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INTER-RELATIONS AMONG MULTIFUNCTIONS DEFINED
ON BITOPOLOGICAL SPACES

VALERIU POPA
(Baciiu)

Absiracl. I'his paper establishes links hetween weakly conlinuous, quasicontinuous angd Fl-almost
continuous multijunctions delined on bitopological spaces wilh values on bitopological spaces.
Hencralizing the results from 31, [6], [8), [12], [13] and [15].

1. Introductlion

The notions of upper (lower) weakly continuous and H-upper
(lower) almost continuous multifunctions were introduced ; n 1978 in
[11] and [17]. The notion of weakly continuous function from [57] wasg
extended in 1982 to the funetion defined on bitopological spaces in [2]
and for multifunctions defined on bitopological spaces in [14].

In [15] are established the links belween qtmsicoutinl_mu,ﬂ, H-almost,
continuous and weakly continuous multifunctions between lopological
spaces.

There are recent reses rches about g uasicontinuous and H-almost
continuous multifunctions defined on toplogical spaces with values on
bitopological spaces in [3], and delined on bitopological spaces with
values on topological spaces in [6].

In this paper we will establish links between woenk continuous,
quasicontinuous and H-almosi. continuous defines on hitopological spaces
with values in bitopological spaces, generalizing ihe resulis from [3],
[6] and the results from [8], [12], [18] and [15].

2. Definition. Notatjion

Definition 1 [17]. Let (X, Iy Q) be a bitopological space. We 84y
that 4 < X ig (1, 2)-semi open if there exists a P-open set £ such
that B < 4 < Clo(B).

Similarly A is (2, 1)semi open if there exists a @-open set B
such that B c A4 < Clp( D).

‘Definition 2 |17, Let (X, P, @) be a bitopological space. We KAy
that 4 < X is (1, 2)-semi cloged it {he set (X —A) is (1, 2)-semi open.
Similarly A is (2, 1)-semi closed if (X-—A4)is (2, 1)-semi open.

Definition 3 4], Let (X, P, ©) be a bitopological space. Then P
is regular with respect to @ if for each point 2 € X and each P-closed gel
4 such that €4 there is 2 P-open set U and g @-open set V disjoint
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from U such that z € U and P < V. (X, P, Q) is pairwise regular if P
is regular with respect to @ and @ is regular with respect to P.

Befinition 4 [8]. A set A of a bitopological space (X, P, @) is called
strictly (P, @) paracompact if every cover » of A with P-open sets has a
refinement » with P-open sets, which cover A and » is @ locally finite.

Similarly we define 4 to be strietly (@, P) paracompact.

BDefinition 5. A mullifunction I': (X,, P, @) — (Xy, Py, @) 18
pald to be: .
a) (2,1) — H upper almost continuous ((2,1) — M. wa.c.) at @y € X;
i for each ¢,-open set G containing B (2,),
z, € Intg,(Clp, (FH(G))).
b) (2,1) — H lower almost continuous ( (2,1) — H.1. a. ¢.) at & € A?
if for each (), — open set G such that I (w,) n G # 9,

#y € Inte,(Clp, (F~(G))).

¢) (2,1) — H. u. a. c. ( (2,1) — H. 1 a. c.)if it has this property in
any peoint xe X, e S

If 1 is (2, 1) and (1, 2) — H. w. a. c. (H. 1. a. ¢) then F is pairwise
H.u. a. ¢ (pairwise H, 1. a. c.).

Definition 6. A multifunction 17 : (X;, Py, @) — (Xa Py @) 18
gaid to be: .
Ca) (1, 2) — upper quasicontinuous ((1,2) — u. q. e.) at @, € X, if for
each P, — open set V containing F (#,) there exists a (1, 2) — sem1 open
get U7 containing @, such that #(U) < V.

b) (1, 2) — lower quasicontinmous ((1,2) — L. q. c.) at x, € Xy if

for each P, — open set V such that F (@) n V # O there exists a (1, 2) —

. - gemi open set U containing @, such that F(w) n V # @ for every

awc U.

¢) (1,'2) =u. q. ¢ (1, 2) —1L :q. ¢) if it has this pl‘opel‘ty‘

in any point @ e X;. ! | i |
TE Fis (1, 2) and (2, 1) — u. g. c. (1. q. e.), then I is said pairwise
W, . e (pairwise 1. g. ).

