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equation about what one car state that it has a
tion. Iforeover this unique solution fullfils the
$løn-rl+ .. . iluzl ç lø11:1 (V)øe -l[.

unique positive real solu-
condition r)i, íff la"l *
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This result also assures the convergence of the seriesI Iø1| =í:z

_ S, ./(")(0) sin ^¡0
= \: -- 

-. 

r'emarh irnpoi'tant in the Sequel.
f)r yl sin0'

rN]'ER-REr.ATIO_NS ¡\MONG I,{ULTIFUNCTIONS DEFIhTITDoN Brropor-ocrcAr- spiðiiî^"We also lecl to the follon'ing theorem.

Tlreorem. A sufficient u,niaalence conditiott' .for th,e ftntctiort' l(ø)
(i,.e. J@) e S) is thut Jor ( V)rz e -l/

S I /trr(o) . si* Yo I <t t¿otas ¿.

,^--, I y! sjn0l--

\'¡\t.LltìII i pOt'A
( lìa ctì Lr )

d,oes not oÙerpolss llte uní,t,¡\.

Abslracl. 'l'lris pn¡lcr.t:stal¡lislrc.s lirtlis Lctwer:rt rrr:lkl;. t.orrtinrrutrs, (¡ursi(.onlitìuor¡s ¿urrj I l_alrrrosI;:iiliiHìï_llìli'l:ïì;iï,ï:"li'iïî:,i'i,ìiil;ili:luili;, 
,llll'.'lllnlT,t'li1,,,,,",,;;;ì,,r 
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"i;;;ìi # t-i' A) is (2, r)-st:rrri'r1r*rr.
l)efir¡itiorr :l t-{ i. ,1,"!, 

(.,1',- 1,, e) bti.a. bitopo-logicul spaec. ,l,herr 
.1,is regula. wil,h .rrsre.t t., r¿'ir io,'Laäil poinf, ,r, e.\' arcr e¿rcrr p_r:rr¡sr:rr sc'-¿l s.t* thaû ;¿ e ¡' thlã ü ; ã;ñä'set ¿¡ a.d a Ç-opeú sei, l. rlisjoinb

Received l5.V.f 991
IJníuersítalea din Clui-NaPoca

Iracullatea de X[alentaticd
SIr. I{ogö,Irticc(Lnu 7

3400 Clttj-Napoca
Ro¡ntt¡tia



:l
70 V. Popa

J'rorrr {/ such i,hâi n eU and ll ,= 11. (X, I', Q) is painvise regtrlar if -P

is leguìa,t'r¡'i1h rc¡speclì to Ç ancl Ç is legulal u'ith rcspect to P.

Ilellinif,ir¡u tt 181.,À set -,1 of a, bitopological space (X, P, Ç) is called
s1,r'ic,tl¡r (P, Q) p¿lácqtrtp,rct if eyer;r cor-el u of. A rvilh ?-ollen setslr.l 

^¡.c¡finelìren1,'.".rvith ìr-oper-L set,s, trhiclt co-\¡el á and , is Q locally finite.
Sintilrr,r'ly \\'e clefirìe I to bc strictly (Q, P) paracompact',

llelilril,ion 5. A mullilttnction It' : (X-t,, Pr', Qr) - (Xz, Pr, Q) is
saicl 1o be ;

zr) (2,1) - 71 uppel rllniost continuous ((2,1) - Iy'. u'a.c') a,t øo e )Ùt
jf fol e¿rt'lr (rir-open sct (i trotllaining I' (riro),

ru e l ntç,((-rl¡, (tr+(G)) ).

- H.l. a, c.) at, #o e,\1
*Ø,

i3. Pr.oprrr.f,ics

qtr,iutr,l.utt ,for a ntrr.Ití,fiutctiott, Ii, : (Xr,

IÌ, . ol)olì ilcL slr(:lì t,bal /' l,r^l c
2) -- scrni o1rcn. Lr,l, {,' -'l"Yi(G\n iurrl I''(t:) c:6. So /,' is (f ,'Ji

(2) o (B). FollorvÉ frorú. /+(f,r_d) __ XFtl-.((i).
tc,iau[,ent for cr, tnu,-ll,i.f,urt,r:li,c,tt l:., : (.K1,

l', . . oltctt .scl li c .\',.
!.1 I', -- tlo.gul srl l' c:.-l^"
¿¡J.

