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,rf l,r3i":tt:î*"r"iî' The hannonic funcúions iD tù3 ¿¿re rhe solurions

(0.1) 028 , ïtE , AIII
on1 - ari'r aør, 

-= o'

Ä har'rnonic function r, regular about the origin, c¿ùn be expanded â¡s

(0.2) E: H(r, 0, o): ior', f ,{oÍ}/, 
cos tne+ø[,] sin m@)p,i: (cosoj

¡tB.:'t' Sin0 Sin@ a\d, pti:(t) arekind of clegree nx a,nd. ôitíer ø.a potynomial of degree lc in n'
o be regular in

Dn: {(frt, nr, ær):ølt, u?* ü3<It2},0 <_n ( co, if the series

îH": 
of ,n. A harmonic func_

?q>land (p,q)_order,
duced. by,lunö;'a-' ut 

-;l:
euantity log log. . .Iog æ,



Approxinration of e¡tirc han¡onic

NoltÀrroN : pa(a) 
= f)E(q¡ ?, e) : a

:F rÞ/
.: DtÍlX

functions .f9

if p>rl.
iT 'p : e:2.

c,.)if3<p:ø<co
il'p:l:oo.

1

.:oo

wlrot'e0 ( ø _< coancl0 < E (1.Wt¿shalll.r,ite_t](ø) fol frr(o).

on.n f,;ì;llllli'tt:å*h-.ì1jris sectio'*'e si'. sr.rc re'ri'as irr¿rr ar.c

lrt,l,\tr\r_{ 'L 
:1_ssocdu,ted Le¡Jentlre,s J.u,tt,cti.ons |ri(t) sçtisJ,!/

(1 1) nar lJ?il(ú)l ç fff(ra -l ttt,)!l(tt, _ nr)!1rrz,

wh,ere I{ is u, cou,stct¡tt ,i.ncle1.tcttù.ent of n, n,ntl nt.
LrcNr,r,4. 2. f,et !{ eIT1, be cnti.re u,tul t,, > l. ,l,h,en,.l.or 

rcIL r.;:.2r,Rcøtd u,t,t srfJ\ícientty t"r¡¡i ruämZ;'; f"'ri, roe tta.ue

Ìi,,Q r ,l¿) < t? ,t.t 1i., tt ¡ ( rlt¿ 
¡" 

' t

Ilere .[7 is a co,,,stco,,t. \ i' ]
JrD,ìtMÀ B. Lct If eIIn. TlLert .[or cttty ]l,r < Il, cuttl ,tL > J, xüe l¿oue

,/i* rrr:rr I loi:t,r I (¡¿ -i- ¡r¿)I 
1r':1tn'i L'ur?¡'1 1,,I',,¡lI J 

* I(oQu -t J)Ii' L(ll,ll)
tuh,era T(n is a cc¡ttstetnt.

'Jìhe proof 0f ¿l¡01'0 lenma,s ..a,n be founcl i^ l(i, r4r. 1026 - g7j.

,*¡*r'i"ì'Tlill,'i ,,!,:i,,1{,î,1,i,,,I1:i;i,,,1',tr 
an!/ 1ù,¡ { rì ¿,ttt tt, Þ r, t¿ere-

cu¿tr 
lt(z) : 

'Ë'"" 
-l- 1)' Il'-1(lr'"'(í;) 

'
111.(r, rI) < I aáÄ'l -l Krql,r(r, tr,),

tultere M(r, lt.): ma-r j /r(a)1.

Pra,f ' Ir'or' 7J e Err .si.g (().2), Lc',rrn¿l 1 a.cr 
'e'rnr¿r, 

J. \\,tl Ìrâ.,,e

l',
/ Ð^,,'Ð^(,,j,iì (,os r¡¿ tÞ _, tr(,2,1, Siu rr¿.1,)Zrií, (Cos 0) iI rr..0 tn O r¿ \vu'r t 

I
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b < À ( p ( oo. Here b:1if (p,S) :(It,p)r¡t:2r 31... antl I¡:0
otlrelliso, ancl 7l(r', I'l): m&x lH(ur, ü2, t)1.

