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Cì crt r¡ l-.t l iz¡: rl Jrsr-.urlorno no Ion ¡c pt c)c¡ratutninc;l)ntlxmtox 2. llhc Jiutrri,iotr J is ltsctLrlo-col¿c(rce jï _ J is psrrurìo-
co.lì vc-\.

lltc¡'lxrtlroN 3. À Tutti:Lion./rthât js l¡oth pseuLlo-coÌì\¡e\ atJ(l lt¡r:utJo-concave is callecl,pseu.¿io-tLotLotottia.

- Ol¡viouslYr litteal fulcl,iols toilr the rnost, inl)oltati, sil]rslass r-rf
the^se, _genelaÌh', notllinear tloncon"cave (nonconr.ex) nuuc1;ions. A rrrql,rt
genelal subclass of Ì)seu(loÌìtonotonic funcl,ions is t,Jrat of i,he Ulteai
fractional functions t,ith posil,il'e norninator, cln a iliyen slbsel in lt,,
(of. e.s^. Ï'Iartos 110l).
^ .Othel t¡rpes of pseutlornolrotclnic furrctions, rvhich ¿u,e noi, lilte¿¡i,
fractional,_ wt'r'e consicler,ed, lior irrstiluce, b). .i\{o¡cl lì1 l, Tiga¡ ¡f li ¡,Bcctor *tr,-t "¡u111. lll l.

-Notr', lct l( be a, ruxrenrpt,¡' subset of -D. ìì'e considt+r' the follon,jne-
trrseutlou ror r otonic o ¡lt,i ruization 1tr,ob lcnr.

-Pl{. nfaxirnize ,f (c:) subject Lo t e X .

A useliul linearization plopcll¡¡, of tlìe pseudornonotonic {unctiors,
ol¡tained -by I(otta,nelc ¿ucl Iìr.ans lî ] iri tlLe particular case of l,he conl
vex feasible se1, -X, is the l'ollou'ing* :

'l'llr':trlll.:,tt 'l. ('l'jgarr_ fJ5 j) J,ct.f bc u, uonl,inuotl,sly dil,.[uetñùtblc pserr
clont'ott'.t¡l,ttn.ic Ju'ncl,íota and tlt.c ctont¡el:; set I) ttnrltet X"heä closecl br¡tintletlty1!o!( subset !l'?.Tltan, n' i¡t, X is an oQttinta,l soltúiot¿ of t,he proklctn,PM iJ' e,ntl onlu -if n'is ct,n, opttim,rtl solu,ti,õn, J'or ttte Jottomin,g li;eariîietl
ytrogrun,m,i,ttg problern :

f'(u'). lf¿lxirnize yf(r')u, suìrject I,o n e 'X.

'llhe theorern 2 belou' follorvs direcil¡' frorn the cluasiconve_rit-ø
properly gf tlq pseudomonotorìic functions (,see, for instañce f6'1, p. 2?(ix), pp. 29-30).

lnuoR'r¡:lr 2- {'r!.,f .be a Ttselrd,omonotonic futrct,íon ott f) cttil let u,,fr" be in, X. I.f vf(n') n' .ay'l@') n" th,en, Í(*i) <l(n,,).
theolelns 1 and, 2, sug.gesl, that rraximizing a pseuclornonotonic

function ovel a, closerl boundecl set is equivalent- to ñraximizing somo
linear liunctions over 1,he salne s;et.

lMe rn<'.ni,ion that lllheolems 1 anci 2 an,e ernproyecl to justify the
conr/ergence (finite or infinite) oT the lirrearization pi'oceclule.s gir.en ip
l15l for pseuclornonotonic plograrnrning with a nonõonvex feasìble set.

