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. The linear positive operators of interpolatory type enable us to
generate quadrature rules, with positive coctficients, for weightedinte-
grals, having different degrees of exactness.

Let (L) be a sequence of linear positive operators, where I, :
Cla, b] — Cla, b] is defined, for any fe 0 [a, b], by a formula of the follow-
ing form :

(1) () (@): = 3, uale) flwns),

where the notes %m,; are distinet points of the interval [a, b], while Gm
are  non-negative  polynomialg on e, b] for any % - 0(1)m and
m e . i i !

The operator L, is called interpolavtory becaure the values of I, I
are expressed by means of the values of the function f at a finite number
of points.

It is known that according to the theorem of Bohman-Korovkin,
the sequence (1,,f) converges uniformly to f on [a, b |y for any f e € [a, b],
if and only if such a convergence oceur for a triplet of »test funetions” .
from € [a, b forming a Korevkin system. The three monomials €y Ciy Ca
where ¢; () = »f (1 =01, 2), represent such a system,

2. By using the operator Ly, defined at (1) we can construct a guadra-
ture formula, for a weighted integral, of the following form

b : BT, T
() Jaw; ) = K (@) f(5) 48 = . A flan) + Rilies J).

where w is a positive weight funection, while the weight coefficients are
given by the formula : Awp = JdW; ¢uy).

It should be noticed that, in general, the degree of exactness of
formula (2) is at mosi one, since a linear positive operator can preserve
only the constants or the linear functions. Consequently, the degree of
exactness of the quadrature formula (2) is ‘expected to be at mogt N =1
In such a case, if we asgnme that J€C® [a, b], we can apply the well-
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known theorem of Peano and obtain the following integral vepresen-
tation of the remainder

T

(3),,-'¥tm Ru(w; f) — SGmm £ de,

i@

wheéré @, is the Peano kernel, defined by

b
(4) Gult) = Fn(w; (1)), = Sw(m) (B —th de — 3 Ay eltme — ).

fr=:0)
1t ( does not change sign on («, b), then we can find at once thab

(5) R(w; ) = ok Rt e0) f7(8), o < & < ).

&

According to a result of T. Popoviciu [2], we can give a represen-
tation for this remainder in terms of divided differences of second-order,
namaely

Ly (w; f) = Ro(ws ey) [y, 1y 35 [,

if we assume that I2.(w; f) # 0 whenever [ is a convex tunction of firgt-
order, that is having different from zero all the divided differences of
second-order on any triplet of distinel points from [a, b].

3. tor illustration, let us congider first the case of a Bernstein-
type. operator, considered first, in 1969, in the paper [1], B%® defined by

: By oy f (T
© (e s = Spman (),

where 0 § ¢ § f and

1
1 wepaf —+— o B 4
! Ao mertaale— ) —_— T [{(yx,: .
(7) S,f(r) da meiiie ,,+1f'\ IS B) | (f)

We find that
m + Ga(m ?c)_:: 28 (2mi—[§)

: : — 2e
s (e0) —0, B (o)) == 2% Raf(e,) == -
" (eo> (7 (61) ( 2 6(7)’14 + [3)2

2>(V"m +8) !

3 ;
N —t _Q_U_'d_dra_ture rules
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Oue observes that we can increase

v the (1() Te e 1] i i
7Y 1 N —1-inad s Legree of exactness of' for p
(7)to N — 1, mdeed, if we select B = 2«, then we hm;o s ffm'm]l‘l‘
8 ' .2 mo— 9 e
( ) ]])fl,l(l a(ez) L T 4(77(?}?47 (7)

6(m 4 2¢)2

(/01 Se ] uen u 5 acceldr < 3 Ui )
18e( 7 s [ 1 d T A_'O ' (8] 101 III“.I(L’C ) ; ]](] 8 W n Vilte [}1 i
t()l].o“r”[()' |||]'Lc(]l'dil‘1 ¢ r()[n”lla (t ), ( ) = ( ) i v ) {, —