,\-t-,Nt,!--=,'
The entir,e ha.nnonic function II 1t2¡1ring (p,q)-ordetr p, l.¡ .: p { oo,
is said to be ofi (p,q)-t¡'pe ? if

2

where logarilhrn is taken p tilues, l,hen an entire harrnonic function ÏI
is saicl tõ be (p, q)-orcler I antì. lorver (p,q)-olcler À if it is ofi ider-pair
('p, q) a,nù

(0.8) li,3-Ïp 
*i-,ii,jro" - :,'T;,?o = I,'ill '

(0.-l)

where0(11 <co.

rirrr srr¡r 
logt¡-rlM(''' H' r'(lt, t¡) : r'(I\,

t -@ (lOUtø -' tl';p

l'r'yant, [2 I related 1,he ort|e,r' p antl Lype.'I of ¿n entiro halmorlic
functioriÌI rvith the ra1,e of clecrcase of coefTicients aÍil, in (0.2), 't - 112,

Analogous results for the soluiions of (0.1) u'hich qlepelcl only_o_n tlrcr
v¿lrialrles ü : frt and 37 : @3 + r4)'l' h¿l,r-c been found. in Flyant i1l tud
Gilberl, [3, ,I.heorent, 4.'3.4).

L,et Hn,0 < l? { ær d.enotc the tllass of all haurronio lunction -Ð
legnlar in D¡ ancl eontinuotls oll .Dn, Lhe closure of I)n. !'ol I1 e-I/t,,
Iei lI.,,1IL,-iù), the errol in apploximating lhc TuncÜion lI bI hannorr,'e
polyngmials of clegrec a1, rnosl, r¿ ilr tnil'r¡rlÌl, llorrn, be defitted ils

(0.5) u,(U,1rì) - inf ll H -- (lll^
g €TI

Wher,e æ,, cclttsist of ¿rll harmorric polynornials of dt',glee at' most r¿ a,rlel

lllr - ull',:,',,"î?.i.unlÌJ(utt nz, nt') - (J(ù, nz, 7's) 't'

I.'et H ellu. I{apoor' ¿r,nd Nauliyal h¿r,ve olltained necessaly attrl
sufficient coirclitions lot 17 to h¿¡ve alt entile analytic conl,inuation in
i,erng of its oI'clel ancl t¡-i:c f6, ilìheolems 2 and 3]. 'Jìhese resul1,s obviousì¡'
leave a big class o[ enl,ire functions, such as enl,ile functions of slotv

grorvth ol of fasl, glon'th etc.
The aim of this paper is to e>itend. [6, ifheorem 2] fol entil'e hlr-

monic function of (1,r,q)-grol'1,h. We hzl,ve a,lso obl,ainecl ala,logous result
for lorver' (p, q)-orcler of cntire harrnonic function,s. Finall¡', ure h¿ù1'e

sl,uclierl 1,he g'rõrvth of polynomial expansion of enl,ile h¿¡lrnonicTunctions
with inclex-pair (p, r¡) in terms of apploxirnation etror.

\4¡e shall use l,he followine not;a,tio:l lJrloug}out; tlte papel'.
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pproximation of entire harm onic functions
¡11

tui ,ro-!l,Jo'q)': 
(2,t) rve procoecl'n tht: lire's .f rç,r,r,,u' arrcl l(¡r,rrti'al

(2.3) pe,L) > t,(2,t).
For (p,tl : (2,2), tì,orn (2.2) rvo hâvtl

ktg Il,,(U, Ji) a (logi r.)ole -= et, I J) lug I
Llllcrlsing \

t' I tt' \r/a-r+e
,'H 

: 
""u (; + .J

ilr tJrc atlove iner¡lrrllit,¡., rve gcl,

ir
l

I

t"lì

f log i''-lJ

-l- ltlg 1l

-l- log /lT'

Irg It),,(I[,rt, . l(¡ï;)
1ip- t-i- e j'"

_(,i_fr,(;.¿) l/p-1j e

(il¿)

* loi¡'/f - 
t- 

Iog Ìt)*(tI,R)
,IT

ll l- 0(1)1r+€ -- (p l_ e) _.- _P 
j_!
'tg

,ìT

)
)