3. tr)ual ¡rrobl,r.rns. ln the sequel, rve consider the follorving pseudcl-
monotonic programming problem with g^eneraljzed lineal coãstìaints :

?. Ì,Iaximize f(n) subject to :

(1) üút 1 ... + $¡ß,, 4b, n¡ Þ A, j el : {1, 2,...,n},

(2) a,¡eI{¡,jeI,

rvlrere. I{ ¡ (j e r) arc convex bountled subsets in xl', a,Ld T is a pseudomo-
notonic function (see, Definition B) over a, convex set"Ð (i" ià") r,hich

t1iì
incluclcs tle st:t -y of all ¡roints ¡ (1,t,...,;l;,) in .[t,,, tv]ric]r rrer,if¡, 11¡.¡constrailtts (l ) llol S()Iì IE tt¡eJ{¡(jet)

.Lr plol.llt-rrr P, ¿ as rvell a,s ,t,,(.:i

ol
e -[) at,e voc{ol,sso 1,lr¿r,f, I âl-I r_rpl.inia,l

.4' is the
solu ti orr proltìetri i, js

oll tlecjsiort vu ri a,l;le x,r'e-{ ¿l,nd ma,f,r'ix havug the cohulllts ¿¿,.

a parr' (t', ''L'), '\\'ìx:t,o
opl,irtrum is aclicl,ec1. (jer) ltrl l'hich 1,]e

,-,"*" J,ïrTfliìiî¡,,1" 
ro r¡r'orrÌer'p tre toJionirrg clrLa,r pr,orrrt.r'*,irh rr'rLli_

J)_p. n{irrirrüze J.Qt) subjcot to

(3) u,,12 ,ll(u), 
ibr, rt):r, Ùìì)' r/i e l(¡' i e t'

(.i) rtyjQt) 2 b¡,, .!t Þ 0,
lvhcre,z¿ el[Ì,, a.cl :7 e]Ë,,, ¿¡,s tl.al t.lecisjo' r,¿lri¿tblo l,ectur.s.
r.,,, ,-lli,i:ïlii.Ïilì"Íä",ìîå,;ì:ilä,_,,ïl:".ffiíu","o,T,.,.,,,,c1,s r11 | cluar

¡,,,*r,iÏ,")r'å.1;i;'},,'i"ltIï',,nï,I:',tI) .f "is .psetrùo,tot¡,trott¡,, .hr,t! 
.f ,t, trtt.r¡'irtcçttttlit-u 

itr:i'"" J(u) ltote,s. .feusiltle solutiut¿ (!t, t¿) ;l' i;i,,"i:t,'L
L'roo-f. I.t,oln (J) and ,U è 0, n,e have:

(5) y"4ø S yLt, fot sorne úrr e I(¡ (j el),
anri lì'om (B) and u 2 0, it follor,vs tha1, :

(6) u'A,!/ 2 a,vl(tt,), for, all ø¡ e J{¡ (r e ]).

i,,,1,tyT't 
ÜJrerr' fo' NoIrle tt¡ e Ji, 0 e r),1he co,nsür,a,inlx 1j) a,lrl ({i)

:Ub à cL vl (u),
whele, bl, (4), it re,sults flom :

tlrat: 
u,'vf(u) è ub 2 u,vÍ(u)

(7) @-tt;'v-f(t¿)so.

,u" ,,,Ìäi",u",l{;'/äi{ffi1noüorric, it is pscurloconve.\, so r,trar (?) inrpries

u,rrrÏliifrïTrlr f"!:'^1."!,trltg,titv)^rf. 
a;o is u sotution .for p, thett

äptl¿í,.i'i,it,{,;;i n:y;:'.1"f}uoul,i,,oi:,f,:,;{ ií",îñi' "tiþ äi,a"'íi'í
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!,1:ll"t:lllll!_l,s-trr¡<tonr o n o lou ic ¡r r oc¡t.anttrr i rìç/I'roo.;f .lJy 'I'heoreÌtì L, ,r" is a,u optirnal solui,ion for P if anil onlv
if i1; is an op1,ìlnal solutior-r for' 1,be geuelalizetl lilrear plogxamming pro-
l¡lenr:

