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Ì)Otl lN,,\¡-I)I{ I (1,\

((l.llr i-Nlp0c.r)

lïrr('ci\.0(l 1.Xt f . l ll(.ìl 1. [rtôl'otl¡¡,rtic¡n. Lc¡t ,ilf"' btr il cìot]lp¿rcÌt ??¿-diute,ùsiolÌal smoo¿h rrì¡lJìi--
folrl ri'ii,hout, bounr'l:¡r)- (dl]lf : Ø) ¿rnrl 1e1, fr(iH) ì-.e 1,lre rLìal alfìel)ïa ()1,

a'il snrooth nâppingg J : nf -, [k. tÌor' .l'e Ø(il ) Ie1, rrs rlollirre t'l'te u'iti,cal,
sü, of 

-Í. Pf C_Ul 
' 
({), -- 0} f Ì;¡, B [/'l =-: /(CtJ'ì). _The e o l./l .àÌ of 

'/ anii ihe
olernents of tho epl esetÌt, tlÌ e rìia14:ir¡g /.
Pueoall 1ìrab ¿r, cl p e C lJ'l i:: niline¿¡i, f,öir
(ttf)r, : '-['1,(l[) x :I'1,(il1) -, ßl is non-dcgcnera,tLì, i. o. l,het,e o_xiiìt¡ì a,chalt (tl, ç) in p .qrich t,ha"t, 1,he l-lessian uìrìtljx Ii(./*X p(.p)) -=
:(ð:¿JÇf0!a.i(ç(p)),.,,,.,, iF] inver'1,iLilc, \\'hcr,e Jr-J.,g--i. Notrìce 1,hai, 1;his
notion tlot';s ltot dellends oIÌ 1rÌìo chzrrt ({I , ?).iJl:i,l'il¡¡' jlr1,o l¿<tcornrl; l;he
\vell-l(nor4'n Þlolse lcmma (riee [4], f6, p, .t9g'l), i1; r'cstìits t]rat {or rì rìor1-
-rlegerrei'a"1;ecriiical poin! ,p e C]1./l there exiits rì clìarÚ (d7, ç) with /*(e;) :
_'Ï(f) --1]f'-(r)ll'+.ll P'(u)ll' for' ¿Ìny point p€ e (U) = B,t,',,"'ivhert,
-t-.'j- anrl Pf ale projeoticns otì sonìo "su'bFrpaces of ft',,. Jtloltr íhi,s ltsull,
one obtâilìs l,Jr<¡ foll_c¡ving decourposi,tiorr of ther 1,a.n ,l,t(lr[),
T'o(M) : 1';_(tu1) Ø TlQl:t ), wìrele 'l'; (Ì[), i¡i 1ùe ubspaceúon rvlrich the qu¿ìdt'atic Jlolm (tlzJ'), (){r,, .\.r) is defì1erl.
Tllre nurnber k(p) : tìirnnf'; Qlf ) : rlini¡ifun,Ir- is callecl tho Åf r¡rse
inll¿n_ ofl__peC-lÍl.lt is cleal thnt 0 < /c(p) < rz¡, aucl fr.orn 1,heprooj,of the lfolse lemrna i1; Ìesults thai, /i(p) roplesents the lLurribtjl of
t,lre.nelgative-cingevalues of tho Eessian matrix rr (Íà (,!(p)).rt is noi;
cìifficulb to shorv that -bhe non-tlegt'trer'âtc crit,iciìl poiiLts of 

./ 
âtc i¡;olat,e¿

irr the clil,ical set C l/1.
1.1. Ilelli¡rltion. rf the set, û f/l contains onLS' elate uriti-

cal points, the mapping f e 9(lti|) is caiLed n l\[arse n ],t.
T:et us clenote by Ø,,,(M) c: .ç'(1t[) the st¡t of funcrl,ions

rlefined on the manifold M.'lh,e fo1lov,,iu.g; r'c;ult iü ¿l l¡a,sic bool in Ðiffe-
rential llopology.

retati, 'ifrirr,'Ti". ':''if:,::'îir::, ilr.
cerning 1,h left',r to the e t4.1.

11,f e Ø,,,(M), the critical .qet û f,/l is finitc because it, contains onll¡
isolatecl _critical-points and the manifóI1l lll i.';-colrl-ract. Tlenote ¡y frr(j)
d;lre number of the critical poini,s of J'v',ith tlic lloriso iircJc-r /c, 0 < i¡ < öí-
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Oonsiclcr Hr(M l lrt), lc - 0, !", the singulat homolog'y groups wil'h

blre coefficicnts i,i 'r,itó' {ieltl j¡ '"ncl 
P*[¡r;-[') : ranlc tIr(M; il):

dimn%r(M ; It-), tc :n, 'nn, the lletti numbeÌ's of the manifoltl /l'

tr.3. '['heorcm. I/ f e Ø,,,(1W) |'he lottowinq relations hold'

v'r(J) >- p{M; I), h: :0, nl (toeah Ùt[orse inequal'ities)

m

[ (-])'i-,*(f): xQI) (Duler formula)

