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'ptrrLl ot' l,¡¿ is - a]tccl irrrcr'1:olator..1, hct,a,ust, rÌlc va,ir*s aÍ L*f

,|,Ì,1ìì::^"''' 
lrv trtcittrs ,f th* r'al.eì';]-ìir" irrn,.r¡àn i,,i'ìn iiîir* n*mbe.

ed at (1) s'e ean con.qi,rr,rct, a c.¡lraclla.of the follon,ing forrn
b

(2) J(ut;f): 
{zo1ø¡ J'e) dn -: T,^u*,-.Í(ftn,,n) I tt,¡çtt,;'f:¡, 

:

'l o1 t'

n, l,ìrile thc -$.ejo,lrt cocTficliellfs are
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Quadratur.e rules

_ !!:= 2!:(, j y)
12(m | 2o.)z

77lcnown lheotom oT Pea,tto and obbairL the follorving integlal r,elltrrsen-
l,ation of t,he rernaindet'

(3) R,r('w; ,f) : G,,,(t) .f"(t\ dtl

Onc. oltsclves that rve..(lan increasc the r.lesrce(z) to Àr -- r; incÌeeJ, if,'il ;;tä"Í¡"1'L,,, r¡",.,
of _exä,ctiless of fon¡r.lla

\rre havri

wherê ô,,, is t,he I'ea,no kelnol, cleiined b.y

l)

(4) G,1r¡ == 11,,,.(,ut1(,r,-t),.). --[rt,rl (,r-t), tlr -- {l /,,,.,,qr,,,,, * -, 1)u.

J ' ,Í1,

11'O,,, tlocs nol; ohir,ngc sign on (u, Lt), tllerr n'c cnn find al, once t,h:,rN

(li) 11,,,,(ta1l) - 1 .R,o(ru; (,¿),f"(1),u<1<b.
2

INcclordirrg t;o ¿1, I'csult, o1' !L'. l?opoviciu l2 l, \\.c c¿ì,tì give :l r.epreselr-
t¿r,tion fnr i;his lernaitrclel in l,clrus ol clividccl diffelonces of sec,on'd-oldor,
na,rnclv

l:Ì,n,(ut i 'l) == t|,,,('t| i c¿),1.\, trr, L,ti .f'1,

jli rve ¿ssurilo tlttx'u lì.,n(r.u; .Ð + tl rvhetterret / is :r, coltvex lluuotìon of tilst-
older', l,hat is having ctilferent Trom z,elo 

"all 
t,he clivicled cliffelences ol

second-or:der on ârìy tliplet of distincl, poinl,s from [ø, i,¡-1.

ll. tìbr illust,r'ation, let us consiclct' Tilst the c¿sc trf a Ììelnstr,ci¡r-
type oper:atol consiclelcd lìirst,, in 19ûÐ, in the pàper [-t l, lJi;s tloTined try

(B) lìi¡;2"(er) : -- !'!l: - 2ø, (1111 1 ø,)

(ì(m, | 2.¿_)z

i;ii:ïl,iJ"llJ;.îîïî,ïjJ'"lui,,l,î,,,1;'-rrr*s (5), (z) rLnri (åì) w. ¡ri¡,r ,vr.ir* il,<,

(e) i
J

,lñ{lÌ' -- --. -- ç
¡n, l I tln íir*)iI.f(

.t
.1"(1)

lll the spccia.l câsc 6( : 0 foi'rnula (g) r.er.Íuces tr¡ lhe folìoivjn{:

(l0)
l

I

J
0

f-l¡r lrri¡la t.hcst-. oPoratols, [:tr,l<ing lu,, lt],-. l{), II ¿lnd r¿r (r;) - 1 on
10, t L rù,{ì (1rìr r-¡frt*in thu l'r¡lk¡l'ing quadrature folmul¿t

) 
* 

-,,);r t"(E),

v¡llic 1o lho ljern.ql,ejn or,igirra,l opera,i,or. y'1,n.

lrrl.í llìisìrt'rl i. I ficr,3 [¡-v ll¡c l,ir,sr a,ui lrol, ¡ti t, rh.',r* \r,,â,s c()ns_i,rutt¡r, rrr,irisri<' rrrr'lJrorr, * putn-ìäiii';.ir, ri;",,,, ¡rrsilir.e ,1i*_

