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U< R < co, the class of all harmonic functions H in KB, that are regular in the open ball
Dp of radins R centered at the origin and are continuous on the closure Dp of Dy norm
being the sup. norm. Necessary and sufficient conditions, in terms of the rate of decay of the
approximalion error E,(H, R), such that H e Hi has analytic eontinnation a5 an entire
harmonic funelion having (p, ¢)-order p and lower (p, ¢)-order A, have been obtained.
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0. Introduction. The harmonie functions in B3 ure the solutiong
of Laplace equation

02 H 0*H  9°H
0.1 — = (.
(00 022 o’ o2

A harmonic function & » Tegular about the origin, can be expanded as

(02) T =H(r, 0, )= F " 3 (@ Cos m® +-aff, Sinm@)Py (Cost)

n=0 m=0

where @, = p(Qog 8, @; = »Sin o0 08P, 2; = 7 Sin6 Sin® and P(t) are
associated Legendre’s functions of first kind of degree m and order .
A harmonic polynomial of degree K is a polynomial of degree k in @y,
¥z and @3 which satisfies (0.1).

A harmonic function H is said to be regular in

Dr = {(@), w,, @g) 2 @} + af + af < B2, 0 <R < co, if the geries

(0.2) converges uniformly on a compact subset of D, A harmonic fune-
tion H is called entire it it is regular in D,,.

The concepts of the index-pair (Ps9), » > ¢ > 1 and (p,q)-order,
(2,9)-type ete. of an entire function were infroduced by Juneja et al.
([4], [6]). Thus if we denote by log”! ¢ the quantity log log...log @,
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where logarithm is taken p times, then an entire harmonie function H
is said to be (p, @)-order o and lower. (p,g)-order » if it is of idex-pair

(p,q) and
JogPiM(r,H)  elp, @) _ plH) .

(0.3) lim sup = = :
y-oo inf log 7y n(p, Q) M)

b <A<p <oo Here b=11f (p,q) = (pp), p =2, 3,... and b =0

otherwise, and M(r, H) = max | H(x, @, ¥4)].

2, .2, 2 2

a5 - :r2+ Ng==7T
The entire harmonic function H having (p,g)-order p, b < p << 0o,
is said to be of (p,q)-type T if

olp—1) ] »
(0.4) Hm sup o B b B T(p, q) = T{H),
7500 (logl—"r)e

where 0 €< 7' € co.

Fryant [2] related the order p and type I of an entire harmonie
function H with the rate of decrease of coefticients el in (0.2), ¢ = 1,2,
Analogous results for the solutions of (0.1) which depend only on tie
variables ¢ == x; and y = (a3 + )" have been found in Fryant [1] and
Gilbert [3, Theorem, 4.3.4).

Let Hr, 0 < R < oo, denote the class of all harmonic function H
regular in Dy and continuous on Dy, the closure of Dp. For Hel,,
let B,(H, R), the error in approximating the function H by harmonic
polynomials of degrec at most » in uniform norm, be defined as

(0.5) ; B H, R) = inf| | H — glla

LETYy

where w, consist of all harmonic polynomials of degree at most » and

HEH —glle = max :_ | H(2yy @qy @3) — ((@1; &gy 73) |.
(¥1; %5, %) €D

Let O e Hy. Kapoor and Nautiyal have-obtained necessary and
sufficient conditions for H to have an entire analytic continuation in
terms of its order and type [6, Theorems 2 and 3]. These results obviously
leave a big class of entire functions, such as entire functions of slow
growth or of fast growth ete. )

The aim of this paper is to extend.[6, Theorem 2] for entire har-
monic function of (p,q)-growth. We have also obtained analogous result
for lower (p,q)-order of entire harmonic functions. Finally, we have
studied the growth of polynomial expansion of entire harmonic functions
with index-pair (p, ¢) in terms of approximation error.

We shall use the following notation throughout the paper.

3

Approxima_tioio_fgntim harmonic functions 19
——— e M
NorATION : f =
ON: Pe(a) = Pe(a, p, q) = « i p>yq
=E(4 q it p=q=2,

=max (1, «) if 3 S P =¢q < oco.

Where 0 < « < oo and 0 < v ite J
< < & < 1. We shall write L(a) for Py(a).

