj»’%j"’a"z’)“:—(ioflfiiﬁl“itﬁ‘ﬁi0‘2) T 120040, — 3
1oy — ap)(a, — ey — o)

ﬁ@;ﬂﬁf%iﬁkﬁ@ﬁfﬁﬁ+%m-

j ,,,12“1“20‘3 — 3
12(a; — ) (g — a4)(a2 — ay) ML

Sigpid = G Usp — Ws,

si = az(1 — o), =, 2, 3. 4.

gy = “?/6 Uy — Qya
— 3
Qgp = <Z3/6 T Gy, Aoy = ag/G

A =G 5 (5 7] —
= F5a(D€ 0 — — T
5854 (Da g Qg3 120v, (“53“51 ‘751“53))

B — ops _ .
> -40%3(“54‘753 T asllsy (1 - 6"13551) o 555(5“54 — 5y -

+ 120"1(@54("51 T 5465y )

0 = 120§5.% T i} 79
1 54“53(“53"‘52 T satise) - 5526‘53(“54&53 = Usallsy) —

=
T Us3(ggttg, — Ugaltsy )

A = Tpglig Bty — 5.
; 5oty (D — G-, — 19 ¥,
5al5(Degy g 120 ”1("5353'5‘?51 — l51Mts,))

J)—I. = a@ i 7, a
2 “52{ '5']”'52 “'52 '54 )( it IVy _.51) 2355(5 b | X
20 L { 1 | § @ aal oty “5_3 i

120V1((254f¢51 = (i54(i51))

Cl = 120{@,,7. (a
= = '54059( Aonllny — g 7 =il -
{ 54 a2(053(1ag Us53l5e) |- “52“53((054({.;9 . (t5.,fi54) = 2)
‘N 470 62

(t540t55 — Us30isy) }

A2 — ¢ @, 5 7}
* Usglse (BDltsy — G q i
53052 (Dag, 5o 120“1(”52“51 T U505,))
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B2 = 20855(a55%50 — @ssttss)(1 + 6, Gsy) — ss(Btsy— iy -
+120v:(@54051 — a50G5,))
02 = 120{d550 55(@595, — Gsqttse) + Gsplisy (Asalisy — Aspdisy) —
A53(Aset55 — (ghss)}
vy = (4 4 B)/C
vs = (41 + B1)/C1
vy= (42 + B2)/ €2, v, — 1.

/ F315 Cbygy gay Cgy).
i 1 is d P B M (o, g, oy, Y1y @31, Gy,

This method is denoted b.} Mo'( 1y gy &) Bt it D,

The above solution is valid for (1) oy # ay

L)) 3 Oy . . ", = (,"7"“
Py e V) f ; (‘2;2 10)((33 ;sétu(iied as three special cases, as give

] ses of ex n e

The cases of exceptio |
below

g al.
1. Any two of «;, «y, a; & «, are equua1
S e o A s 13;}6 ’E’?ns.oi’ oy oy oy € oy are equal.
irwi istinet combinationg 1y O ‘
: Irwise distinet co : : e Dl
PALS PSa ecial case when o; — «, (say). Solvmg] th?}hleb(lllllll(i{]”lowflﬂ =
ith = poc we obtain a eight parameter fami (;y, e
L B fr L . I I : :
;;‘glms a(?f freez,parameters %1y Ozy Y1y Ugry Gagy Qgay Ggy Mgy

3 — 4 - ag) 4 6(xa)

1
4 — 6(0n 4 o) -+ 12(ey,)

ERL

%y =

2 — 3(ey | %) + 6(oyas)

M5q = 6oy — og)(atg — o)

G 2= 3(a + ) 4 6(way)
A5y = ~ 60y — ag)(org — o)
2351 = [ =(,l:52 A_ ?;53 Ty }zs’l

G5 = @5l — o), 4= 1, 2, 3, 4.

2 — b(ay + o) + 20((7.10.l
B 12000 — o)

gy = =

2 — 5oy + ay) +_20(“1@
INI20(org— | zg)

gy —

11

(l51 e ]/6 ““52 — @

== _E_x_te_n_ d_e(l N_]rstrﬁm methods

23 T

A5y

3
3 = of/6 — g — ay,

3 &
@35 = af/6 — @31y gy = /6

%= (4 4 B)o

vs = (A1 + B1)/0y

o= (42 + Bay/ce, , _

This methog is denoted by BEuMm (
%y %= o, £ %3 = a.

(b) Special case when

Teduced Systiem with oy

family, the
@3y, gy, @yny

Thig method j

three ont of four «, are

=y = g (say), we obtain
Values of the unknowng in ¢

(fﬂ“

Oyy og,

erms of

52y @53y sy, sy are given by

2 == 3(11
0ﬂ4 = ”["\\"' ==
3(1 — 20y)
BE 2“1 == ]
By =it —
20y — o)
G5y =1 — U5y — g @5y
U5 = ag(1 — OC;), t=1, 2, 3,
doy — 1
4o,y [
054 =] —_l.__ —_—
2‘1’( 1 y)
@5 =1/6 — (52 — A5 — a5y

Pz = aff6 — Qg — gy

— .3/p
U35 = of/6 — Mgy,

Vy == (fl -+

U1 = a6

B)/C

Vs = (41 ++ B1)/0q

V4= (A2 -+ B2)/09

8 denoted phy E-Méz)(“n

WY hd =

Viy ar, gy, «

Vis Gy, @y,

1

425 Uspy Ay,

52

Eﬂ:.sa) 0

equal. Solving the
& nime parametep

free barameterg 1y Vi,

93

Uyp, ) valid for
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(¢) Special case when o; = ay & a3 = a4 (say). Solving the system
(4.2 — 4.5, 4.11—4.14, 4.18, 4.20—4.28) with «; = a,& a3 = «, we obtain
a nine parameter family, the values of the remaining unknowns in terms
of free parameters oy, vy, (g, Gany Oioy Gsey Aszy Gse, (5 ALE given by

P Tt ] i e
3(1 — 2a),
e 20(1(1 - 353) -+ 210‘;53“4 —1
ke 2(0.1 o 0!3)

7251 =l = a;z 2 7[53 s -‘754
dm‘ = (_;5,(1 == OC[), 'i — 1, 2, 3, 4,

47“1(1_60353) + 24a550, — 1
24(ay — oy)

5y —

G5 = 1/6 — 59 — Qg5 — @5y
gg == oi/ 6 — G4 — Oy
gy — 5] 6 — gy, Gy = 03/6
vg = (4 + B)/C
v = (41 + B1)/C1
vy = (42 - B2) /€2, v;=1

This method is denoted by BEMP (o, vy, Gg1y C41y Gag; U5y sz Ogay Gsg)-

Applications of these methods to solving special cases of problems .

like (1) is set aside for report in another paper.
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