Definition 7. [14]. A multifunction ¥ : (Xy, Py, Q1) — (Xg, Py, Q) 18

" gald to be:

a) (1. 2) — upper weakly continuous ((1, 2) — u. w. ¢.) at @, € X, if
for each P, —- open set G containing F' (,) there exists 2 P, — open set
U containing w, such that F(U) = Clg,(G). :

b) (1,-2)— lower weakly continuous (1, 2) —1. w. ¢.) at %, 3.
if for-each” P, open set (& such that ' (z,) N G # O there exists a P, —
open set U containing @, such that F (v) 0 Clo,(G) # O for every ue U.

ce) (1, 2) 0 meowo el (((1,2) = Low. ¢.) if it has thig property in any

point & e X, ‘

a0 HERAR (1,_2') andi(2, 1) ~u. W C (. w. ¢.) then ¥ is said pairwise
v, w. c. (pairwise 1. w. ¢.).

(1, 2) — L q. c. and (2, Iy — H. u. a. ¢

Then (X, — Olp(@)) 2
. 2 ol 2y X, —Clp (@
i8 (1, 2) — semi open. By [1, Theorem 1. 1] we have [ (X2 —Clrf6))

Multifunctions

3. Properties

i s o) il A= o
B Q{ ){,Iil’l'[(li{ 21}. .g:n (;];?)Il:nwm-g mlﬁ egvof,'a)czle-)-pt for a mz,{,.lt'z.ju’nrctimfb 7o (&Y,
.1. F+iﬂ s1,_2) — Tailli 0, *
.;,. };‘_ ((Ir/) 8 (1, 2) — semi open for every P, — open set @ = X,.
:'P'r _ (1) 1w (1, 2) — semi closed for every P, — closed set V < X..
- F(;EOJ'::( ()Y:=: (12). m_t @ € X, and G be any P, — open set in X, ﬁu(}?l
p &;11 FU)U T, ‘[_‘]trm Ll}_{:re 18 a (L, 2) — semi open set U, cotitaining
pne FiUs) < @ Then B (G) = U {U, :2€F4G), . By [L, Theorers
1. 2] FH@) is (1, 2) — semi open. J o N
(2) = (1). Let # € X, and @ be any Py
< G. Then @ e F*(@) and FHG) is (1, 2)
be, then @ e U, U is (1 . 2) ;
u. q. e. at .
(2) < (3). Follows from X, —@) == ,Xl%'lf’*((fr')

Lemma 2. The followin
Py, Q) — (X-zs Py, Q) :

1. F1 8 (1, 2) — 1 q. c.

g. l:: (@) 18, (1, 2) — semi open for cach P, open set. (¢ < X,.
VA (V) is ‘(1’3. 2) — semt elosed Jor every Py — closed set V = X
Proof. It is similar to the proot of Lemmu 1. ' Yas

Theorem 1. If the maullifunction ¥ : (X

— open set such that /7 (x,) <
. — sewll open. Lot U7 = FH((@)
T seml open and' F(U) = G. 8o I is (1 2)

Ly X

g are equivalent for o multifunction 7 (Xy,

] y I‘ ( —_ Mg s ! 2
(1..2) 1; . q. ¢. and (2, 1) = H. 1. a. ., then ' (?1,': Ilf;l)“r L(i::._,p,P-, Q) is
i T‘.l};)Of. %Eei- fb_‘&‘ A; afrjd GF_ be any @, — open set such that K(a)q '(.“,r#
—Clp (@ en Xy—Clp(6) is a P, — open set and by Lemma 1 FH X, —

Iey(€)) is (1, 2) — semi open. By [I, Theovent 1. 1] we have: -

FHXe 1 Ol (), 5 Cloy (Tt (174X o Cli (@), S0

L= IHCL(6))  Cloy (Tt (X, —F(Cly 1)) — Cloy (X, -

O E(CLp(@)))) = X —Tnt,(Clp, 17~(Clp (1)) <
: < X, — Into,(ClLy(I~(@))).

Thus we have

Inte,(Clr(F () < F-(Clp(6))

Let U == Into, (Olp(F~ (@))). As I is (2. 1 ] e i g

; (Clp, CAS RIS (2, 1)y = o oa, e, and G i —
open then ze U. So Uis ), — ()pen( e AR
VueU, Thus Fis (2,1) — u. w. ¢

welU and I (y) 0 Clp+@) 2 ¢
2 AL ( ) #:(0) £ 0.

Theorem 2. If the mullifunction '

Xy, Py Q1) = (Xo, Py, Q) s

: | then I' g (2, 1) — . w. ¢
Proof. Let o e J.'fl}__ and @ be any @, — open sef, such that _F-(;.:I;) <
I8 P, — open and by Lemma 2 )

B~ X;—Clp, () < Clo,(Intp (I'~( Xy —( Lo (GY))).
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So
X, — F*(Clp (@) < Cly,(Intp (X, —F*(Clp,(G)))) =
=Clo,(X; — Clp(F*(Clp(@)) = X; — Into,(Clp,(FH(Clp,(6)))) -
< X; — Intlo (Clp (FHG))).
Thus we have
Into,(Cly(F*(@))) = F*(Clp(@)).