L. Auxiliary results. Tn this

vl § X section we give gor P
used in proving Theorems 5D We give some lemntas that are

LuvymA 1. dssoer j ] ]
- “Associated Legendre’s functions PR(t) satisfy

11 - pm
(11) ma;I [ PR < K[(n 4- m)(n — m)ijve,

I<ig

where K is a constant independent of n and m

LEMMA 2. ] F )
b AL Let H eIl be entire and » > 1,

. g 65 5 B Then, {or Py
(077,(] ((,Zl éll/fJZOIGTLﬂly la?‘{/(j /U(LZ’U/GS ()f ’n’ e ]’a.vg [6”7 ,/0} ((/ll P> 2",R

Bu(H,R) < It M(r, H) ('_R)l
p

T o FO
Here K is a constant.

}A";‘ M A. 3. [ Fixd £ ?
E, /Ct U E l s
ji h ”/(2" fo’ 44 N/Jl jl) < dv a fl(l /] ; _I we IA(CZ)(}

Ry max [ | | M 5 . ,
w4 ol (” - ,),”/)! S IfO(Z‘IL '}‘ J)Enﬁl(II7 I{)

where K, is a constant.
m A N :
The proof of above lemmag can be found in [6, bp. 1026 — 27]
LevvA 4, Let ey, 7 { AT
. A Let 'n. Then for any R, 07
exsts an entire function '/z,(z)Rsuc'/L l'/m,'tlo ey Pl e <

00

W) = Y (20 -+ 1)° B, (I, R) (?_)”’
and ek By

Mer, H) <l | + K, M0, 1),

where M(r, h) = max | h(z)|.
lz|<7

Proof. For H e I i
( . K (== Q n R
I Hy, using (0.2), Lemma 1 and Temma, 3. we have

"

R ) g, :
3" Y (el Cos m -+ aly, Sin m @) P (Cos 0)

=0 =0
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= _ it 1y 12
<o |+ KX @20 4+ 1) ma-x]ms:,a, (‘"T—’”)) ]

A0 m, L (/)Q, — ’)'n) !

<|af| + KK, Y, (2n + 1)i&, , (H, R) (1’;) :
‘i

#=1

for some B, < R,
Mr, H) < |afl) | 4+ KK M(», h).

where
1 co . Z "
h(z) =% (2n 4 1)2E, (H,R) ) .
w1 \ {*
Since lim (H,(H, B))'=0, h(z) is an entire function of a single complex
variable z and M(r, k) = max | h(2) |.

fel<r
2. Main resnlts

THBorReM 1. Let He Hy,. Then, H has analytic continuation as an
entire harmonic function of finite (p, q)-order o such that

P(p: q) = P(L(]), q))
where

logls=11p,
L = lim su =
(pv Q) Sl P l(}g[g](En(Hy j_{,))'"]/”

Proof. First assume that p(p, ¢) < co. Then for any € > 0
(2.1) log M(r, H) < expl?—2)(logle—1ly)et+e
for all » > ro = ro(€). Using Lemma 3, we have

- : T’R k1 ‘
B, R) < KM (r, H)(. : ) ,

=
or
log B (r, H) > log E,(H, R) - (n + 1) log ( ,;2) — log I,
y
or

exp—2(logle~lp)e+e > log B,(H, R) - (n + 1) log (LR) —log K .

(2.2) log B4(I, B)<<expl=?2 (logle—Hp)ete — (5 4 1) 10g( ’TR
r

)-—}— log K .

5 N - .
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'F ¥ = (92 T YT v 3 g
(67 to Z‘letw’m (2,1) we proceed on the lines of Kapoor and N

antiyal
(2.3) p(2,1) > I(2,1).
For (p,q) = (2,2), from (2.2) we have

R Al / '
log #,(I, R) < (log r)pte —i(pn L 1) log (—7 ) + log K.
Cheoosing =

r i n  \le—l+e
~—— = exp {—
rR (P i e)

in the above in equality, we got

‘ _ m i ot
lt]g -hw(}[; -R) < [(“‘n"J f n -+ 1()g‘ »R Jp » —

PT €
' , Yo—14 e
--—-(’n»{—.l)(—‘ﬂ——) -+ log I
S - log I
s, ( n ot efe—1+€) ! | p e
=) [l ompre — (o4 o) ey
- 1 =y - ]
+ log i — = log Ko (H, R)
#
no \Ve-lie 1 y
>( ) 10— ST = 1--0(1)1e+ ot L o jT
LS { - S [L--0(1)pre > log K
or |
log log (E.(H, )~ ~ log n - 0(1)
p—14 ¢ ’
or
. logan 1
log log (E(H, z)-m ~ ¢ —1+e) - 00T e

S 4
Proceeding to limits we get

(2.4) 0(2,2) = 1 + I(2,2).