Jrr+(,ì-"-Oir""((ì)) c (,o,(I.1r.rlI, u(_ll, _ Cl,,,(ll)))), S.
.tr', 1rr-((:l¡,,(G)) c. (,1,/,(lrrt¡,,(.\ r 1,,-({,ì¡,,1ri ¡))¡ , {,1p,( i ¡ _

-olo,(1i'- (Clr,,(rj)))) _ .Ir_tnto,({rtr,,¡, _(t tr.((,)))) _
.-,Ifr Jntp,(011,,(f'-(6))).

îhus t'e h¿r.c

Multìfunctions
7L

lr) (2,1 ) - H lcltt'ei' alrnost continuous (

if fol' each Ç" -- open set G such 1.hat -I" (æo)

ro e In1p,((-ìl/,,(/-/-(G))).

(2,1 )
NG

c) (2,1) ]f . u. Íì. c. ( (2,1) - U'1.:r. c.) il' it has this plope,rt'y in
any poirrl, J," e,lfr." it lr'is (2. lfa,nd (7,2) - 11. '. a,. c. (]t. l. a. c) t'hen ? is pairwise
-IJ. u. ¿r. c. (pairri'ise l?. l. a. c.).

llelliritÍor 6. A rnultifunction ,1t': (Xr, Pr, Q)'(Xz, P", Q) is

said 1,o Jrc :

us ((1r2) - Ìr. q. c.) a,t no e Xr if for

3U1""" 
exists a (1, 2) - semi oPetr

((1,2) -- L q. c.) rùt; ro eXt if
n V + Ø 1;hcre exists a (1' 2) -

,Ìt e (L 
that Ú'(rr) n r'r + Ø for evell'

c) (1, 2) - u. (t. ('. ((1, 2) -1. (1. c.) if it has this property
in an1' point rr € -Yr.

Ïti,'is (1,2) airt't (2, r) - u, q. c. (1. q. c.), thenhris said pairrvi.se
'u. {J. r. (pain'ist' l. q. cr.).

' Ilefiriitiou 7. f l4l..,\ ruultifnnction 'É': (X',, J?r,Q) - (X-r, Pr, Çr) is
said 1o be, :

a) (1.2) -- upl.)eï l'eakly continuous ((11 2) -- 11' lv' c') at :noeXrrf
for c,rc,jr''l', l- ,rpeii set lr1 cont,aiuing Ir (ao) there e,xistß â ?1 - open st't
t/ conlainirrrg t:n s tr) - C:lo,(6).

lr) (1,, 2) - I nuous (1-, 2)-- 1' *' "'). 
at no.eÅ't

jf jor.n',.ìi''I,-'ul,*, (ro) 0 Ç +,Ø t\gry cxists n Pr _
ûIXlx scl l¡ r'õrrtlaii 1ìri'n ctq,lrl) + Ø I'oy er'eyt' u' e A'

, t) (1, 2) ;- u.. rv. c. (((1 ,2) -1. t'. o.) if it has this ploperly in any

.,poirrt rr e ,\ir.
:.,'-r:..,: lf l is (1,2) and (2,1) - rì. Ìr. c. (1. n'. c.) then-È'is said pairrvise

u" rÀ,. c. (pailwise l. rv. c.).

fntB,(C)l¡,,(l' (0))) .: I'-(01¿.(6)).
['oL u,;-' [rrio, Íll,,J.t'-.!Ç))). ;\s /,r is (r. r) - tt. t ,l. r,. rrrrloper lherr u e U. So.{/ is f, ,,¡,",,,- , é I, ii,,,i ¡;'t'u ) n (:V u, e (1, ilhus,I¡ is (ll,t) .= ii. ,,,,. i,. ,il 

".

G i,* Çr-
Ir,(G) + o"

)t'-(X, -Cl¡,,(G)) c Clç,(fnt¡,,(l'-(,Í, _ trlr,,1C¡¡¡¡"
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Xr - -l'+(CI¡,(G)) c Clrt,(rnt¡,(Xr-l+(CI¡,(G)))) :
:Clo,(,lr - Cl¿,,(l¡+(CIn,(G)))) - XL - Intç,(Ol¡,(-lì'F(Clp,(G)))) c

- Xr - Inlq,(Cl¡,(Irr*(G))).

Thus we havc

Intq,(Cl1",(-ltr *(G))) . lr-.|(Clp,(G)).

I-¡el U : In1c,,(OI¡l¡'.(q))). -{s -ó'is (2,.t) -.[f. ua. c. andG is Çr-opon
!!en ,1-e.{/. So, 17 is Q, -- open, r¡e'U anrl }'(O) . Clp.(G).
'I'hus I¡ is (2,1 ) - u. t'. c. at, ri;.

Corollar.y t. (Iìopa U5.l). IÍ th,e mul,tiftrtuct,io,n Il : (X,lr) , (yre)ic
u. q. (.. ttttd, Jl . Io,. a, c., l,Íoett Ms L tt;. c.

