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SOME REMARKS CONCERNING THE MORSE-SMALE
CHARACTERISTIC OF A COMPACT MANIFCLD

DORIN ANDRICA
(Cluj-Napocea)

L. Intreduction. Let #7™ be a compact m-dimensional smooth mani-
fold without boundary (OM = @) and let F (M) be the real algebra of
all smooth mappings § : 3 — K. For fe Z(M) let us define the erdtical
set of fby O [f] = {peM :(df), = 0} and the bifurcation set by B [f] =
= f(C[f]). The elements pe ¢ [f] are the critical points of f and the
elements of the set B [f] represent the eritical values of the mapping f.
Recall that a critical point p ¢ C [f] is non-degenerate if the bilinear form
(A% )y s X'p( M) X T,(M) — IR is non-degenerate, i. e¢. there exists a
chart (U, ¢) i p such that the Hesslan wmatrix  H(f,)(o(p)) —
= (0%, (021927 @(P))1<ciem 18 invertible, where f,=foo ! Notice that this
notion does not depends on the chart (U, o). Taking into account the
well-known Morse lemma (see [4], [6, p. 199]), it results that for u non-
-degenerate critical point p ¢ C [f] there exists a chart (U, o) with f.(2) =
= flp) = I P (@}|? + | P (z)})* for any point pe o (U) < R™, where
P~ and P* are projections on some subspaces of ™. From this vesult
one obtains the following decomposition of the tangent space T,(H),
To(M) =1T,(M)® I7(M), where T (i), is the maximal subspaces
on which the quadratic form (d¥), (X,, X,) is negatively defined.
The number k(p) = dimrT,; (M) = dimrImP~ is called the Morse
wndew of pe 0 [fl. 1t is clear that 0 < k(p) < m and from the proof
ot the Morse lemma it results that k(p) represents the number of
the negative cingevalues of the Hessian matrix H (f,) («(p)). It is not
difficult to show that the non-degenerate critical points of f are isolated
in the eritical set C [f].

1.1. Definitien. If the set O [f] contains only non-degenerate criti-
cal points, the mapping fe F (M) is called a Morse funetion on M.

Let us dencte by #,(M) < F (M) the set of all Morse functions
defined on the manifold M. The following result is a basice tool in Diffe-
rential Topology.

1.2. Theorem. For any finile-dimensional compact manifold M the
relation F (M) # O holds, i. e. there eaisis  Morse function defined on M.
For details concerning this result we refer to the excelent book [4].
1t fe 7, (M), the critical set € [f] is finite because it contains only
irolated critical points and the manifold M is compact. Denote by p(f)

the number of the critical points of f with the Morse index k, 0 < k < m.
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Consider Hy(M ; IM), k = 0, m, the singular homology groups with
the coefficients in the field F and Bx(M ; I) = rank He(M; 1) =
dim H(M ; ), b =0, m, the Betti numbers of the manifold M.

1.3. Theorem. If fe Fu(M) the following relations hold

wi(f) = Q,;(M . F), I = 0, m (weak Morse inequalities)
g?x (—1)Yue(f) = %(B) (Buler formula)
k=0

Tor proof and applications of these very important relations we
vefer to the book of Palais, R. 8., Terng, Chun-lian [6, p 213-—222] or

Andrica, D. [1, D 71—-80].
1.4. Delinition. A M_ox:ig function fe F (M) is called F-perfect

it () = Bu(M 5 I), Kb = 0, m. '
| The oxistence of an F — perfect Morse function on the manifold

M is an important problem with many topological and geometrical con-
sequences.

2. The Merse~Smale charaeteristic and the numbers v M)

If fe F (M), let w(f) be the integor number defined by

uW=§Mﬁ | (1)

Tt is obvious to see that u (f) represents the total number of critical points
of f, i. e. the cardinal number of the set ¢ [f].
2.1. Definition. The number
v(M) = min {p(f) :f€ Fn(M)} (2)
ig called the Morse-Smale characteristic of M.

