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Tn this pPaper, for a finile digraph, we suggest a very simple VORTRAN 77 program, {or
ﬁiuding'(o])tionally) all the clementary paths (or circuits) of a given lenglh and having a
$pecilicd starting verlex. '

Introduetion. One of the most important concepts of graph theory,
and one which appears often in areas superficially unrelated to graphs,
iy that of a path (or cireuit). In some situations, it iy necessary to be
able to generate g complete list of all the elementary paths (or circuits)
of a digraph. Thig may, for example, be the case when the ‘ best” Jpatih
(or cireuit) needs to be chosen, but the criterion to be used for deciding
what path (or circuit) is “hest’ ig very delicate (one could deecide on the
best path (or eirenit) to choose using also criteria which are either difficult,
to incorporate directly into an algorithm or which are subjective in nature,
so that direct optimization (notinvolyving complete enum eration) is im prac-
tical. In other situations, the manipulations could be simplified by first
generating all the elementary paths (or circuits). ' i b e E

In a number of industries, especially the chemical ang pharmacen-
tical industries, the following hasic scheduling problem, arises : a. number
(say n) of items iz to he manufactured ysing g single processing Tacility
or reaction vessel, . o

The facility (vessel) may or may not have to.be reset (cleaned),
after item p, has been manufactured, (but before production of p, is
started), depending on the item combination (Piy ps). The cost of reset-
ting the facility is constant regardless of the item, p,that has Just been
produced or the item Py that is to follow, and, of course, thereis no cogt
incurred if no resetiting of the tacility is required (this problem ecan .arise
m two ways : either the resetting costs arein reality independent of the
items or, alternatively, detaileq cost data are not available and an ayverage
constant value is taken gas an approximation). i1

" Su Ppose that these » items are to be manufactured in a continuons
cyclic manner, so that, after the production of the last of the # items,
the manufacture of the fipst; item in the fixed ¢ycle is started again.

The problem then arises a8 to whether a cyclic broduction sequence
for p, i =1, 2,.. Ny can be found which requires no resetting .of the
facility. The answer to this question depends on whether a digraph,
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whose vertices represent the items and where the existence of an are
(P, p;) implies that p; can follow the production of item p; on the facility
without resetting, possesses a hamiltonian circuit or not.

Thus, a method for finding whether a digraph contains a hamilto-
nian circuit (or not) has direct applications in problems of sequencing or
scheduling of operations. Equally Important, however, is the use of such a
method as a basic step in algorithms for the solution of other, seemingly
unrelated, graph theory problems.

In this paper, we will be dealing with the following problem :
given a gneral digraph, find all the elementary paths (or circuits) having
a specified length and a starting vertex, if one or more such paths (or
circuits) exist and we will give a general FORTRAN 77 program for the
solution of the above mentioned problem.

Deseription of the method. Let .D = (V, E) be a digraph [1] (direc-
ted graph), having V(|V | = n) the set of vertices (nodes), F the set of
arcs (edges), and A = (ay), ¢,j = 1,2,...,n, the adjacency matrix, where

{1, if (v;, v;) € Il
K 0, otherwise.

A path in a digraph is any sequence of arcs, where the final vertex of
one is the initial vertex of the next one. An elementary path is a path
which does not use the same vertex more than once. A circuit is a path
in which the initial vertex coincides with the final vertex.

The length of the path (or circuit) is the number of arcs appearing
in the path (or circuit). An elementary path of length » — 1 is known as
a hamiltonian path. Similarly, an elementary circuit which passes through
all the » vertices of a digraph, i.e., of length », is 8 hamiltonian cireuit
(of course, not all digraphs have a hamiltonian path or circuit).

The algebraic methods which have appeared in the literature [2—51]
for determining elementary paths (or circuits), are theoretically interest-
ing but are] too loose to be of value for arbitrary digraphs encountered
in practice, they being unable to deal with problems of more than a few
tens of vertices, because of the large amounts of both computer memory
and time (e.g., scothe program LATINE, from [4]). A slight modification
of these methods [e.p., see [3]) reduces both the storage and time
reguirements by large factors. However even with thesc moditica-
tions, a computer program [3] written in PL/I (to take advantage of
both the string manipulation and variable storage allocation facilities
offered by this language) on an IBM 360/65 computer with a memory of
120,000 bytes can be used only for digraphs with at most 20 vertices
and an average vertex degree of more than 4. Moreover, even for the
above mentioned size digraphs, the method used virtually all memory
locations.