î¡,or proot ,"i an9ta"rt*o: of.these very-r.mpol^tant relations we

refer to the t¡ooti 
"= 

*t;'n". S., ;rò"ng, Ctrun-liañ ¡0, p 2L3 --2221 ot

Àt.Ott"r, Ð. [1, P 71-80]'

l-.4.,DeìÌi¡rîtio¡r. A S9I*9 funcl'ion f eØ'*(M) is calletl n'-per'fect'

if ¡rn( 
^roÄ,\ 

perfoct Morse function on the manilold

M is blãm with -"o1j topological and geornel'rical con-

Eecluerrceß.

2. 'fh¡,r iÞ'lol'so-Sm¿tle charaetei'i'stie anal the nuinl¡ots ^¡I(LVI)

If /e -q*(nD1let ¡r(/) l¡e the integcr number defined' by

P(/) :Ër"(/) (1)

ltisolrvioustoseethat¡-r,(/)reixesenbsthei'obalnumberofcriticalpoints
åii, i. ;."ñ; õr"¿iou,r oo"i"nãr ór the set c l/l'

2.1-. llcfÍní-rlion. 'I'he number

{nD :min {rrf) : f e Ø*(M)¡ (z)

tia ot M'
inrt tlt" Morse-Smale characterist'ic
1t ttr" compact manifolds M, N ara

.l that 1'ho comPact manifolcl M has

nlY if

tQ() : þ(M; I) (3)

'where þ(lW ; tt'): fr |3r{t ttn)'

ffi .u^y with (2) Iet us d'efine the mrmbets v'(M)' i':
: ffi' bY 

tr(M) - min {r''(/) : f e ø *(M)\ (4)

Xt is easy to see that the following sirnple inequality is true

^(M)>Ëv,(¡rl (5)

2.2. Thcorern !-)_IÌ,, n,u,tn,bt'r .¡/ÌI¡ ís u., tli,fJe,ren,t,i,al í,n,t;ariønt oJ,

l-lta nanifold XI, i :0, nt,.

2) 1¡(M) : ^y,,,,(lÍ), i: 0¡ m.

.Prorf. 1) Let us con,qider the funci,ic¡n Ø: Ø(M) -, g(N) rlefineclby Ø(f) : J " 9, whcre 9 : -il -, :'lf is a rlifeo'ro'phisr' betiveen th;
rnanifolds -tV, rì{. Using the resnlt ol 1,2, Jr€nìnìzr 2. 3.1 it follorvs that
ql9,,'(M), g-r,(!!)-_9,,(N) ancl ¡r.'(/) : p'(./ " ?), i -: 0, 1¡¿,,f1¡¡.any Morse
function J e Ø^QL). It is easy to verify thntO 1 9,,,(II) i,s rine to öne an<l
(Øl ø^(XI.)):' :. tl Ø,!,(M); lvhgre 

,þ_t FIN) -, s(il) is given by ú (.rl) :
_ g-"_,i'.t, i._e. llrc [unctiou û |.q,,(j]t) is rr nr¡iru.al-Írìj,-,¡fi.¡iL ljetìiâu"¡g 

,,,( ll ) li,i rrl 9;,,, ( ÀÌ ).
l--sirrg tltcric ¡rlt;1;cr'1-ics atttl ilrt' t'r'r,r¡its r'ortainetl irr |2, J,enrn,t¿r )J. llairil Lr irlllu: :.;J. I ott(\ olrtlìiirs -r,(:it\ rriirr i:t.(l\ : i c.ø,.()1[\l

rnin .1i.r.,(.f ç) :.1-c 9-,,,(1'l))t -, rrìirr j¡r,({)(J)) :.¡c.Ø,,,(")i.¡¡ - rrriiì' lp"'l¡l,: çe Ø,n(N )l : f,(lú)
2) For a Morse function J e.F,,,(il't) the rrralipirig ir : __/ Sa,tisfies

tho relations i¿e Ø,,(il[) 
11rrl. ¡r,(/) : p, ,(/r]l i :0, n1. îher,efore, for

ilny lVlorse functio:r;f e,7,,,(Jl:I), V,(l) > "¡,,_i(il) ancl conscc¡rrently y,(l,I)>
.Þ y*-t(l[), i --9; rrr,. Iìcplacing i rvi,l] ,l - i, lrom the ¿l,liove irrequaiities
it results ^ín,-¡(M) > 1n(ll{), i. e. lhe clesil'ecl r'elations hokl.

3. Î'he nunll;ers .í¿ yr orl fhe prcrtluetr lui¡¡lift¡lds. l,e7; XI,,,, ry', bo two
eompact nanifokls r¡'ithoul; boundaly (}ipt : 0N :- A)).