Let U = Inte,(Clp,(F1(G))). As Fis(2,1) — H. ua.c. and G is §,—open
then z e U. So, U is @, — open, # € U and F(U) < Clp(G).
Thus F is (2,1) — u. w. c. at a.

Corollary 1. (Popa [15]). If the mullifunction F (X, P) - (Y, Q) is
. . c. and H. la. a. ., then F is 1. w. ¢.

Corollary 2 (Popa [15]). If the multifunction F: (X, P) - (¥, Q)
is l. q. c. and H. u. a. c., then F 13 . w. ¢.

Theorem 3. Suppose (X,, P;, Q,) is Q, regular with respect to P,
and F(xo) stricily (Q,, P,) paracompact, then the multifunction F : (X,,
Py, Q1) — (X, Pyy @,) is (2, 1) u. w. c. at @y if and only if F: (X,, @,) —
(X, Q) s u. 5. c.

Proof. Suppose F' i3 (2, 1) — u. w. c. at ¥, € X;. Let @ < X, a Q,—
open get containing F(x,). The space (X,, P,, @,) being @, regular with
respect to Py, for every y,€F (w,) by [16, Proposition 5. 2] there is a
¢, — open set D, such that y, € D, < Clp (D)) <= @. So, we have

F(wy) = U{D, : g e F(a)} = U{Clp(Dy); gy € F(w)} < 6.

F(w,) being strietly (@,, P,) paracompact there is a family {A,:j ed}
of ¢, — open sets such that 4, = D, for some jand {4, :jed}isa P, —
locally finite covering of F(a,). If I denotes the set of all admissible values
of i, we have

Mwe) « U{d;: jed} < {Clp(Dy) :iell cG.

Let A = U{A,; :jed}, then Olp(A4) = U{Clp(4,) :jeJ}.

The multitunction F being (2, 1) — u. w. ¢. at @, A @, open and F(x,) <

c 4, there is a ¢, — open set U < X, containing &, such that I(U) <

< ClpfA) = G. This shows that F: (X, @,) — (X, @,) is u. 8. ¢. in =.
The reciprocity is obvious.

Lemma 3. Let (X, P, Q) be a bitopological space Q reqular with respect
to P and A < X, then for every Q-open set D which intersects A, there ewists
a Q-open. set D, so that A n D,y # O and Cly(D,) < D.

Proof. Let € A N D, then # e (X-—D) and (X—D) is @-closed.
¢ Dbeing regular with respect to P there exists a Q-open set U and a
P-open set V disjoint from U such that @ € U and (X —D) = V. From
Un V=0 there follows that U n Clg(V) =0 and thus a e Cly(V).
Let Dy = X —Clg(V), then D, is @Q-open and €Dy, 804 n D, #@.
On the other hand Clp(D,) = Cly(X — Clg(V)) < Clp(X — V)= X —V <

c D.
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Theorem 4. If (X, P, Q,) is Qs — reqular with respect to P,, then
ﬁm.ﬂmltf;]‘um:h?@ F o (Xy, Py, Q) - (X, Py Q) is (2,]01) . o ot
&g if ‘}";d 0;}1% iF {}}rl; ?1] —') (Xgy @g) 15 L 5. c. '

., A7Toof. Suppose I' is (2, 1) — 1. w. e. at @y Let @ < X, be o Q,-open
ket such_-t.ha.vt F(zy) N G + 0. As (Xgy Py, @) i5.Q, — regula?r wit‘.]}%as]ici-.
W P, and Fzo) N G # @, there exists a Q. — open set D such that |
D n F(zg) # O and Clp(D) c . The multifunction # being (2, 1) —
L w. e at ay DO, —oven and D n F (z,) # @, there exists a
@, — open set. U containing x, such that H(u) N Clp,(D) # @ for: every
u € U, thus F(u) n @ # O for every « € U. This shows that P : (X,,( ) g
— (Xg €,) 18 1, 8, ¢. in &g, i

The reciprocity is obvious.