In this note, we give a very simple FORTRAN 77 program, for
finding (optionally) all the elementary paths (or circuits) of a given
length and having a specified starting vertex.

i On iinil_izglllge‘lreilgglltary paths and circuits (

In the sequel, we denote :
N

= the vertices’ number of the digraph
MA ’

= the adjacency matrix of the digraph,

N _7 i .
NODS = the Specified starting vertex of g path (or circuit)
)

LD = the given length

from NODS, (> 2) of path (or circuit), startin

< 0, if we find the ;
NC = { b o we _“m[ the paths oflength LD, starting from NODS
L, 1f we find the Gil‘lll'lit.‘_i of lene ‘

_ . gth LD, startine fr, NODS
o . e : ! rimg from NODS.
thi;ﬂ;?l oll.{the]‘d.l,.,onthm I8 to construct all the I)l’;SHible vertex sets ;

Aardinglity LD, such that the vertices in p I o gt Fivs
: A ; 3 represent
_h()D:S. Initially, P consigts of NODS. If @ is the 1 e
P‘,_E!Jen a new vertex y is added to P if
bilities now exist; which will prevent

at some stage. Rithep :

a path from
: ast-entered vertex from
F'y¢ P and (o, ¥) e B. Two possi-
ally vertex being entered into P

(a) no vertex can be added to P

or
(b) the cardinality of P iy I,).
In case (b), it NO — 0, P ig

. rinted is f
o LN printed and the output is followed by backtrack-

(¢) are (e, NODS) exists in p and

a cireuit of ir oth iy
T ) oL desired length i

or
(d) arc (z, NODS) does not exist
can be obtained.’
;I:)Bage.(q), .the cirenit consisting in the vertices of P and the
I) is prm.ted and the output is followed by backtrackine.
Bu Qases (?') and (d), backtracking must oceur. =
o aLl\:JI'aekmg m‘vqlves the removal of the last-entered vertex ﬁ'nrﬁ
i;e; A ;}tot. uce} the srsat P = P — {#} and the addition into P of a ver-
4 m; \m?, such F]]taf, (¥, 2) e B, where 2’ is the last vertex of p — 'a:-'*
‘ertex z exists, a further backtracking g i . S
Sy Airacking step is taken and o on.
- .Li;b QI?_EI of the search ocenrs when the set P consists only of the
vertex NODS ;‘Jnd no vertex existy for adding into P, o tll';.b Akt :
mg step would leave P em pty. - ] ‘
o cil%‘ll;ﬁr 5&5?; Eorb(i;iljp}ﬁm]) found up to that time are then all the paths
areunits ength LD that exist in the dierap} Th ; ibed
above is summarized in B 77 pivgias b csoribed
: ariz e FORTRAN 77 proor
s T D brogram below, where th
set P is piled in the vector NOC of maximym N component,s ’

and no eirenity of desired length

are (w,

a bhacktrack-
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The matrix M8, J), I, J = 1,2,...,N is defined as follows :

0, if d+(x;) <,

MS(I, J) = {m, if (@, og)el

SUBROUTINE POGL (N, MA, MS, NCC, NODS, LD, NC,
NCLD 3
DIMBNSION MA (N, N), MS (N, N), NCC (N)
DO1TI=1,N

DO1J—1,N

MS (I, J) = 0

DO 2 T=1, N

K=0 -

DO 2 J =1, N

IF (MAIL, J), EQ. 0) GO TO 2
i an)

MS (I, K)=J

CONTINUE .

IF (NO. EQ. 1) GO TO 3

LD = LD 4 1

NCLD — 0

St

ks NODS

I ((L.)EQ. LD) GO TO 4

K — 1

NA — MS(NOC(L), K)

I (NA.BQ.0) GO 10 5

DO 6 T =1

IF (NA. NE. NCO (I)) GO TO 6
Ryt

GO TO 7

CONTINUE

L=T+1

NOO(L) — NA

GO TO 8

Li=1—1

I (L. EQ. O) RETURN

IF (L. NE. 1) GO TO 9

NN — NN + 1

K = NN
GO To 7
K=1

NA = M8 (NCC (L). X)
IF (NA. BQ. 0) GO TO
IF (NA. IT. NCC (L + 1
I (NA. NE. NCOC (T, 4 1
E =&l
GO TO 11

5
)) GO 1O 13
)) GO TO 10
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10 DO 12 I=1, T,
IF (NA. NE."NCC (1)) GO TO 12

GO TO 13
12 CONTINUE
GO TO 14
4 IF (NC. BEQ. 0) GO TO 15

IR (MA (NCC(L),, NODS). NE. 1) GO TO 5
PRINT 16, (NOC (L), I=1, L), NODS
16 FORMAT (//, 1X, 414, I4)
18 NCLD = NCLD 41
GO TO 5
15 PRINT 17, (NOC 008 =08 11
17 FORMAN ( /], 1X, 414)
GO TO 18
END
where d+(z) denotes the outdegree of the vertex .
In the subroutinefl:’CGL(P:-Lbhs or Circuits of Given Length), NCLD
denotes the number of all the elementary paths (or circuits) of length
LI and having NODS as a starting vertex. )

Conclusions. Considerahle experimentationy, on g PDP-1 [ e

omputer,
were conducted to investigate the efficiency (the efficiency of f;]uln. pro-
gram can be measured in terms of the computational time required {o
obtain the soly tion) of the proposed method. Based on {hig computational
experience, it may be sald that the above program can be successfully
used for large-sized digraphs, generating the degired paths (or cirenits)
in g Teasonably computer memory and computational time.
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