In the paper [2] it is proved that the Morse-Smale characteristic
is a differential invariant of M, i. e. if the compact manifolds M, N are

diffeomorphic, then y(M) = y(N).
1t is known [2, Theorem 3. 1.] that the compact manifold M has

F-perfect Morse functions if and only if
y(M) = B ;5 F) (3)

where B(M ; #') = %] Bu(M ; ).
k=0
Tn an analogous way with (2) let us define the numbers v,(M), ¢ =

=0, m, by
vi(M) = min {p(f) :f€ Fu(M)} (4)

Tt is easy to see that the following simple inequality is true

(D) > ¥ i) (5)

=0
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2.2. Theoremn 1) The number (M) is ! )
the manifold M, i — 6;_7;_ vil M) is a differential invariant of
2) y(M) = Yn1—<f(]lf1r), i= 0, m.
2 ' N
by gl( }”;mf. J}) Let u; conmder\ the function @: F(M) - F(N) defined
Ry R P Py P IIETE P : N — M iz a difeomorphis Sy T
Wbl st e ablion fh, el BRI I Tl e
F (M) : F (M) > F (V) and pulf) = plfo 9), 0 = 0, m ey
W(f) = wilf e 9), ¢ = 0, m, for :
I;(I})I'lc‘;i_lon ]l[f e_-lf’/7 m(M )},_'It' is easy to verify that © [?3)7, w( M) i "(l,’nf:[tgn(y M(,n.sf}
i m{ "1))1 = ;l{ll /l"m(Mr)" wh(ere U F(N) > F(M) is given by )(ffz(/‘)l‘nd
== o g 5, 1L e e tunet Y UG (] sl ) B o ANAST PN - B b4) =
F (M) and &, (N). chion O 1, (H) is a natural hijection hetween
Uring these properties and the resy :

. e ST OLEL BIGHT e results contained in [2, Lenime .
;ilfh}l'nnffln(?m | 273] _oue obtains y (#) - ll‘Ei:I“(;('J 1(1}4]')1.“’»/";‘;/;“(1'1{;)?' ’
=— T I‘Lf‘ o (P :‘ c Jl,m y‘l 1 3%y a | / e . = /lli't L S .m A ¥ L=
tge y.nr(N)} = Yf(]V) (1 )J o ”J"(()(j)) ) / C“(/—‘m(ﬂ'}' )} == INnin {‘l),ifj) 3

2) For a Morse function fe %, (M) ;
e WUBIKEL c F (M) the mapping h — b
e 45 L b e pIg & == —f satisfies
?111116;7 iV%altl()Olfltblnﬁ; 5:"'-(}{9)7 and “p(f) = pa(h), 7 =0, m. Therfef:)ré fls:

& / M i ’_Oil_vf(? ¢ -;n(ﬂ'[.)’ w(f) 2 vwo (M) and consequently f.(j{);
iL/' I‘{mv_ -’l(t g )’/ b :M?’ m. Replacing ¢ with m — 4, from the above ineq 1;' 1i o

esults yu—(M) > vi(8), 1. e. the desired relations hold. Fiane

3. The numbers v, v; ¢ s T ;
: s v, vi on the produet manifolds. Let M™, N®
compact manifolds without boundary (M = ()( N( & -}/}L)t M™ N" be two

‘3.1. Proposition. The following relations hold :

1)y (MXN) < y(M) v(N)

2) V(M XN) < H%ﬂ, V(M) yi(N), © == 0, m-+n
. ”}"?-oof._l_)l (fousider JeFu(M), ge F(N)and b : M x N — [R given
tﬁruql ;T(,}.:,:;” _J(‘(f:;..)(ﬂ-; g(%). 1&1 18 easy to see that C[h] = C[f] x %’[g;'l
thus = w(fHplg). On the other hand, after a mentary s
it results that the Hessian matrix of & i?‘l ([;1:, (;1)‘[;; e

_ Hfp) | 0
H(h)(p, q) = e sl b e )

