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P. ¡\. SARI,T;\

(I{halagpur)

, 
;ìä:r, l;iÌ"i l.Lr,r,T r"o,,,",,,rs, 1,r','ì cs or rìr.cr,

linear initial value problern
y"' - l@, ù ttitl', y(r) : uo: g,(uo) : Ui, !1,,(ro) : ys,, (1)

the sth orcler ]ìi\_rnethocl is defined as

lh: 31(no -l lt) .:Ey, I lta,17[ ¡ h2 v,.t1ó,+ h, "tt a,ft¡ ! To(tt,)
j:1

Yi - g'@o * /¿) : gít -l hþ,ftí, + ltz
s-l

Ð,u,1, l- T(,(tL) (2)

y'r' : y"(not h) : gí,, + h
s-1

lrã"tkt + %'(h)j:t
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!/t _= yo ! lt auy,o f_ ltzvull,t), { lts l) orlt, t To(lt)
j:t

2
Extended Àiystrtim nìetlìods

Y-lì€Te

t¡¡ - I (n, I o,l,,yo ¡ tr attlít t ttz v¿yi ¡tf'f a¡¡tc¡)
j --t

riving va

"Ìåij"#rma.fp_!l anrt _using equation (11)
oposition B of referenóe [fo1 lrvtricú

fo' reaclers'eacly reference is presentetr here p(p-1) (,p - 2) 
of',rr,qtt' 

B :
: a'| ,
ment
of the
unlillo
f¿milics o[ thirrl, four[:h anrl fifttr
sections 2,3 (t 4.

2. Frunilios r[ 1'hi.rr ord*r' Ilxtcr-rrred Ny.st'öm rrrctìrods, For {,hespecia,l l,hi.cl orclc. norr-riuear initial 
'alue 

p*,i¡1é- 
f rJ, ï 

"u*s of l,hirclorcler (expliciú) ÐN-rnei;hocl may ì:e ctefinecl is \-/' --

(tet qt I ãss az: 1/6

nsr 1- &sz:7r6 
(2'6)

(2.7)
ä¡r vr -l_ ä*, vz : Ìlg

(2.8)C)leir,rl)' i,he ¿tbove systeru (2.2 _2.g) implies tha1,

ciy : ãr¡(J. _ a¡) for i : 1,2. e.s_2.I0)
stern u'e haye to supplement conciiti
conctition for úrre 

".;.,;-:::"'"'ots 
'e"suÌtirìg f¡om

y '--- consistorìc¡r sf equaúions in (2.2_2.4),
t!¡'i' ris -- tl| (a1i_ az) { a1 a2 _ o
(ii)cousitlcr,ine.cnrrn.Éi,ìr, /.)\ , 

' t'4 " (z'Ll)
)":ää;'--rrIiiT'rn (3) crue ro sirnprifving Assrrmpbior of [11J *.irrr

üzt : qïl6

åP*-n'iúlr retarions (2. Q'12)
¡or Últe clevcn o^trnìãi - 2.g) is üo be solveclÜcÌ'lns of tlu'ee fiee para system 

. w.hcn solved inas e remainins 
"ñÍï.î','ïlq¿:2_Satl3(1 _- 2qt), ,'s:I

ãgz : (2o, _ I)lz(a1_ qz)t ãst:, _ ãa,
ã"' : ãrt(7 - ot¿) for i : It 2.

&sz: Ll6 - &st¡ üzt: ,¿1216

vz :7lasz{1/6 
- ãnut} r Va : 1

TJris rneflrocl is cle

ö##;:J:r':'"t* 
bv EM'(u1, vt, (úat), rvhich is varicr ror at # oh,

given rrãloä"" 
ur uXcoPtion can bo studiecl as only one special caso isSpecial case u

[? :? ;::;; ;i :î, sjii fr ; y ãlr rß^r) 
so{vjns rh e redu ced sys ú emr¿ùrnrrv or sorubions ró" r,ne riåk""i;#irii""frr#i ''rh"ää,år"ìålä

&?z:1-ã:lrt (a:1
d,si: a:rr(7 - oc¿) for i:7t2.