1lp- t-i- e

{' -t ,: - ;h f1-f o(1)r,.} - i ,.* Rp+c
ot'

ot'

log loe (Ð*(Ir, JJ)¡-r7, 
= -+ ,. tog ø f 0(J),

r r --l-e

11,

lcrg log (H,(II, It)¡-rr,, < (P - 1 F e) 
i, *dtÍìs ?r, -+ ç,3,

J'roceeding to lirnits rve ge1,

(2.4) pe,2)>r+L(2,2).
Now for' (lt,q) + (2,1) ancl (2,2), tet

h _ exprø_r¡ 
[rosrr_a (É; )J'^.'

l¡û l). I(um.rr, Cì. S. Srivastava ancl H. S. l{asana 4

< raJå,t + n,å en _t_ L) ,,,, Tlf ] r*n ,(#:#)','J

( l¿&l)¡ 1-KI(oË tr,, I r):r[t,, | (il, t¿) l-: \'. t .-, t ,.. , -", 
\-lt*/ 

,

lol sc¡:'¡re J.l*, 4 -Il,

n,trer,e Ãr(r, r{) ç laÍ,il | -l Kr{on[?, h).

tr,(z) -- i.tr" i r),.D,-t(rr, n) (lr.)" ,

Sinoe,linr (þI,QI ,?t¡¡,t,==',rr, O(a) is an entite flncl,io¡ of a, si¡gle conrplc,x
vrLriablc z zlttT M(r, U) =:,'"1,Ì) | tt,(z) l.

2. rI[ain rosulûs

'llrnionnlr I. Let II eH,r. ,lrlrctt,, H ltas cntttltttic cot¿linttutiorL u,s (tn
etúi¡'e huntonic ftntctiott, o.f f,í,ntte (1¡t, q)-orcter p nLcti'that

øur¿c,e 
P@' q) : P(L(P' q))

L(p, (t) == l,11 
,,.o 

,,,*,,,jrf'ä',,no, ,,,

Proof . Filst assume that p(p, q) < oo. ll.hen fol any e ;, 0

(2.1) log -r'11(r, H) < e,rpt1,-211logtq-rlr)p+ e

for ¿lI ?" )> t'o : r'o(e). Using ¡emma 3, *'e have

Dn(il, n) < I(M (r, rr)(lln 
)" 

",
oI'

log Jitf(r., II) >- Iog En(H,ß) --, þt -l- ,t) log (r,;) - tog rZ,
0t

cxlit/-rì(loutc-\t')pn. ¡log D,(il,R) | (nf 1) tog (#) - rog -rZ.

(2.2) log [I^(H, Jt)çsxptr-2] (logtø-ir2.¡pl,e- þt, I r) r"*(* 
) f 

tog 1T.
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örl;å:J(",) 
is a pot¡.norni¿rt of degree ar mosr a.

exp{- n, e\ptq-2t (logtø-21 u)rtu e¡ (_1',

_¡?+ )".* 
fot nÞu(t.)

anrl

r
n(r) : crpt.r-21 {(lo.gro-r1 

2z-

[ "l¿*)'.'l
[fsilE (2.9) and (2.l:0) rvc have

M(r, )r) <Ao ,¡B(no)tKno 
(¡,r) *n,r_r 

{(r"s,,_,, (#) ]'...}
æ

, ' .X (Z¡t J- 1)t exp {-i; exprq-21 [-l{)gu,-ztnytr.t et

r- /(¡roË err -l j),+,.

f'Tì:"" *itli,,lJ'J ffiï; ,]t ,l'" rliglrt ltanrt cxp'cssio' zr,rc co'vcrsenl,, we

(.2. L1) Iogtzt 1ç¡r., 1{) q exprr-e,

llor (p,q) : (2,L)
{tosro-'r (#)'. '} * to* rog r'-r- 0(1)

rrgtztÛvlç,,ã¡ ç Q 1- e) r*(;i) * 10g 10g r f 0(1),
ot'

logtzt l¡4r, ,tr) <(r*e)
t* (#') 

roE r,,-i;ff F+-f1-Fo(r).1o¡ r'

Proceecling to iimits rve get

(2.12) pe,Ð < f,(2, r).
Iìor' (2, I) : (2,2), \r,e hâve

1ogtzl
2r

logrztl4 (r, H\
-loc,ñ < (J -l- e)

_¿?*

Iogtzt , + r + 0(r).

^l
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Using (2.2) s'c get

ros Jt,,(r:,fi) .-É; - þr* 1)exptø-'r 
Itosr'r (;î;) ]"'.'