1
(9) gf (@) do — L ¢ f( EM) _m—2a(mt )
\ e B rpe)m e et e,

In the gpecia, ' ‘orY:
¢ 8pecial case « = 0 formulg (9) reduces {o {he following

1
(10) S J(@) da == Ay v:‘”‘ ( LAY S
; mt 15 m) 120 1)

which corresponds to the Bernstein ori

N ldﬂ a pape published in 1983
Tucted, by a probabilistic met] :

N . babihigtic method, g Beinstein-tvne 13
rator BLE defined by 4 i Demstein-type line

ginal operator £,,.
by the first author [6], there was cons-
ar positive ope-

(B-)c;fﬁ' I (®): == ”ﬁij?f)m— v :(0) r(] - ) /(L,"’a ) b ar(i{{gti_%‘a
; m - )

(\\Vhel e O S o < B, rbeing a given noun-negative
& natural number such that m > 27, The 1

mteger, while m represents
mwials, are given' by

indamental Berngtein polyno-

{m —p
k

'pm—r,}:(-’l') HES

) ./L,k(l v m)m.,r_lx'.
In the case « - £ = 0 we have the operatorsy

n-—7

(Burf) (2) 5 kXia Pm—r i (&) [ (1—w) f( ]‘.’) + a«f( &t__’f“_)]

n

and’ the epproximation formula

f(®) = (Buy f) (%) 4 (B f) ()

has the degiee of exactness N == 1,
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IFor the remainder of this last formula the following expresgion
has been given :

\Rm rf) ( ) I ) (lmzw) {(’m”_’l‘) N'%_l Dot b (a)) ((l a x) '
{%EﬁiiJ} ofmdtr, BETEL )y
" m m

By using this operator we can ‘construct the following guadrature
formula, [5]:
1 r—1
Pl
A

1
A Y
(m —7r+1)(m —r+ 2) L+1)tﬂ

Sf(m) do =
e e i )]
i +L;%qﬁ%»

which in the case r = 1 reduces to formula (10).

4. It is a surprising fact that by using an approximation formula
by means of a special linear positive operator, which has the degree of
exaclness of only N = 0, we can construct a quadrature formula having
a maximum degree of exactness: 2m 4 1.

Indeed, let us take [a, b] = [—1, 1] and the weight funciion w(w) : =
= (1--2)~Y2, and consider the approximation formula

(11) () = Famar ) (@) + (Bonr(f) (2),

where #,,.+; is the operator of Hermite-Fejér, defined by

Tm+1(x) 2
(m+1ﬂw—WQ)ﬂ%L

where Tpey ()1 = cos [(m + 1) arc cos x] and the nodes are the zeros
of this orthogonal polynomial of Tchebyshev of first kind. By using for-
mula (11) we arrive at the Gauss-Mehler quadrature formula

1
f(."t') dx o w '_‘k_—i—_—
(12) SVTITﬁ*erlkgof( 2m + 2 )+ 1A

im

<mwﬁm:=*uv%m(

k=0

' Quadrature ruleg ; I
leuidett - 79’

where, if we aggume (
T WE dEsume that fe gzmez o
g (—1, 1), we have
YR LTy
| dEL N om 2)!
For proving that thig

the o
[ i operator ¥, .. e
1ing  double nodes :

quadrature formulg can he ol

can gtart from {he ““1111110 ained bv US]I]U‘

mielpolahou formula

wm

ﬂmxﬁmmﬂu~zw1 (2)

koo

T @ e a

where Sl By g e,
W) E=i T () — ) (35 @), '
_r],.(m):[]_»»-»(:z:~-:U,‘) ILI;(Q—) DEx), h(a ‘. e
'u.'(ﬂ‘x-):, i @) e (i — ) 21Ny T— 4 -Lv——
Ry choosing U(L) =z D=7, gExgen (@), we obtain i ;
““t@fﬁﬁ““““@#f@a
hi(a) == 1—\*7;‘3 Tj"”ﬂ