85

2

I

Yi:yi'!hpt1¡[{ltl i ouUr, I TIQ:)
j -t

(2.1)

(2.2)

(2.3)

(2.4)

,12.5)

2

y'¡' : !l'o'+ /¿ I du¡lt¡)-I6'(h)
1=-l

rvhele tç, : Í(n, -l a¿lt., r, ¡ haûít { Ir,zv¿y[ ¡ lrtol or,Iw)
j-t

rvliiclr involves eleven paramete,rs, namely, a21& a¿, vis &B¡t a",.rão lor'í: I,2.
r-'et''ro(lt'), rit(lt') er o(ha) then from table Bof Sarma [10] thero r ictr; Èñ_mãit oa .l"tioud by(2.1)' a sysúom of sev n paramete"., ãi"ã" ny 

"'

ãr, -1.ãsz: L

ãatqt*ãr,qs:712

ãn n? *ãaza1: IIB

dil-|das:u2
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5
Extendcd Nyströrn rnethodsüsz: I - ctrrt azt: t.148

vz:1 laIBz$16 --ã,, vr)r va - 1r rvhich is clenoted as IÌM!t)(v1, esr, dst)

il. I¡auilios oll fourl,h ot.der Xìxt,errtled \¡c[¡,önr rnottrrt¡ds. Ilor. pro_
blem (1), ¿ù class of fourth older (explicit)JìÀr"-mcthocl J¡e clefjnecl as:

&*t øtvt i 4ia, qzvz -f ãss q, vs : 1/g $lZ)
dn vt I dsz vz -F d,n, v, : 1f24 (8.18)

(11t-"¿¡1.1, flre above system (8.2 -_ B.1B) implies that
ct'a¿ : ua¡(I - ø¡) for i : I, 2¡ B, (8.14_8.16)

å:,lil lTilåî;"t""scasewe supplement to trre above sysrern rïrúrrer rela-
(i) The necer

(iì.? l-'8.6j;'"ffi-ì3i;":iflyt* ror the consistency or equarions in

114-.tlï (qI o.zI ar)lIl2 (ororI azesl_ atas)_ d1u.sa*<e

(ii) T'rre cquabion (3) (duo to simplif¡'ing Assumption) .n,rr, 
(t'tt)

I' : 3& fu : Z, A,'truns ärit"ro Uo

a,n: a.pzl6 
(8.1S)

øn* ã,sz: qïl6 
(8.19)

llt: ,!/o ¡ lt,aay'c, I lt2va!l'u' -l hB \ ao¡lo¡ | ,IoQr,)

j=.ì

3

!1i.,.-= y61- l¿z\ty6 + /,tå an¡tt¡ { T[(h)

'.tl'r' == .tli'-l ¿ )a ã'n,h¡ I 'Ii(h) (3.1)
j-=t

u'he'e h¡ : f(u, *l a/t,, ,o ¡ jta,y(, I ltz,t,.t1[,+ irr X u¿¡lr¡), ,i : I,2r:J.
j .1

;ffii.ffi:ï;;:i ;;J';.J:
r fourth order explicil, lJly'+nethocl

uations involving fifteen lrar,anLeterJs,

Tinr l ãn, -l ão, : I

dqt q I ãa, a, i dn, us : 712

(3.2)

(3.3)

(3.4)

(3.5)

(3.6 )

(3.7)

(3.8)

(3.e)

(3.10)

(3.11)

.) -- 4( c\# qz )+6 ütdzo(B :
4-6( q*c'ø)f'I2a1a2, d+:1

dn q', -l- ã+, o3,lãu, a! : IIB

'dn ø.1* ãn, ql I ã¿e a.\ : tl.+

ãnlã+zlda":712

tlal u7 ! ã¿z az I dqs es : \lG

øn aï I ãEz a?, * uas æl - tlIZ 
.

cctrlct,rr-|øor':116

ün ut I chz ez t üas uz:7124

drr vr * ç.-¿z,tz*ãns vs: U6

d4s: a 
- ù\at I "r)* 6a1a,
6( q- d.s)(a2_ es)

anr: 2 

=q"' 
-J- n')_lg!!.gg

6(*, - qù (ats _ ez)

ü41 :1- ccEz- &Er.