(1osr-2,(-iJ)"0*' ,r -F 0(1)) -*¿,- 
t to* It)n(H,J?) > exptc- zt

'11

o1'

l6stq-lt (lo¡¡(Z',,(fI, 1l ))- tl,¡
I 4t,

f6¡¡12 rì L,
ì'¡-p*e

()l
Iog;to-rt(nf p -l- e) <p+ef0(t) âs?¿->oo

logr,ll(8,,(ã, R))-tt"

I'r'occccling to limits l'e get

(2.5) p(?,q) 2 L(tt, ,ì.

Sirrce p(p,q) > 1 for ? : Ç¡theaboveinequalit.v [2.2] klr 3 ( p -'= I .< co
gt\¡e¡i

(2.G) p(?, ?) > rnax (1, L (P, 1t))'

ancl for p > q ib gives

(2.7) p(p, rì Þ I'(p, q).

[Ìornbinirrg' (2.+)t (2.5) and (2.6) rve obtain

(2.8) .v(p,rl) >- P(L(p, q)).

(2.8) holds obr.iously ô1 p(p,q) : oo.
Next assume bhat L(p,rl) q co. li-tom any e > 0,

(2.9) D,(il,-Zl) < cxp{-ra exptø-21(1cgt/-ztu¡tlr+t1 .

BJ¡ Len'lìlìa, 3, rve hat'e

nI(r, rr) < laJå) | -l I{K' i, t " -1- 7)zrit,-L(n, rì)(t
\Ë*)

fol Il .> ,Rx

1t l,ri

(2.10) .l[(r', U) ( /o* B(n,r) | I{I{o X
v-l 1

(Ztt, l7)2n"-.lll1n) l
{

r
)'nJl ¡-

:

l

I

+ rtrto,:,å., e* l- r)2 ítr, -1(rr, U( 
". )",
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Clhoosing

I'

l-'lt - 
2þt)ttt -'

in ¿rl-¡ove iuoclrraliú¡-, .n e gel;

log-l{(r, 1l) > (n j- 7) tog 2 * log (1¿)r/r_e _ log Jt

: (;j¡,)''.' ,o* 2'r- rog (;:r) - rog ri,

1'g rog -þt(r, H) > (¿ - e) log (;G)tr -F 0(1)r ,2ùs ?._+ oo

o['

þg tog I,r r', II r"*(J,.,)
>(r- E=#P* rr J-o(1)llog r I âS ?'-+ co

['r'occecling to limits 1.c get

(2.18) À(2,1) > ¿(2,r)

fu'ot'(p,t1j: (2,2) rve observe that 1 < ¿ < oo ¿l,ncl ohoose

T'

14i: 
: exP l2(ø)t/t- e 

1.

[.'roceeding as al_rove, frorn (2.12) "we get

l-e+t
7og M(r,.E) > n-r-.'_l 2trliLe_ log E

:o= (t"-(å) 
¡¡-e+r r rog (#)-rog.rr

which gives

log log tf(r ,H) >(l--e+1) log log (f lr,Rlog log r log log r -l- 0(1), âs ?. -+ çç.

Irloceeding to limits we get

(2,1e)

^(2.2)>t(2,2)+r

it4 'l). l{uln¿rr, Cì. S. Srivastava ¿¡u<l FI. S. Kasana ù

J'r'oceerlittg 1o linlits ti'tt gct

(2.13) p(2,2) < ¿(2'2) + 1.

$irrce p ) 1 ful p: q the inetlualit,y (2.tt) for p,- lt,) 3 gives

p(p,'tt) < mruli (:1, L(1t, p)).

ancl fol 2¡qitgivt',s

p\t, q) < L('P, cì.
thelefot'e

(2.I4) p(p, cì 4 7'(1,(p, q)).

this itrt'qualitv is oblionsl¡' t,r'uo jll l'(p,,q).- co. Oornbilitrg (2.t1) altct
(2.I+) rve.gel, p(p, (ì =: P(t,(1t, q)). 'l.his cotnplel,es the proof of The.olern tr "

Ttlrcolllt r 2. Let lI e IIx. Tlt'at, fI lms a,n,a,Q¡tia cen¡tit¡totttíou, ets q'tø

entira l¡,urnt,atl'ic J'unctíctrt, of J'in,itc lotoer (1t, q)-ortlet ),, str,clt, I'lttt't