(ttî;:,f)(e,) : = T',*,,r,(r,)lf, _,íio , ' ,t ,. o r(!,: i) , ,,,(u',|,1 
T")J,

whero 0 ( ø. ( ß. i'ricire'a gl'r,err nari-r.legetiv<r jlrle.,J.c,i,, *hiro ¡,. r,.preseirlri;ï,äiJ";il ',*îlì¿i,;"''l' ii'if",'l;;: 'rhË riì;il;;,;Íïli ì,e,nsicin ,ory'o-

'P,n-,,r,(r), - { m -- t"\
\ t" J ''r(t 

7)n r t' 
'

I'llie case o(:, f.j =.. í) u;tr h¿1,v,* tilc op.r,ti,tor.ß y'.i,,r,, clefinecl b.t,

(b^,,.t') @): =="Ã,'r^,-(,)l fi_;o)f (:) r.f(!_1_l_)l
ancl thr¡ tr1:plo-rimation forrnul¿r,

Í(n) .=, (Iì,,,,.i') (c:) l- (il.,,f) (.r:)

hz¡s the de¿¿'r'eo of eriariincss Àr _= 1 .

l(t;) ctt; = ;; ¡ ,ir"r(l;

(6) ([P;,{',f\ (r.t) : :

whelc0{ø(pand

7r,,,¡,(rr) : =-,

j;r*,,,in)t(ii#)

fiù
ri,,( [ -- rr)"'- r

l¡

(' 'l 1ti

\,/('r) ctL; '-. I ; I
J ftù -l I ¿rl

ft,I
It,{ a -l- 1#d0(./)

'Dù p-l-

\{re fincl th¿r,t,
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Quaclrature lu lee

For the lomâindor of this lasl, formula the following oxpression
ha,s been givel :

(R^,,h (ø) =- - "(1-")- !1nr-, "'-'-' t
rùz t' ) X Pn-r-7'k (e') ((t - r)' ç',,,(J) "' .-'Ív':) G)qzrhtt 

eitt ! ))1.
l"ot' ploviu* ,ï],1 ilrìs t1rrirch,.r.lr',e 1.*r.,trlll crll lle.lri .. .,,,

ì,ilÍ;,;'':,iîl;i*',1,ï.i¿,,'ì''' "o'i nïì"1ì'i,'i,ìü',rr. ter',i1,,iur,,,1,uìJ,'ì;;1,'ì'å,i*ìf

1il

.t\x') =. 5) g^(.t').fi,.;*) _l
)|,t)

la'hcrc, it ¡l'e ittBunic thal, .l,e Ç2,,+z (_1, l), rre har

)- lr¿(rr) .f'(t,o)

79

l*' ,',1,' 
!'l-\ ; t] + .1"' h*r /cfr-l-l

'l) 
*

0

nn n't,

.- *i-="r),,-,,¡ rol", #, J"*-,/]I :
: - fr + {Ïl)l it\ - t) ç"¡v¡-r-nt,- 

) ;-J \c)'

Ily using 1,his opt,r'ator rve can construcl, l,he follorving cluadraúu.re
folrnula [5] :

1

!ri*l 
n" '= (* -,;rI,- -,-r nl-Ð,,,,,-'-A + 1) ri#) t-

tlt-f fl

1-@:2r-l 2)fif + E Qt-rl-1)/h

nù k:w-f + L
r¡Áa) ..=

rz+: (1 _

þ::,y!!:)
l ..-. .ll

þn t ), 
t' (:t' :tt)

- -!- f1 1r(t' - r)1 
r',G),

72 m, | ,nù 
-l

which in the c¿ìse r : 1 reduces i,o formula (10).
4" It is a surprising fact that b¡r using an approximal,ion formula

try means of a special linear positive operator, which has the clegree of
exacl,ness of only fV : 0r we c¿ì,n construct a cluadrature forrnuLa having
a maxirrrurn clegree of elia,ctness : 2rz f I.

Indeecl,let ris take la,bl : i-1, 1l and. bhe rveig'Jrt fuucbion w(rr) : :
: (1 --r)-tlz, and consider the approximation formula

(11) l@) == (Ir**tl) @) * (Ilr.*tT) @),

It,r(c) .=--L "{ ll'",,,,(n)' (rt, -l- t¡,,';-;'
On the oilrer halltl, it is linonn tlia,t