ã'oi:-ao¿(L 
- aù, i:7,2r J.

ü4s: 4as(L- )+ (24 aa1 cl'1 -1)
24(a2 - as)

) + (24 ü¿türz
24 (ds - o,z)

%-7)
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1)

llxtc-.¡rclcrl Nyströnr t.lìetlrorl-sat&z : od/6 -- ãy¡ €tzt: æ216 c-lefirretl as I

\12 : ! 24v1Ql,a, (þes - ur )
24(¿i+sã42 _- ãniãru) '!/t : !16 'F lt,qsnó f ltzvry'6' ¡ lts

(l qz - 4õn, ! Z4v{a,oiin íi¡i2ã11)
2r,ottlt, -F To(tt)

*i¿: f .24(dtsa,4z - ãrlõrr) !/í: ltå ! tt'f,ryi' ¡ ¡ra
4

F
¿-J

J -l

a57liì¡ -f 'I'(t(lt)îlris &zt y7¡ &at, üEt).

Tlre \ "r.t øs (ii) ør * øs (iii) o.z # as.
trvo as onl¡r onc. speôial cäde lvneíe any

Special case.n'hen lt: az.(sa).). Solving the reducecl systeln (8.2_-3.{. 3.9-8.tl. B.t3-B.tO¡ *iùii"',í, :^o_r, iuu obta,in n }iru palametel
Pj;''il¿ îJÏ"ï"ïJ"" 

.'nt'noi*'á* iï to*''il*-nt ríee par'ã,;;ï";,î ilL¡ \i¡ &u¡ ,tzt

!í'= ¡ti,' f ,É (t,j/,;j+?íl(t¿)
i-] " \'/ (4.7)

r'lte.e I;,--.f(a,! orh,, 1¡o¡lt,aiyíllrrv¡y[,_,_rr5 
.,j¡lúj), ¿== lr 21s,1,

Q47t c[42¡ a+s¡ ast¡ c(sB, ã,zt

i;l frÍi1",î ",flu,,li:i
ü l.s¡¡ 1 I, p", u*ãï"ìì.,

tL;t )_ rsz * ãìr, f Zi,r. : 1

a st qt I cl¿z *z* ør, qa I &u ou4 : lf 2 
U'2)

(4.3)
an qi 1- ã¡z qi * äuo q,? I ãro oti : 7lB 

(4.,1)
as, o¿T * ci52 a! { ijiæ ct I ãsq arst : 114 (4.5)
cia a'i !.ãrz qt -l_ ãu, øà, * iis¡ orl : jlõ 

(4.6)
0t J' dsz -l ¿7ss i rLsn - 1¡2 ø,)ost cat -f ñsz uz i d¡r øs f ã;.t at _ J llj (4.g)

t7* ai j_ as¿ or] * ¿rs,¡ q3 I uo, al : 7¡12 (4.9)
t1,51 al f iîsz a! t ass a? i ãst ct? : tl20 (4.10)

((n i &sz # ør, t cl54: ilfg 
(4.11)

(t'st c4 I &az az _f uss qs _f (rsq q+ : Il24 (4.L2)
u,r, ai _l asz qi i ct,u, al f ctroa! : 1¡¡;g (r{.1S)
n¡¡ vr r¡ liaz,tz l h1s ,/¡ f Zis+v+: ll(j (4.14)

Q ¡! dltr i a'r, devz i (tss dsvtt rrrl ø4y,t : .l/g 
ft.Lõ)

ôô¿ 
- 

t)îr1

"' 
::l(l=ni¡ at - I

.. 2a1 _ J
tú4a: - -

2 (ot - oe)

üa'":7-ãnr-îrr,

ù,a¿ : ua¡(L - u¿)¡ i, : I¡ 2, S.