Now for (p,g) # (2,1) and (2,2), let

r /
T = exp[q—l] [ log\[p_g,}( Vi ) ]1/P+€
R \ete
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Using (2.2) we get

V1

¢ ljo+€
i n
=iy olp—=21f
_L~—m+4muﬁ“[h° (p+e)]

pT €

log B,(H, R) <~

+ i
lfp+e ] L
100 B, (H, R) > expli2 (10"[1’ 2'( Ca 70 —)) (1 4+ o(L)) ———
n

or

. n
Ay ~ loole—
100[4 13 (100( (1‘[ Ii)) 1 ) > o + s Oé p —i_ e’
o logltt(n/p + €)
log[q](En(H’ 'R))-I/n

< p+ e+ 0(1) as n - oo,

e AL mydh .
Proceeding to limits we ge

(2.5) o?q) = Lp, q)- /

Since p(p,q)
oives

(2.6) o(p, 1) >

and for p > ¢ 1t gives

> 1{orp == ¢, the above inequality [2.2] for 3

max (1, L (p, p)).

(2.7) o(?,q) =
Combining (2.4), (2.5) and. (2.6) we obtain
(2.8) e(p,q) = P(L(p; ).

holds obviously < p(p, ¢) = o3y :
S Next assume that L(p,q) < co. From any € > 0,

L(p, ¢.

(2.9) E,(H,R) < cxp{—n exple=?(loglt=In)liL+ e},
Wy n\-
By Lemma 3, we have

Mr, H) < |aff| + KK, Z

H

; &)Y tor B > B,
- 120,y (H, )(R*)

niry

7 r 1
(2 2, (H, R —)
(2.10) M(r,H) < Ay Bngy) + KK, by (2n -} 1)20,( ) (.R

n=N41 &
+ KX, E (2n - 1), (H, Ia)(R*) ’
n=n{t)+1 .

<p=g oo

7
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where B(n,) is a polynomial of degree at most .
Choose

i 1 )
exp{—n expls=2 (Joglr—2 n)E+ e} (R*) < . for = a(r)

and
77/(7') = eXp[p"z] (100‘9 1] 2,1‘ .
N i
Using (2.9) and (2.10) we have

. 2 L+e
M(r, 1) <Ay +Bng)+ KK, (R )expu) 2 { ( logtr-1 (RL*” }

o

k=0

: " (2 - 1)2 exp {—F exple-2 [logle=2p i+

2 1
+ KH, 3 (20 1)~ -
=0 W/

Since both the series in the Right

hand expression are convergent, we
have for large value of r,

o -

Op \Lte
(}«.11) log™ 01 (r, H) < exp[ﬁ‘sj{log[q*” (;é) } + log log » 4~ 0(1)

For (p,g) = (2,1)

log® M (r, H) < (I, + €) log (iﬁw) + log log » 4 0(1),

or t
27 i
_lo [2]]’[(7” H) == (-Z_”') loglogr
] e +e) — v/ | loglogyr
Torr — <L+e Togr ~ T Tog o + 0.

Proceeding to limits we get

(2.12) p(2,1) < L2, 1).

For (p, 9) = (2,2), we have
N logt2 Z7)

loo 2M (r, 3 R*
mwﬁ*‘ (b ) —omr, =+ 1 + o).
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Proceeding to limits we get

(2.13) 0(2,2) < L(2,2) + L.

Since ¢ > 1 for p = ¢ the inequality (2.11) for p == ¢ > 3 gives
o(p, p) < max (1, L(p, p)).

and for p > ¢ it gives

_ e(py @) < L(p, q).

therefore

(2.14) olp, @) < PUAp, q)).