(krrolku'¡'-2 (ì:'opa l7õll: I,:f th,c mu,l,tifttnc,l,ion, 1,: (A, p) - (y, q)
is L q. c. a,il,d, Il . u. u,. c.,l,han, X'is u,, tt¡. e.

llhc<¡rem 3. Bult.pose (Xr, Pr, Qr) is Q, regu,l,ar with, resytect to pn
u11'tt !!n) .$ictþ (-82,.Pr) pa,raco'ntp&ct, th,cn th,o mu,tti,Jutuction n': (lr,
llt Ql) -.(Xz, P", Q) is (2, l) 11. ro. c. at no i,f a,nd, only'if )l: (Xr,8rì) 7
l-Yr, Q) rls ?r. ñ. r'.

ProoJ'. Suppose I is (2,,t) - u. .w. c. On-
open rret containing .[t'(rro). the spaoe (-[, witU
lespect 1;o I)r, for every fueXa (øo) Ì:y l-I is a
Ç2 - <rpen sel, D, such tha,t th e Di c Cl¡,(

Fi(n,,) c. A{D¿ z t7r e-F(øo)} c f/{Cl¡,(/lò lln e]/(¿o)} c Ç"

re is a family {fu:.i eJl
and{/y:jeJ}isaPr-

set of all achnissible values

h'(n) c U{A.¡: jeJ) c {Cl¡,(D1) :ieI} c.G.

€ Ji.
2-operr antl -It'(øo)c
srrch that I(A\ c.
f/r) is u. s, c. in ø.

reg,t.tlør,with respect to p,, thrtn
, !r, 8"\ is (2, tl -- t. ti.' c. at
sl,s.c.

(,-orollnn' 3 (po¡ra, l.l{1.).- Fot, t.he ncti p) * (y, 0)toit,tt, y ,t,, späce y1,1'¡år,'il,;'¿,'1i' 1,i¡ y p t seü, ilre aon_cept o.l'u.'w. c. nntl.tiJ'uitction .ín. n "n'tiL¡ 
.ih', 

,u,. s. e. ntnùti_Jurtction.
(ìrrollrrry /t (Il.oqta.,, ft21). Ilor Llte nr,u,l,ti/t.tnction !, : ()(,lr) * (y, e),u:ith ! 'I'o spøce, thi co'trcept à¡ t'"* c. m,til.ti]'tt,nction i.n u coi.nci4,es.uti,hlì¿a eoncept of t. s. c. nt:tllti.fúnctiLn, in" u.

t contint+otls (rS. l. a. c.\ witlu rasûee6,
toitlt,It(no) n V +Øtúara anisfs allta|. It(u) n Irútt,(Otq,(AD + Ø for

Binailarlt¡ ue lleJ'in'e (Pr- Qr) -- B lcnaa'al,most eo*tirtrtil,,y t itlt, r,espectLo Q, al r:,, e _l',.

rnnppingJ' , (_\',, p,, er\ _ (X,, p,.
1,he ildurrcrl t'unctioni;.1' : (,y r, Þ'r) i
,) are contjnuous

(.X r, lrr, ()r) u si;ttote uutttccl +nøg.ìtinu
n J' is rcea,kh¡ puirutise ctntirittaú; i"[

"Fhrro*rln í, Su1t1t<tse (Å.", lrr, Qr).i, Qr,eg,ulør ui,l,h,espeet t, lrranilltt (u) stridty (e,, pi)'pt,,rni,u,ì,1,iii. ífini ,üit,,ttfii,,la,t;;;;;',1x,, f,,, e) -

\?t S 
= 

.U{.4,t : j eJ 1\, tìren Ol¡,(,4) : t/{Clp,(At) , i
The rn.ultifunctiorr ,Ir' beins' (2, l) - ìr. ì\¡. c. at, no, A Qc ,4_: fhele is a ç, -- ollen set, U c -Yr containiüg. ø0c Ol¡,,(t1) - G. This shorvs that l,: (Ir, (/r) -, (Xr,

flhe reoi ¡lrocril,rr is obvious.

l,enun¡ì 3. I'et (x, P, Q) be cr, bitoltologi,cu,l sutuce Q reoulør with, r'espeet
to I? øntl ' - X t tltcn, J'or euery Q-opcn, set D whictt, itt,tersects A, th,ere enists
ø Q-o1ten, set Du so th.at, A n Du * Ø qnd CIp(D,r) c. þ.