., 4a¡- rw4a 
- 

-.. 

---24(a, - ar)

üat: 716 - on, _ &+z

tüsz - o116 - &st¡ &u": al/6

4û,, s - üas | 24v, últY2: úÆ-
4L

tz - úqz or)

v3: +24 &u& - ûnd )
24(ü4;o1z - ã+Ãß) t Y4:7.

îhis method is al:lx,eviatecl as X)M[1)(a1, vtt (tst¡ arr, it,^r)

4' l¡arnilies of Iifth ortler flxterrded Nystr:iirn lnothorls. rìor the i'iti¿¡tvalue problem O), a class of Èitrr- à"àn""(""pü;fij"ärvl*"trroet may be
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l

I
I

ã¡r vr, J- 'ãrz vZ I ãæ ,,3 I aro a! : 1¡2¡ (4.16)

øu, øiv, | 'äsralv2 * 4¡ø,îus I liro a.lvo : 1¡1g (4.I7)

dn vt * dsz vz I clu, ,t, | õ,5a v, : !f)! (4.1.S)

d,u, ctrv, I cirrarv2 ! cr,urarv2 I ãsn d.4vz : If +0 (4.1g)

r¿¡rvr * esz\z I ø¡svs * úst v4 : Ll1Z0 (4.20)

Ol:r'ic¡uslj't;he alnve s),stern (4.2 - 4.20) irnplies th¿Ìt

us¡ i tt,s, Í - ",) for ¿ : r) 2) B, 4.. (4.21_ .+"24)

1''ì^t:l^11"-^ry1ïior*,,,frgl'c tro rve suppternurl; ro the a,bo'e syslenr iu'the.
Ï:l]ll",tl- nailtolY, (i,) l,lte.tteccssaly co_ncìition l'or, I,he consisleucy of n.¡,r*_lron,q rn F.2 - 4.(i), \,hish is giyerr þ.1,

115 -714 (q*l- a¿-l- øs-l ø4) 1 fþ(orar j_ dzes_l aq.z-l a1aalu2u,¡

i asq"q) - 7|2(araru-r)- u.a.sua|- ø2aranl a1a.2a) | ayararaa: 0 (1.25)

(ii) the ec1'ation (B) (due to Simplifying Assurnption) *,iilr

-P : 3 & /c : 2, gr 4 turning oui; to Ì:e,

Extr_.trclecl Nyström tnetJrocìs

õ( ar)(24a, 1) 2(7-a d?)

91

n,rr: ?9-ory4{l )J-

)+

+

-20ara"(I _

4(o,

r20(

5(o, I
720(a2

ar)(24ust dr -1)
ø-q)(as 

- aq)

dz - as) (ou - ou)

stul - J-

+ 2(t --
{tr 

,r.1

{ls

bast

60øs1 ørg)

l/s¿ : - J- øt J- d. J- c.taE i q.4 oq) i tzt2( o, - or)( ds- a)(an- qz)

d'sl:l --(Gz-- oru-4,
ds¡: &¡¡(I - a-¡)¡ i:1, 2, B

cr4c:41ß-Øqt-ã42

(ttn : q3l6 
- øu, ezt : ujf6

4

øa) 
- 6(ar

.- -4-(1r t- d¡-J_ y4,-_9þrryu_t 
ryd_ !4c)+ t2uraoa" _ B12(a1 - a)1ar-_ 

")(on_ or)

äEt== a?t t.,1-L "s)_- i loryr_j__ntyz_! a2ar) _l 72t2@1 * oo) (o, I 
",ìto, 

"'irl''

u1aua3._ B

qusut - 3

ctr, I a,rr: 
",\16

uot-l- ttu, .| arr: "il$

I a.ù | 20(u-1a.2 -l a, ct" -l e(.t) --- 30(ø.rurur)
az * ae) { 3û(ap21- aza.s j- aßò _- 60(a1a2a3)