P/. ]iincl
rnax V/'(âf) Ír

:rubject to tho gencrlalizecl Ìinea,l col'rstlaint,s (L) and (2).
llhon, bv ilualit,r. theor¡' for generalizod ]inea,r programming ctue

lo 'llhut-.nte i121, ii, follorvs ih¿rb 1he rlua1 of P/ is:
D I? I ' Itjnrt 

,rrirr br-

'strb 
joct t,r¡

(E)

(e)

l'r'oln llhuente's dtalrt_v lesrrÌts f12 l, fol e\¡et'y optírnal $olution y'
o1' J)P l, tt'c hal.e :

bu' : ¡':¡Ê(ø") r'.

flht¡r'eforc (y', u") is a Teasible ¡;oluticln f.ot: l)P. ,tlub, by 'Iheorenr B,
siroe ¿o is a fe¿r,siblo solul,ion fol f) (ihab ìr.l a" e,Y) ìb j.ollorvs that:

/(ef) (./'(,u)

i'or ¿,.rìr' Icnsiblc so]ution (y,u,) of D{?.lb lesulbs that (y', n"} is an oi.rl;imal
;iolution l't'¡t' l)P.

4. [,iuealizali,o,u al,r¡cr:itr,in¡r. In j'S l, [4] 'antl l-1õ,1 algoriilrms fol
solving opi,imizal,ion problems rvitli pseuclomonotonic oÌJjective func.l,ions
ir,r'e cliscussed. lhese apploachcs riÍ:ìe iìice linearization propelties of ilre
pseuclornonotolic funotions (see, !ìheor'€rms 1 an¿l Z) to eld up, for con-
r-ex polyhecii'al fcasiblc set, at lineal pïograms r','hich can be solverl
emploving sirnplicial alg^orithms.

1 l.-i

8/ep ,¡!. Srtlvtt l.Jrc e,elrcla,ljzetl linc¿r, pt,og,r,¿ì,ln:

l,(ru¡).,tr.irrcl

,f¿ . . n.ìa,\ v,l,(att) s
srrlr,j::cl, io í;he consll,a,itlts 1t) arrrt (2).[,r'1 (u"'. -t' t¡ lrr, ,, ,,¡,íi,',,,ri J],1,,.11::ll r¡1, ilro.¡',.rrr.rrr /,(.,,,), ulri.rr
rs olrf'ruirtetl lr,y f 

't, 
g,,,r,c,, ir,,,i ìi,,,Iu, ìì,i,,u.,,,u,,,,,,;,,c. _i,ï;ì;;;ï rrlsrr.it lrr, ji i.,\/r'lr .î. (¡) ll. llrt, irroqullif l

,,.;,,.1(¡:,) r,i <1- Jiru¡lt è 0l^@"), 
l'or' :,.11 rr; e /í¡(j e.[),' or¡

'v)0.
ìrolcls, f.rrol go lo ,5lc1r -¿ u.jth d r,trpla,cccr rrr. i -J_ r.
.,,,,,,Ji;/ ,Ìl; Y,{iiliÌ:í,., ¡,]'' 

*ru¡'' 
'H''' 

't'trr,,r't'rrr ì,' ç,,,,',, -r,¡ is ,ìrr 
'¡,ri¡¡¡¿¡j

-. \1,t. lr¿¡,vr, llrr, l,rrllott ing. l,csrrlû crrr. rir rr,,,'izarià'i ,¡r,r,,,.ir,,,,'i;,:ir;ì;i.;,JiijlÍiiill:ii,J,,lå,f,]ïlli,,,:;;ir,g;;;ll;i 
l:

1.1r- 
n,,''åiT""l')1,,',,,t'f"l(;('ì.c1.') ut't' ('ott.¿"(,'.1 

"rt.riil ltorrttt,tt pt¡tuttetIt,ttl xttlt-

l't'oo.l', l-iirllt, fll<, l<,¿tsilllc st,f ol lrlrrl¡11,¡¡¡ I, etr"¡ lrr, Il,¿rtrsl,,l,lllt.rl irrlrli',,lTir.t,iìì,tlTli;iîli,:ìl,ll,'lr,l;il;jl 
'iij*,li;t,i,,,1'lii 

lii,l ,,,,; i;;;;iÄ, i!,,:l

llhc linearization alogolithm bcloiv envisages bo fincl a finite se-
{lrlcnce of feasible Doints, L.y solving a cert¿lin nunrber of generalizecl-
iiLrear l.)roglrìrns. 1'he last point ø'e.f in this seqrr,ence is a poinl, fot'
ru'hioir 'l'beolem 1 irokls.

lhis algorithm leprcsenl,s an application of i,he linear,ization algo-
rithnr gir.en in [15] to the pseuclomonotonic plogi:arnming with generalìz-
ed linear constrainl,s (problem J?).

Alqruithur"

Statrt 7. Choose a feasible point (r", -4") for problern P and take

: : :.,,,,, ;: : ; ;," 
":,' 

: : : :,#;:,, ), ì,,::,,, :::nror.icll lla I h<,nrrr f it-.; ir rrrl ( iärr r ¡rrr tirr,, 
.ì :,iirj.,;*iLi.

y,. ¡.t.t o,lt I r t n :: - ¡¡' i I I t ¡ xt, t t r Io n tu r t ttl u t t i c u l, i e t, ! i t t r s.nrz¿¡ t.itlr, l; (lUS.,), 2,2lj .22g. ."""",
llr,ru l"L,tt¡!i¡¡¡¡¡! trnd l,srttdo_ttt0tutlQltit, I,ro_,)¿ í)t,.
rl lìr-letuiotts, l)r,inccton [ìlivcr.siLy l)r.ess,

Iìt.t1rjit.ìItNCtis
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*,,rin,r1:.,J.1-, tJris p¿ps1, \\,e cotìsider, Íìr nti)_\_nìi1 bic,r.iLerio.ìern -'it,rr .¡tcpâr'àtö rinear, 
-constraints. i¡ià p"o..e ,rat tiris, 

lrc 
t'a'sf.rnrecl i'to a ¡ic"ìto"iã"' t*ii"rr*r ,ìä--;*i_

,, ,g.r¿ùm, WarJ¡urton f,l 5 | clesciibecl
tlr ['"1i",?riìt""rrlalanl 

ete.r linear pro-

p1'

_{Ì'
I)l)
.clì

()ui' algorihhn for 1,he bicliteriorl rÌìax-rnj¡ fractional p'oble.ü colì-srj{r:i rir a¡rplvirre \v¿l'burton,s procerlurrr to solyc * 
".,ìt^lr-, 

bic'il.r,i.ni r';rt'i irur¿rl rn¿rxiririzal,iurr 1,r,ogiai.r-r. 
"''

()oncerning l;he bicriterion maxirniz,ation p'obre'r, we mention th¿r,r,iicol't.io' i6 lsrurtierr a bicritrxio,i-i"*r,rrä"";i"ãi";;ö;aì, or rhe fo'n :

Po. nra.x {ù-(/,(n), Ír(u)): æeB},

rgheÏ valueclfi oÌ that ar or
of .li valuecl .Br:aoh utility in

"/(B) : {(lr@), fr(a)): r € Srì.

trle suggeslerl a nlel,hod for, solving problcm pt¡ based on anv
,5ii?ìl l 

paramer,i'ic prog'arnmin* nËã;ithì"'i;;';h; frJi,o-ut"i" sub'rol
max {ø/r(æ) + (1 ,_ ø) lz(u) : ø e r9},

q'here 1,he parameter cr varies over ilre .turit interval (0 ç ø ( 1).Warbrrrton l''l5] clescribes also a proce_dure for solving problem .Poha'ing the objecti"u'fü""tio;î ri'i"i ¡" as rinear fractionar functions. s