L0 | H{g)g)

i. e. h ig a Morse function on M X N. Taking intc T
1 the 5 Iy . Taking into account Definiti ,
ﬁlﬂd thg rel:atlon (k) = u(f) w(g), one obtains (M x N) < H-(f)eitnitt}gfi.l
oTse uncpwns fe F, (M) and g e F,(N). That is Y(M\X N)< ._‘f](M) (‘N?r
2) With the above notation let us remark that pi(h): 3 IH,( f):;k-( (])‘
tor any Morse functions fe &,(M) LG (7 i TN e 7 .
on of w(M), g € Fn(N). According to th T
fion oIit t‘he. number v; (see relation (4)), the desired 1’e13t?0113‘ foﬁo&ef!m—
is a natural and important problem to get {1 j 7
. . Y & L OE UL get the manifolds
;ﬁldlcv}]%’{se;‘iulsiy(\th& equalities in Proposition 3.1 (see K U]_;é‘lf%qu];f ;[l;;
. Ras S L " 0 s Sk . ¥ .'LJ oLy "‘," L.
LA ssiag, G. M. [9]). A sufficient condition is given in the following
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3.2. Theerewa. I{f M™, N" are compact manifolds withoui boundary
(oM — ON = @) which have F-per. fect Morse functions, then (M X N) =

= Y(M)y(N) and vi(M X N) = Z (M (V) © = 0, ), m + n.
Procf. Taking into account relatlon (3) it results v (M) = B (B ; &)

and y(N) = B(N ; I). Consider P(t; M,F) =3 B,(M; I, P (¢5 N, F) =

p=0

—-Z Bo(I 5 1), the Poincaré polynomials of the manifolds M, N. It

mt-n
results P(¢; M, 1) P(6; N, ') =%, (Y] Bp(M ;87) B(N; AM)t*. Because the
k=0 p+g=:Fk

homology coefficients group is the field ¥, from the well-known Kunneth
formula, one obbtains
HM XN ; )~ , @ (Hy(M; F)YQH,(N ; F)), k =0, m +n, (6)
p-g=k
(see for example [3, p 108]). Taking into account (6) the following relations
Bu( M X N ; 1) = }] pp(M I)B(N; F), &k =0, m+ n, hold i. e. P(i;

M, NP, N, F) = P(L M XN, I"). On the other hand it is not dificult
0 show that the manltold M ><N has F-perfect Morse functions (for exam-
ple, if f € F (B), g € F,(N) are I-perfect, then h e F,(M X N), b (@, y) =
= f(x) + g(y) is lf‘—per:fect too ; see the proof of Proposition 3.1). Using
the equality P(1; M XN, F') = P(1; M, F) P(1; N, I') and applying
relation (3)for M, N and M X N it follows B(M X N ; F)=B(M ; F)B(N ; I"),
i e Y(M X N) = y(M)y(N).
The second equality follows in an analogous way.

3.3. Covollary. Let M™, N" be compact manifolds without boundary
(OM = 0N = 0), m, n > 6. If the singular homology groups H.(M ; Z),
Hy(N ; ZZ) are torsion-free, then v(M X N) = y(M)y(N) and v((MXN) =

=j+;:iw(Mm<N), =0, m+m.

Proof. From [2, Corollary 3, 4.] one obtains that 3, N have @-perfect
Morse functions. Using Theorem 3.2, the desired result follows.

3.4. Remarks 1) Taking into account the equahty v(8™) = 2 (see
[2, Bxample 3. 6]), it follows v(8™ X ... x8™)=2". For example,
if T — i ... x S is the k-dimensional tor us, then Y(l”‘ — 2%, Using,
the second equality contained in Theorem 3. 2 one obtains v,(71%) =
=0}, t = 0, m.

2) Under the hypotheses of Theorem 3.2, inequality (5) becomes
an equality, i. e. a partial answer for another problem of Rassias, G.M.
£71, [8] (see also Andrica, D. [2]) is obtained.
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