(m )2 X —

On the other hand, it is known that

= ¢ (Oltouonqhh)

. R i :h e TIell ain o, ) i CAR A" See we
i /») } = 1a1 (1(], ]1/ 18 ,a.,'_ 1.0 sce 1]]31 we ¢

1

Pmlf) = gV?_tj(i)— [a,

an write suéceé—» )

0 Foy &1y &gy oy Lty Wf1de =

1
== 2m 2) T-;Zﬂ | 4 ‘(2m
(97n+o)vf )= Y S‘EVTLL—gdm s JERREEY
it To % 22741 (ony -+ 2)! '

5. Now let us congider 1he

L e gt Heimie-Fejer operator (@9

Sz = Lo,k of the Jacohi POlyn(HTU‘MS CEg UEi]?g‘ ?lSi.
= LT — gy 1 gy

J“”B)(m)
2"Hfm 1)1

M1
i w)1n+14.« (] "J' m)ﬂuh{.{a](m.pl)
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‘We have

(L S) (@) =Y gu(@) PU®) f(@n,),

k=0
whero ;
.I A a—{j—-{—(“+ﬁ+2)mk(wﬂwk)
9:(%) ngg,’k))m) =1 1 — o

e 8 Jef (@)

pul@) = pP(@) = o

(.’1;‘ s wm,k) Jm+1(mm"‘)

If the Hermite-Fejér operator I, is appli?(i}c 1t;o tvhi gug;}énggv%(ﬁ)l] :
= (v —1)2, it follows that for any « and @ greater than
| (PG, ) (2) = o2, 58 @),
where ,
6 P(a+2) DB 4 2) (m 4 @) 1700+ 2 842 (11 (o).
= e M B LD Tt a2 Tm 1 81 D)

Acoording to a well-known result of Szeg6<[8] '}11116 rgg?r:;%:%egﬁlj
0 eral;m:s are positive for all m € N iff max (o, B%_ §d(£o'h at e
nfan—Korovkin theorem may be applied and we fin .

lim iy f =,

=00

uniforﬁilyth%nbgglg’[% '}'there are mentioned sufﬁc'ien;’vhgoudsiziovrvlls1 eil’;)r nﬁli
ni , £ (F&®, f)tofeC [—1,1]in 6 ca )
?mfg];n; c(;) nﬁr%ﬁcis;mé tzirﬁta one discussed ‘.ohs p?isﬁblil;&}érgg 1r([adu101{1]g
i ior of it at the end points of the al [ 1,1
ohis pg)bl?lrsl;l:go :ﬁg lz)(;}le?;}ﬁ?)i Ong‘,ﬁ’l, we can construct a quadrature for
mula, uixing the Jacobi nodes, of the following form

i ¢

\ & @ (c,3) )
L—o) (L + o flo) do = ¥, AP flald) + RGP,

(13) Sufm»(14 of fia) az ~ 3,

i

ich has the maximum degree of exactness 1

wmch’.ﬂ?%?coefﬁcients can be expressed by the f01mu1?, .
9%4+8(2m 1 1o - B - 2) Ti(m 4 o 4 1) I‘(m‘-:—mﬁ +1)
C A1) T(m + o+ B+ 2) JENay) JEB ()

(14) Afp =

the nodes being the zeros of J& ().

7 Quadrature ryles 81

—_— i SR TN |
The remainder is given by the formula

(15) RSP (f) =

= grmsaings L(M+2) Dim4-at9 ) D(m+ B+2) T'(m Tatp+2) feemin )
L(2m-+3) D(@m+ a4 p+-3) L@2m+o4-844) '

In the special case o =g — _ 1

/2 the quadrature formula given
ab (13), (14), (18) reduces to the Gauss—Mehler formula (12)
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