Corollary 3 (Popa, [137). For the multifunction ¥ : (X, P) (¥, Q)
with Y Ty space and fm'_ which I" (x) is strictly pamcompat;t-.-qet, me'(’;og—
cept of w. w. e multifunction in coincides with the concept of w. s. e. maulti-
Junction. ' ’

| Corfoyl]ary 4 (Popa, [12]). For the multifunction ¥ : (X, P)‘ i (Y, Q),
with ¥ T, space, the concept of 1. w. c. multifunction in % coincides. wilh
the concept of 1. 3. ¢. multifunction in. . ' '

l)ﬂil‘n?tiou 8 [8]. Lft (X, Py, Py) (Y, Q,,Q,) be a multifunction :

a) ¥ 8 (P, @) — 8 upper almost continuous (S. w. a. e.) with respect
to Q, at ‘x, if for very Qy-open sel 'V containing I (%), there ewists a P,
-open _.s;{rt u contawning zy such that B (U) < I nlo,(Clo,( 1))

Similarly we define (P,, @) — S upper almost continwily with ves-
pect to Q, al x, € X, ' :

b) I 18 (Py, Q) — 8 lower almost continuous (S. L. a. ¢.) with respect
t;;) Q, at =, t’i-j goe every Qy-open set V with H(@o) 0V £ O there ewists a
Pi-open  set contatming @, such  that  F(u) N Into (Cl
e ) () N Into,(Clo(T)) # & for

; S@m‘lla.r_l;! we define (Py- Q) — S lower almost continuity with respect
to ¢ at z, e X, :

Covollary 5. If (X, P, Q) is Qg regular with respeci ’

) ollary (X, 1 J2) 18 Qg requ thorespect 1o Py, then the
multifundtion 0 ; (X, P,y Q) = (Xy Py, 04) 18 (0 Qo) - 8. 1.5 e, wotth
respect 1o Py al @, if and only I 2 (K Q1) = (X, Q,) is l. 3. ¢. at @,

Corollary 6. (Mukherjee and Gangul Sup; Py, ¢
: ¥ 6. (M : guly, [8]). Suppose (X, P, Q,)
ig Qg — r'egu.fc{-?' with respect to P, and I (@) ,sm'-i_c.f.ly (@2, P5) _pw;’em;;af}i,
then the multifunction I ; (Ayy Py, @) = (X, Py, Q) 8 (Qy, Q) - S.u. a.c.
weth respect to Py at @, = X, if and only if the mullifunction ¥ : (¥, €,) —
“ (Xoy @) 18 w. 8. o, al @, :

. .I)e'fln'itmu 9 [9]. A single valued mapping f : (X, Py, @) = (X, P,
@,) is Bﬂ:lt} to be pairwise continuous if the induced tunctions f @ (¥, P) I
— (Xz, P,) and [ : (X,, Q) - (X, @) are continuous. ;

Corollary 7. Let f : (X,, P Q) — (X,, P, ¢ Y 4 )

; Oroliary J (- u @) — (A, Py, Q) a single vatued mapping
with (X, Py, @2) parrunse regular. Then f ’z'..s* w’ea,kl_q/ Pairwise (}O’I‘Aﬁ‘iﬂ‘!&()‘ﬁ? tf
and only if 1t 1s pariwise continuous.

Theorem 5. Suppose (X » Poy Q,) is Q, requl ith ¥ , and
_ X Apy L9y Gp) 18 Q) regular with yespeet to P, and
F (x,) strictly (€)y, P,) paracompadt. 1 f the multifunction ¥ . (X, Py, (51) —
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= (X, P, @) 15 (1; 2)=Loqoc. and (2, 1)-H: u. o. c. at @y then 172 (X, Q) —~
o (e @3) 1878, 00 s, inl wy. L Y ! LR e
- Proof. Follows from Theorems 2.and 3. :
.. Theorent 6. Suppose (X,, P, Q,) is Q, regular 1with respect to P,
If the myltifunction ' : (X, P Q,) —~ (X,, Ps, Q,) is (1,2)-u.q.c. and (2,1)-
Hdao. al g then B (X, Q) = (X, Q,) 38 1. 5. 0. at 2.
' Proof. Follows- from Theorems 1 and 4.

Covollary 8. (Wwert, [3]). Let X be a topological space and (Y, Ty, T,)
be a bitopological space in which T, is régula with respect to 1',.

a) If a multifunction ¥ + X — (Y, T\, Ty)'is T,-H: 1. a. ¢ and 7,-
“U.g.C. @b B, then I is Tyl 5. ¢ at @, . :

b) If for cach w € X the set I () is Tyr-compact, F is Ty H .00 and

Tylg.e at oy, then B ois Tyws.c. at x,. _

‘ Lovollary 9. (Lipskiy [6]). Let Y be.w regular topological space. If w
multifunction 1" - (X, 1), 1,) — Y with F(x) a compact set Vic & X, s (1, 2)
. . e and (2,1)-1 l.a.c., then I is Tyl.s.c. _

. Corollary 10. (Lipski, [6)). Tiet ¥ be a'regular topological spaocs. If o
amultifunction B 2 (X T, 1) = Y 45 (I, 2)-Lge. and (2, 1)-H. w. a.c.,
then I is Tyn. s.c
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