(loilccrninp llìe lprr,.ri.^,t,.., :t j*sively rrìe l'eûrâinrrer', ìt is easy tr'¡ sce that n,e .an rvr,i1 e stlcces* 
-

o - üt

where E2m+y is the operator of Ilermite-Iìejór, defined by

(rt,**,h@),: 
*q,,t 

--r,, t;)( *fiþ_ 
^-)'1@ù,wlrere 'I.t^or, (æ'¡: : cos l\n * 1) arc cos r] ancl the nodes are l,he zeros

of this orthogonal pol¡r¡eroirt of Tchebyshev of first kincl. By using for-
mula (:f-1) we arlive a1, t,he Gauss-Mehler c¡uaclral,ru'e formula

1- 
ta,at¡-¡ta^t 

u(E)

,,,n.r**5ir,Ï;["t;":]Ll':lïlr;i i,ï; ri,:r,1,'í,;1;¿;;"1*{' A1( ' t,tî,:\" usir ¡¡ as,

p",(l) =: i
J j rinL'qt;./] tle; .=-

Ì;\ffi^.
(L2)

zli+7
2ml2 + P'(/),

1

'tc

+nx
/(

n

E
è-0

(-- 1) tr)-arSf]1x¡ : (I J- et)'t
2nr.rt, (m + 1) !

[(1 -' ¡6¡"'*t'* (] -l- n)1ntt.ßJ('n+r)..
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Quat'lrature nrles
We have 81

(1j'.1fi?,,/) (n): : f ø*(ø) p,r@) T(n^,r\,
,t-0 (15)

I'he rem¿linrler is given l:y the tormula

RÍ;,ß)(,/.) :
If hero

{*(nl - gli:t\n): 1 - 
¿ - Þ rL (ø * I * 2) rz þ - nu\

r-n?,.
- zzmlü ¡. þ.t. s ll( ttl? 1l

l(2rn-13 ,fQo'*Ð(E).

fu the suecial 
_o¿ì.\e 6( :.g : _ l12 ftre,_ qrndr,ature formula givenaú (tJ), (14), (iõ) reduoãsì"-f¡- riu'r{s-uur,ti" tor:-.ìia 1rz¡.

antl

p o(n) : pg:Î, @) : T"_#.;ffi^,
If l,he l{etmite-Fejér operatcl I$iflris appliectto thefunction q,(

:(n-t\z., it follows that for any c( and p greatel than -1 we have

QÌtii:l' ç,) (n) : o*ilì' lJli'fl@n',

R Ii I,'ll R Iì 1r¡ 6 ¡; 5

¿)

|"1 I
1. tf. L,ochcr, l)¡rIJrr.r__ioã.- !'ertn*e-Itejér interporulìon ar Jacobì zeros, J.ÀÌrpro¡.. .r.'eo.r,y 

41 (1gg5),

:::!iix"iï:i:ffiîiîii
tl 

,b!l ,ttsit.tg ccrlain !ìttenr.posilíue olteralors.
:.1']:t..ql:rwotfach, 1e8 l',,,.i. Cl. iíi;,ì;;iì-rrser, 1982, 247_2rú.
neans oI a neu generalìzetl l3ernslein ope_

o fnlt u.nc t io ns, Wor.ìcl Scien tific, p ubl. Comp.
. ltaûr. Soc. Coll. I)ubl., voì. 23, providençe,
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u'l-tere

o!Tî?r;:*l'(: f 2) l(þ i 2)'(m * a)lr'(m * "t þ*2)--0 (t) (za*co).
['0, * p + 4).1(m t "*2) l(ntl þ-12)

.{coording 1,o a 'well-known result of Szegö [8] the I{ermite-Fejér
operators are posiûive for all mø e [N iff max (", P) S 0, Therefore the Boh-
man-Korovkin theorem rnay bo appliecl and rve fincl tha,t

lim12.+r I:T,

]i

uniforrnly on [-1, 1].
In the book [7.] thore are mentioned sufficienl, cond.itiorrs for l,be

uniforrn convergence of (-É'ffi, l) to I e C l-1,11 in the case when rnax
(", Ê) > A. ,Lt the samo time one discussecL the possibility of reducing
this problem to the l¡ehavior of it at the enrl points of the interval [ 1,1-].

By usiug the opelator Fffiø|r, we can ìonstruct a qua,dlature for-
mula, using the Jacobi nocles, of the following form

t, 
,,(13) \ {r -')" (1 l- ø)ß f(u) an : i oß:Ê, .^n*,:P) .1- lt"i,ø)ff\,

J ¡:o

rvhicll h¿i,s the maximurn degree of exactness l[ : 2m ! 1'"
llhal coefticients can bc expressecl try the folmula

(14) t#:8,: ,

tho noclos boing tho zeros of Jffl (æ¡.