),(p,ct) : P(l(fi, (Ð)

wlt.ere

(2.15)

Proof.Wenotel,ilat0 < ¿ < oo.Ir'ils1,let0 < Z < oo'

then for l, > e > 0 and fol a'll n, >lt,,: r¿o(e):

(2.16) II,(II, Jl) > exp {-ra exph-21(logi}-zl¿¡1i'-c}'

Using I.¡emmâ, 3, and (2.16) we get

r'Il, ,t"l
) exp{-'ra expta-zt61ogtn-ueltlt-' e ¡Il M(r, tll

I'

oÏ

(2.L7) Iag M(r,, lI) > - n I'xptr-21(logtz-zl4¡tit-e

f(ruf1) r"* (iç) - r"s rr

X'or (P, ql : P,ll

og M(r, -¿I) > - ø log (n)ttt-Ê- * (ra * 1) log
r

- tog lf.
+"R



11 Approxima liou of continnous set-valuecl ftmctions If
single cornl)ler
It(z) sve ol¡tain

\-ariable irr tetms of iú^s Ta,¡.1e" coetficients to the {unction

)'(p, q)=lou.er(2,q)_orderof lf çlorver (p, q)_orcler o,f h(e)= Àr (p, g) s?ì,y.ft follo s.s that

(2.21) 
^@,q) 

< p$(p, q)).

lhis cornpletes lrroof of .l.heorenr 
2.

rìDIIEIìIiNCIìS
1 Iìì'.r'rrìt, A. .J.. C/
., *qpl..,r. ii,Ëåi:,,'ía"ii'/lii]¡¡T'.!rr'!'å!;tte sequences ol se^ertttized cttisuntntetric ¡tatuúÌats. r.-2. 

-J: 
r.). a l¡ [ , A. ,1., Gro't.500_(id5. ,,,_,Dllt ol'entire hamrcnir: fttncliotts ¿.n Ra. J, Àleth. A,al.;\p¡rI., lili (f gZg),

utc{s in pnt.tial dil.l,erenlitrl eguttliotts. Acaderuic

I{cceit.erl lb. lX.I geu

56 I). Kumar, G. S. Srivast¿rva and H. S. l{as.rua t0

Ilorp:e28,
Choosing

T

,n¿ - 2 erptr-r,(lootr'-2lr¿)r,1-e 
"

By (2.17) rve h.ave

log 1[(r, ]I) > exptr-'zl1logiþ-2'tn)tt-e I (,n 1_1) log 2 - log ]r

: 1og (,#) -| {expfl-zr(togr,i-rr r./2)}r-e1o* 2 - tog li.

'Iherefolc, lor sufficientl¡r l¿¡g" value of r',

Togrttn¡|,,',I{) > (¿ - e) logtutr¡2 + 0(1).

Since À ) 1 lor p : Çtthis incqrralit¡' gives, for 2 : q > B

(2.20)

andp>4

,,1usil' Àl(t'- H\IInt ll[- "
,+æ lOgtlt ,'

tim irrr !g'!4!:tt¡ Þ t(.t,q)r'+æ lggtcì t'

(?r18)'^(1]?) anct (2.20) _togel,her prove \ > p(L(lt,q)). It is obviousl¡, tnreif I : 0. rf ¿ : oo, 1,he a,þo¡e algrunents can l¡ò ìeþïâtea rviúh an *rùítr;*i"o
large nurnber il 1tlace of (l - e) to give À =: oo.

Nexl, 1,o pt'o\¡er,everseinequa,lit¡', for1{ e lI¡¿r using Lelrrla 4, qre get

f
t

r
)"

M(r, IJ) < lø[å) | -i ](I(oÐ e,,, _l- 1), H,,,iII, È,) lt-

for -Il )ll*.
--= løó1,)l -l Kt{oM(r, It),

\\rhere

æ
h@: Ë tù(+)", *i,,"., /r(;) is ¿ùn crìt¡r,c tunc-

bion or ,u -,"i;å - ,t Jj;i 
)0,rr,,,",,,, 

=-;i"; lh,(r;)r,a1,pr5,ius
the fornrula exp (1t,q)-orùer À of an 

|e'lñí." 
iuncr,ion oi a


