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ON THE ABSOLUTE CESARO SUMMABILITY FACTORS
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Abstract. In Lhis paper a theorem of Mishra and Srivastava [3] has been proved under
wealier conditions.

1. Introduetion. Let Y, a, be a given infinite series with partial
sums s,, and w, = na,. By w, and #, we denote the n-th (0, 1) means
of the sequences (s,) and (w,), respectively. The series ¥, @, is said to be
summable |0, 1], k > 1, if (see [1])

oo
Y — Uy |" < oo. (1.1)

sn==1

Bub sinee t» = n(u, — wa) (see [2]), condition (1.1) can also be written
as

oo 1y 4
Y ] < oo (1.2)
n—=1 M

Mishra and Srivastava [3] have proved the following theorem for
|C,1 |, summability factors of infinite series.

TagoreEM A. Let (X,) be a positive non-decreasing sequence and
there be sequences (M) and (B.) such that

[ANa] < Bu (1:3)
Bn > 0a8n — oo (1.4)
f‘, w AR X < 00 (1.5)

n=1
| An| X» = O(1) a8 # — co, (1.6)

If
1 |s,|* = O(X,) a8 n — oo, (1.7)
=1 Y

then the series Zan hy 18 summable |C, 1], k > 1.
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2 The aim of this paper is to prove Theorem A under weaker
conditions. Now, we shal] prove the following theorem .
]

THRORTAF 8 . 3
TurorEy. Let (Xa) be a positive non-decreasing sequence and the
sequences (h,) and (B,) are such that conditions (1.3) — (1.6) of Theorem
A are satisfied. If y
L]

1 ;
b3 -q)-l'lvl"' = 0(X,) as n - oo, 2.1)

vl

then the series N a, N, is summable K& sty =

RuMARK. Tt should be noted that the condition (1.7) implies the
condition (2.1), the converse need not be true. In fact, since

we have
(m 4+ 1) u, — My = §,.

m 2 . e b Y
Thus, using the fact that MUy — Upy) = lay We have i, == g, — Uy We
€al now write

" n

1 k I3 2 % & )
P fb'-ml <2 {2.1% [8:" - % E3 Iuvl’"} ; (2.3)

V=1 e vl VU

On the other hand, using (2.2) and applying Holder’s inequality, we ool

7 1 1 n l ] v 13 7 1 v 3
a Iuvrh . p=all el < 2/3 N el t
;:1 v vgl vl w41 ;2;() i v‘):’l pti }; Is,,[‘.
180t 3] < 28 5 = )3 lsolit 5 {2 1 )
V=1 UIH_I v=.1 'Dz p=1 \ v p=1
‘lc 7 1 ] u‘ n 1 1]
+2m1;5320mEy%wgﬁ+mn=<Uz%mw+mm
V= p= V== P=1

80 that, if (1.7) holds, then

il .
Y ClLf = 0(X,) a5 n - oo, by (2.3).

v=1
To show the converse of thig implication, it is sufficient to take X ,==logn

: 1 !
and a, = b where n > 1. That 15, if we choose (X,) and ¢ a8 above,

then condition (2.1) holds bhut condition (1.7) does not hold, S0 we are
Weakening the hypotheses replacing (1.7) by (2.1).
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3. We nced the following lemma for the proof of our theorem.

LesiviA, ([37). Under the conditions on (X)) and (B.) as talcen in
the statement of Theorem A, the Jollowing conditions hold, when (1.5) 28
satisfied

nBX, = O(1) as n - o (3.1)

3 o el (3.9)

=]

4 Proof of the (heorem. Let (T',) be the n-th (¢, 1) mean of the
sequence (na.l,). That is to say that

'L il
Pyt == DAy 4.1)
V{2 —I— 1 7‘51 (

To prove the theorem, we have to show thaft

T 111, < oo, by (1.2). (4.2)

n=1 M

Applying Abel’s transformation to the sum (4.1), we get that

1 n—1
Ty=—— v 1) L,Ax, + b= T 1 Ty S2Y.
ro s Dgl ( 17 Lu,gy SAY

Tv complete the proof of the theorem, by Minkowski’s inequality it is
sufficient to show that

3l Tl <00, T2 7 == 1,2. (4:3)

n=1 T

Firstly, using (1.3) and applying Holder’s inequality, we have that

m+-1 ik L m+1 1 n—1 3
z;ﬂﬂmuzwng——ﬁzvmu@

Ry
7n=2 N 5l v=1

w1 n—1 n—1 k=1
==mzi&wmﬂ4%gm}

n=2 7?/2 v==1 =
m A m+‘1 1 0 ”m ) t b
= 0(1) Zjl U‘gv’ tvv I 7’%‘_1 —'1;?? == (1) 1}%}1 vﬁvlu I ] ]

m— ? w1 A
= 0(1) " A T2 1,1+ 0(1) mpw 32 [
p=1 P 4

y=1 = =1
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m—1 m—1
i (1) E ]A(l’,gz): -X‘v F ()(1) 'm'ﬁm.Xm. . O(]) Z 'UI Aﬁvr -le
; Py

el

4i--1

+O0M) Y | Brs [ X, -+ 0Q1) W BaX,m = O(1) as m — co.
v=1

by virtue of (1.5), (2.1), (3.1), and (3.2).

It may be remarked that from the hypotheses of the theorem, (2,)
is Bounded. This can be shown like this. Since (X,) is non-decreasing,
X, > X,, which is a positive constant. Hence (1.6) implies that (2,) is
bounded. Thus

= I o i "
E —l -Tﬂ,z II‘ == E I 7\nl l?\ﬂ |L~1')?,_1 lt" lk = 0(1) Z l 7\”| 7'1/_] |tu Ik
n=1 "M n==1 no=1
m--1 m—1
=0(1) Y, [AM|X, ++ O(1) [ Xy = O1) 3] By 4 O(1) | X == O(1)
n=1 n=1

as m — co, in view of (1.3), (1.6), (2.1), and (3.2).
Therefore, we get that

m

e | (W
) ‘—!.1-11.:'
#==1

F=0(1)as m — oo, for r = 1,2.

This completes the proof of the theorem,
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