This inequality is obviously true if L(p, g) = oco. Combining (2.8) and

(2.14) we get p(p, q) = F P(L(p, q)). This completes the proot of Theomm 1.
TuroerM 2. Let H e Hy. Then H has anolytic continuation as an

entire harmonic function of finite lower (p, q)-order X, such that

Mp,q) = Pl(p, q)

where

g logt*—1n
2.15 I{p, ¢) = lim inf ——t) .
(2.15) (p, 9) “Be ) loglI( B, (H , R)) -1

Proof. Wenote that 0 <1 < oo.Firstlet 0 <1 < co.
Then for ! > e > 0 and for all # > ny — ny(e),

(2.186) E,(H, R) > exp {—n expli—?)(logl»~2p)/—€},
Using Lemma 3, and (2.16) we get
’Ii n--1 ] A e
K M(r, H) > exp{— n expli=Aloglr—n) }
r

or

(2.17) log M(r, H) > — n expl'~2(loglt—?Ip)/i-¢

+ (» 4+ 1) log (—T—) —log K.
'R

For (p7 Q) i (271)

¥ S
— log I .
)

og M(r, H) > — n log (n)/'~€ + (n + 1) log( q_,‘

@w
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Choosing
L]

-
— = 2(n)'-€
R ()

i above inequality, we gel

log M(r, Hy > (n + 1) log 2 4- log (n)Vi-¢ _ oo ¥
g g K.

7 I--¢e
=0 — = r iy
() "o 2o () <o 2,

log log M(r, H) = (1 _ ¢) 1og( )[J + 0(1)]

or
lo r
log log M(r, H) F 27-'15:)
log ri 0 U gt I 0(1)]

Proceeding o limits we get

(2.18) M2,1) > 1(2,1).

For (p,q) = (2,2) we observe that 1 <! < oo and choose

»
g P [2(n)l/1= <1,

Proceeding ag above, from (2.17) we get

I—e+1

log M(r,H) > ¢ -~ + oplit—e . log @

— L log r NSt r
e ("5(75) ) e (1) s
-
which gives
log log M(r, g M(r, H)
o M7, f1) N _log log (#/r'R
log log 7 =l +1) J ( [ L - 0(1),

log log »

Proceeding to limits we get

(2.19) M2.2) > 12,2) + 1

y AS ' — 00

y A8 77— oo

as " — oc.



6 ). 1071 G Srivastava and H. S < 10
1 Kumar LRk Tivastov . asana
L '

Forp:(l>37

Choosing

) ; B [ p— 14—

¥ - 2 exp[q—h(log[l" 2]%}) i €.,
’

1/

By (2.17) we have

log M(r, H) > exple—2(logit~2p)li-¢ | (n 4 1) log 2 — log K.
fo b -

= log ({]?) -+ {exp'?=2(logle—1 r/2)}-€log 2 — log K.
P

Therefore, for sufficiently large value of r,
log'”LM(r, H) > (I — ) loglirj2 4- 0(1).
Since A > 1 for p = g, this inequality gives, for p = ¢ > 3

0 ]_()g[mﬂ[(’)", H)

AL > max (1, I(p, p))
(220) }Eg inf I()g[ﬁ] P ,
and p > ¢
W (r, H
tim int 108720 H) = U, Q).
oy log[ﬂ r

j It i3 obviously true
: 1(2.20) together prove A = P(t(_p,q))._ 10 tsly ¢
glli) ,0(21%91) il 1;0(’ the )'cl;bO\?G arguments can be repeated with an arbitrary
large number in. place of (I — €) to give A = co.

i ality, for H e I sing Lemma 4, we get
Next o prove reverse inequality, for I e I/ iy USING g

= ‘ r H
Mir, 1) <1 KT Y, (0 - 12 By, 1) =

n=1 &

for B > R, .

= | a$l | -F I(KOJI[(’}', 71/),
where

& T 0 %
h(z) = %, (@ - 128, (H, R)( =

st

' o g S
, Since 2(z) is an entire fune-
1 I , N p ine
i 2X vari L M(r, h) = max|h(z)|, applying
tion of a single complex variable z and 7 (r, h) Lax

‘der entive £ tion of a
the formula expressing the lower (p,g)-order 2 of an entire funet

11 A imali i 5 set- tions 5
i /_\pproxnnallon of continuous set-valued functions 11 | 87
single complex ‘vari

able in termg of its
h(z) we obtain,

Taylor coetficients'to the function

Mp, ¢)=lower (,9)-order of I < lower (», @)-order of h{z)= Mp, g say.

It follows that

(2.21) MP:g) < P(p, g)).

This completes proof of Theoremn 2.
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