,,r, -?Vr!41 - 0asr)-l ¡(rs t gr) (2_10,,,a_-, -

A : ilssTlsa(5a,r* -- tÌ5, _ 720v, (ã,rsas, _ crsrcr,r))
B : 2o'a'ru(eatdsr, 

- assds,r)(I f 6vrãrr) _ ãuflsørr-- alsr *

6ü'n : d'E (4.26)

\,+.27 )

(1"28 )

-,\long rvit
wilì be a
i|.181 +.20
lhis r,eclu
ttant.tlly, o-tt d.2t .^3¡ rL, (tilt 4 it (t.12, ((

uttt(llolYns Íìs

i L2ïvr(drru,r, _ er5rd,s1)

C : 720{tiroøru(crurt-tr, -_ itr"asr) ! ãsrVirr(ar.rar _ crsaãst) _
-- ctrl(ar¡rrn _ ørnccrn )

C' 7 - I 2g7¿ roit rrld r"cr,

72 0 v r( a,roct, I _ 
ct, r^d,s) )

sa -- esaììsz) | Tlurris^Qr,rrd¡¿ -- ûszdst) _ ùuÊ)

(uatun 
- usrctr5)]

A2 -- it'rrär, (\ctr, -- ãøz _ il2avt(ãsa(L¡t _ ctrrnrr))

¿Ll : tlrriirulõar,- 7ì-ru _ 120vr(ãrrøs1 _ durar))
Ill' :- 2\7lrn(turcir, 

- ctrrtio)(I* 6vrTirr¡ _ iisl(àa¡n_ 4, .{_

72 - Ió(u1*l a"
4"4 ::-:

l5 - 20(ø1 f

'15
1

1) -i- 2(l - 60øurøi)
J20(a, - d.ù(q+ -- æz)
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1Ð
Extcnclerì

methoclsB2 : 2\Eun(auau, - uurarr)(I * 6rr ãrr) _ ãb?r(5ü5a_ã54 +
1720 vr(d,sna¡r - ør¿ø¡r))

C2 : Lz}fãurãur(aundr, - ã5ocr,'r) + Zisz1ls4 (ct,unlts, _ a"ritsr) _

ãr!(auoar, - asña)\

vr: (A + B)lC

v, : (-41 1- ßL)ICI

vn: Ql2 + 82) I C21 vo : .1.

93
e¡¿:J16-&sz-- 

&sz_e,uo

ct4s.:"116*ûqt-_&Ez

. 
&sz : (3/6 

- ûatt 6zt : alf 6

vr:(;{+B)lC
vs:(á1 +tJ]_)lc7

ll'his rnel,hocl is denotecl by J/ s (ut, az, est )7¡ (r,sL, ct,41., ø42, ct,Er).
1'lre abor.e solution,_is,valicl.for (i) ot * ø, (iì¡ "r'+-'o" (äi) a, I u3jj1') nt t a.a,Q) a2 *. aa (vi) a, + an.

il;i:*:*t"t 
ot cxcerlfron oan ìre studied as ilrrec s¡reciar ciùses, iù;\ s-iverr

1. Anv tl o of o'r¡ ø,z¡ a, & øo are equal.
2. Any tlu,ee of d,rt &2¡ e4 tft aa ale equal.
3. An¡. pairuise distinct combinat , {q on nle e,clual.(a) Special casc u'hen ø, : c r,eclucecl s1¡steçìrvith ø, =: 6(21 1\¡e obtain a eigtrt th"ìi,iläl*ü;'ï,úerms of fr,ee pâ,tarlleters or, o"l or, fì,re gi1,cn b1'

vo-(Jl2+82)IC2,,/s_I

tt ds7 91., (tr:tt¡ &47, aaz, àlsz) fra,lic; l,of,

cr,¡ àt,e eÇrla.l. Sr_rJ1.ir¡g ¿¡¡ç<_rþl;airr a Ioi iìä ü,1.i1i,Ë.1, i"i::
9o

ø4 : --1--- Òdt

3(7 - 2arl

(tr84 : 2u,-L
2(at 

- or)

dA:
3 - 4(a1 j- ør) f 6(ø1 øs) üet.:7-orr-arr_]j'r,

ûs¡ : (t's¿(7 
- q)t . 