.Proo.l'. I'ct r eA 0 D, lJren n e(X--D) ancl (X--D) is Ç-closed.
Ç^ being regular I'ith I'espec1, to P t,her,e exisl;s a Q-open sot {/ ancl ¡
-I?-opcrr set lZ tlisjoint frorn [/ suo.h t,hal, u e IJ arrd (-T---l)) ,- V. Frort
U n V :=Ø thcrc follows that ¿/ n CIa(V):Ø a,nd t,hus ¡r,eCIo(F).
f,te1; Dn: ,It-Cllq( I/), then D' is Ç-opcn ancl ü e.I)n, so :l ft Do i Ø.
Ontheotherhanrl Olr(/)/) : Clr(X -Clo(V)) - Ctr(X- -l/): X -V c
cD.



74 V. Popa

lr.IiIrÌìtìENclis

6

-.114*I'"rQr) is (l; ,2) - .L ft.c. ttttcl (2, I)-ÍI:11,. tt,. c. rtt, arilr,ett,ltt : (X,, Q,l--+
. ' lA?¡ qÐ 1.r:. S..r:. ¡. t.)ù fr,. '

'Proof.Ir'oll¡rvs florn !'hoolours 2 antl .ì.

rr i,y Jr\:: ß:,îí!,':!iî;iï.1!!,,;';17;u1t'Í. iï,, r/.) li ¿..i. T.'",t, ri,l '

rcrns l. a,nrl 4.

gUADRATURE RULES OBTAINED BY MI]ANSOF INTERPOIATORY LINEAR POSITIVE OPERA'ORS

nr,ìvtl¡t rlr/tïÂLysrì NUrIÉnrQUE llr DE ttrf:o,'¡ l)ll L,rr.r,ììoxl*a?*.,N
'Iornu Ê1, No .1, 1ggg, pp, Z$_gf

l)lì,1Il'tlIIi t). S,t'AN(,1; ¡n<t IìEL.lCt.¡\ STA^*CU
lCIrrj_Napoca)

In,, ëtf, r.vllile
h == s1¡¡n,

o [tr.
(2,U-

B. (lùrvtir''l, lil.]). .1,9-1 .\. be ntopuktgit:ol sptrce u,ntl (11,,[r, T"l
hc ø-,lt ul sitnk in ¡ultich ll', is'r.egu,ln.' ,rit,t, ,âvpeal. Lo !L'r.

t,rtl,tiJtt.n,ctiotl Ii, : _{ - (T , J: t, 11") .rls ,l\ {II . l. u. c. tttttl .,1, ,--u..q.c.-u,t nu, lh,en Il is Tr-1..s. r.r. cúf .ìrn.
h) rf Jor urtlt;itt e,x !!!, srl 1r' (à) i.s !I'r-aont,pruct, It, is.rI'r-II .r,t,.tt,.t¡. u,ntr,I"l.q.a. a,t .c.ìrtt .tlt,eu, 11. is'f."-u,.s.t:. ctl':t¡o.

... {k¡rciLìr'}r 9. (LiDsìii,_.16]). t,er y l¡e u, regnr,cr,t' topological t;¡ttr,t:0. !.1' rn
mu,lti.fttttctir,¡.¡t, I!' : Ç\, !1.'r, 1'r.) - I.uiflt, l,(t;) rr,",,orn,¡,rrcü sr:tÇ;L¡ * .X, is 1t, Z¡

1)-TI .l .rt.c., th,en þi rls 7¿-l,s.c.
å0. (Lip.Ìki,--[ti]). T,t¡ il lie ct, reqtúut to1saloç¡icnl. s.¡taot. l.l.a
' : (.{, Tt, 'I:2) -'{ ìs (1, 2)-l.q.t:. and (2; t)-Ii. u.. ti,.c.,
' ó.''.:

f irrlet.]lola,tor'¡, tr.pe clable us to-(ì (.octÌletenl s, f'ur. u.cig.hl cdinl e_ctttess.
r_ positir-e o¡et,a1.ols, w'hu.e J- :C la, b l,lrl' ¡ 1'e¡,*,,¡¿r, of.t,he !,"Iloí-'

(i) (t,,Í)(ø):: i n_.r{*)l(e;,,,t),

whcre l,he nol,es c.r-,r âr(: distinct pointr cll thc itl,ert.¿,rliì,r'e non-rrega,tive pollnomials ór, 
--l_o, 

¿, j..-f;;,".;;;rz¡ e ü{.