_ .Lt 2) :1, 4

4 - 6(q -l- ø¡) | t2(qar\ us-1

c( 5q:
2 - 3(q -l- ¿e) rr 6(ara.r)

6(ot- aE)(u.s- ü¡) &:r4 : 4ot -- I
t) 4(a, - as)

-a,se: 2-3(a4t ø¿) * 6( c¡'ßq) ctst : 7 16 - (r,52 
- r"ss - e¡¿

04s : aftl{i - q,47 __ (r4z

QJz : a1l6 - nat, 0,21 ._. cfif6

vs: (J + R)10

v.:(-41 +Itt)l7l

6(or- a)(a+- as)

7i¡t -- .l - lu" - -(Læ - ,rrrl

ã's¡ : tt,5¿(I - a¡), i 71 2,3, +.

(I'q2 -- -
2-5(ørJ. a) { 20(ø.rø.0)

720(a, - ds)

&sc
2 -- it(ø., -l ar) | 20(aqø"r) vu ==' (.42 f It2)lL,Z, vu

rs clerrol,erl by IIM[zt1ot, vt) o31

t
120(a, - aa) l'lti¡ lnsüh6r1

t Qq11 (4r, ûõzt ù,5s¡ [t,ur, tlr),
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13 Ex[encler.l Nyström r.nethocls 95

(c) Special ca,se lvlìen o"I: &z & ø, : ø, (say)' Solving the systen
(4.2 - 4,5,+.II-4.14' 4.18' 4,20-+'28) rvith ø1 : az& &B: ü4 'lve obtain
a-nine pa,rameter family, the values of the lema/ining unlilìo-wns in telrns
of free pararnel,ers &u )1.t II,B, c!,4b 0,12, e,s21 (trszt dsz, Ttrs ale givcn by

o",:-J-ò'1(r a=-r- 3(1 - 2or),

g[ f¡ftlt oxler \tystrõnt ntelhods I'ot.981), 247 _256.
p ntttl general ntulli ualue ntlhod: 

"

rcor'¡¡ for Nllslrönt nrclhods, Nnlncl,. rnalh., 9ií

I,cqtruLiott rliffcre túiclte, ll,, : f(t, J/), Nur¡c¡..

a,tì tì e Ì. , G., Soluittg ottlinrty difftrutlirtL
987.

e Jnle¡tralion uott tlifferenlialgleicluLngen, \ct";.
Ir. önt tttcllnds, scnL _tot, ¡tublicnl.iorr, 1 gfìil.

Roecivort 10.\'I.1090

¿.s,

IogU,

Inrlí¡ 
B'

Qu
2a1(I- ãur) 1- Zãs'a.a-1

2(ø.1 - as)

dst: 1' - 
'¿li,z 

- {tts - ü'54

ãs¡ :'iis,(I - o¿¡)r i : I¡ 2, 3t 4.

_ lø¡(1-6øso) | 24a,6oua - L
iúÉ.. = -

24(a1- aa)

ün: 116 - ãsz - ûss - ûaE

&'4s: d"lf 6 - &q- &Ez

ct,un : xll 6 - a,ur, an: d.116

vz:(A+B)lC

vu: (AI + BL)lCI

vo: (42 -l 82) | C2, v¡ : 1

'lllris rrretlrod. is denoteclby llMtft(at¡ ,tt¡ e,s11 &411 (x4zt &6zt a,ffir cr6u (rær,
Äpplical,ions of these methods to solving special cases of plo.blems

lihe (1) is set asicle for leport in anol,her pa,per'.

rltrùirrorvlrtll¡ertrettl:'I'hc auU¡or I'ecolds his inclcblcrlucss to Dt'. Ii. S. Sastli lor his co¡r.stant
clrcour¿ìgeuìcnL anrt hclp in thc prcpal'Âtion o1 this rvorl<. IIe gratctully applcciates the finan-
cjal irssislarrce rcccivcrl lrom University Grants Commissiort, Ncrr. Delhi.
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