1. I o_.t tr,-_S.,' Se_rnl o¡tert scls, scrni utnlinuil¡¡ and sctni o¡ttrr tna¡t¡tinqs itt ljil.opotoltiaal spucc.s,
' tlull. (laÌ. Mat-h. [joc. Z:ì (19tì1), 232-2
2' P.n l..t' S' aù<l S iir h n, l).' Paairuise tltnosl coulittttotrs rntt¡t urttl tucakly cottl.inttùus tlúp
- i4t ltilopol.ooir:ttl s¡tucts, llull. Cal. ù{tth. Soc. ?, (19S2), 287-.J48..
3. IÌ w c I t, .I., Ott ¡tltnosl corrtinLtit¡¡,llcv. Ilourn¡inc l,tüth. f)urcs i\ppl.., B; (1g90), J:J-40.4. 1( e l1 y, .1. C., 1)itopotogical s/taccs, pr.oc. L.nclon i\{nLìr. Soc. fi If OOS;, Zt_gS,5. lr c v in c, .N., A rtecomposilion oI cortlinttil!] i¡t Iopol.oqicttL spaces, Âlrrcr,,-.M¿rl_h. r\..fouilrly,

Gli ( 1 961)' ,14- ,16.

6. L i p s k i, 't", QrLttsicortlirutous nutllioalncd nt(:rps ott ttilopoLo¡lical spr.rccs, SluJrslly I)r,¿rcc
l\latcrn. Plz¡,t'orìrricicr, 7 (1gSS), 3-3f .

7, tr{ a-lt c s lt.w.¿r r i, S. N. ancl '-l -i,rv a l i, R. l{., Irtler-reltrtiotts ttnúttty :tomc. n.eu) nTupl,int)s,. xlaLìrcnr¿tlier-lìevuc tl'¡\rralvse ur:rnór'iquc et rlc th(:or.ic rle I'aþproxiniat.ioirs, .Ilal-hc"iatiór,
¿tf (5c), (1987), 139__142.

8. À{,u k lr c r, j c c, i\1. N. ¿rrrrl (i.a rr ¡1 u l ¡., conlinlrotß kl.ulIi-
furtclíorts lo.bilopologiL:al s¡tuces, Iltrll. Cat. g:t.

9. P c r rv irr, \\. .L,. Orttnatlcdrtcss itt bilo¡tol (1gS7); :iô9_ :lgà'.
.10. P o p ir, \i., ()n e dccompo.$ition ol' t1nc,si"o, ,ìar,i"ír), St. Cur.c.Mat. t7 (197i:), 323---328.
11' tasicotttittttotts and altnosl corrlinuorl(; mullilttnctiotrs

72. ,å1;"1';tî. u'. r.rar. rtar. (r), 15-jt(1.ràil),:izg--r88.13' nuúlifttrtcliotrs, S]Ludia dniv. Babr:;-Iloiyni,,liIath".

['t. ]' o 1r a, \'., \f cultlt¡..r'.tt.t.t.lir¡ttous t¡utllif unL:litrts tk[ìttctI ,,;t lsíltipolìgbrrL spnces (tìorrranian),. St. (lclc. À,lat.3zr (1{rii2),561 iti7.
15. 1'_o.p:t,-V., Surcclluincs fotmes faiblcs clecotttíttLLÍlé ¡tour lcs rttttltifortclíons, lìev, lÌounrrine

M¿rth. Pur.cs r\ppt. 30 (tOUb), 53Ð--546.
16' R-c i J I y, I.I'., ()rt bilo¡tttlo¡¡ical scpút'aliotr properlì.es, Nan[.a ilIatìtr:rnaticu, ti (11.t?2),t4 25.
17; S nì i I lr s o rr, P. IÌ.. Alnrcsl antl utcutr; cot¡littuil!] for rltlltifLurclions, Bull, Cal. Math. Soc.

70 (r978), Íi8:ì, 390.
lìcccir.ccl I .X.1U.r,1 ))eparlntettt of MaLlrcmatics

Urtiuersill¡ of Bnctiu
5500 ßacätL

Romaniu

.tl^,t
A,nd

¿)t'e
a¡f
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'ptrrLl ot' l,¡¿ is - a]tccl irrrcr'1:olator..1, hct,a,ust, rÌlc va,ir*s aÍ L*f

,|,Ì,1ìì::^"''' 
lrv trtcittrs ,f th* r'al.eì';]-ìir" irrn,.r¡àn i,,i'ìn iiîir* n*mbe.

ed at (1) s'e ean con.qi,rr,rct, a c.¡lraclla.of the follon,ing forrn
b

(2) J(ut;f): 
{zo1ø¡ J'e) dn -: T,^u*,-.Í(ftn,,n) I tt,¡çtt,;'f:¡, 

:

'l o1 t'

n, l,ìrile thc -$.ejo,lrt cocTficliellfs are
ll-,*) .