,3.1. Fropositiotr. 'llhe follos'ing r.elntions hold :

1) ^¡ (xI x¡r) < r(r71) r(lv)
2) ^(t(lW x¡f) < 

,rE r,{lU) yr(rY), i .-= 0, tn,-.l-tt,

e_Ø,^(fu[), lt lt :,'lf Xi\r - IR given
I.1 i* e_âsy Cltt,) -= Clfl x Cls),
the other n elernentiliy caiculirs,
matrix of /¿

IL(h,)(p, q) :
tt(l)(p) 

I

I

0

flkt)kt)0

i. e, ]¿ js a Morse function on llI x-I[. ']lahin¡¡ iuto account Ðe{init,io¡ 2.1
an<l the relation p(/¿) : v.(J') u(o), one,¡btains ;¡Qr x Jrr) < rr(/) ¡r(.q)for nny
Iforsefunctions J e Ø,,,(M) ancl 9 e Ø,,,(N). Tha1, is ylll{x/f)ç j;11f.;111f).

2) Wiih the a.bove notation let us rornal'h Lhat, ltoQt): T) V,(l)V^Ø),
tor any Molse frinctions f e Ø,,,(M), g e Øn,(N ). r\ccorcling io the rlefini-
ficn of the nunlber' .,,i (see relation (rt)), thc rlcsired relatiotti Íollou-.

ft is ¿r, natural anrl important problcrri to qe1, 1,he rnanifoids Jlf, Jr/
v¡hich satisly the eqlalities in Proposi1,ion 3.1 (see liui1;er, If. H. t5l
and Rassi4$, G. M. l9l).Â sufficient conciitjon is givcn il tlie followíng
result.
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3.2. 'il¡oonerrr. ff M", N" a,re co'n'tpa,ct m'ani'Jolds xlitÌtout bounclarll

{AM :0N :Ø) whi,clr, lr,aae X'-perfect Morse functions, then 1(M X¡f):
: y(Ì{)v(M) ant[, y{r[ x N) : E v(a)r*(ll), i : 0, tn + 'n.

Pt'oof "l'akinginto acoount relation (3) it resull,s y(M) : þ(JUt; Ã')

arrrl 1(l[) : (](¡f ; l'). Consider P(ú ;lV,Il) : I Pr(Xl i7')t', P (f ;l[, f') :
þ =t)

1., ßì' s ¡rr e u k o, A. 'l'., col., Ilontolopic tcpolooy, "¿\lilclômiai I{iadó, RutìapesL, 19{10'

4. G¡illcnrirt, V., Pollal<, A., Diffct-cnlial 'l'opology, Plcntice-I-Iall, 1t174'

.f, lì., i p 
" " N. I-I., ùIí¡tin¡al Tolul tlÌtso'lttlc Cur¿;aluìc fol Intnrrsions, Inientiotlos rtraLh.

tû (1970),209-2:lÍì.
Ái, T)aiais, n.S., 1'crtr¡1, Cl huD-linn, {,'rilicnl PoiilI T'lrcoty atul SttbntuttifoülGctt'

iT rclry, Spl'inger- Vùrlaij, 1f)88.
?, Tì a i'r i å r, -C. ä'1,, )llorsc ¡'uncLions on tlillercnlìcúle nønifolrls, Pralrt. Akatl' Atbòrton

tr9 (1978), .197-201.
& Ìl ¡¡ à s i ri s, G. ù1., On llic rtott-dericnc¡ctlc oilical poinls of differetúial¡le funcliotts, 'I'amtkzrtrg

JL r¡l l\Iath. I0 (1979)' G7 - t-3.

$. *ìi a s s i a s, (i.. À'I., f)rr lln l,JoLse-Snialc cl¡ctacltislic ol ct differenlfublc matril'old, llull'
.il\ttsl¡aì. ùIaLh. Soc.2Û (1979), No.2,281 -1183'T

q==0

p,u(-N ; 1!')t", LLra l?oincarci polynomials of the manifolds þ1, N. It
¡tl ,t

ïesults P(t i M,i!) P(t; ¡f, ¿') :å., (r.F:, þoQl[ ;n\ pr(rY;,Ú'))fr. Because the

homology cosfficients gloup is the field fi, from the rvell-knowÌì Kunneth
formula, one obLains

Wr(M Xl[; È') = ;,-@o_o(trr(M 
; -F)ØH,(M; 1r')), tr : 0, m ]i n, (6)

(see for exarnple [3, p 108]). T'aking into account ({ì) thc follorving relations

þu(M xlÍ ; ?') : T þr1t; F)90(X ; I), lc : 0t n't, l- n,, hold i. e. P(t;
þ+ q:k

l[,It])P(ti N,î): P(t; Mx-l[,1]¡. On the otherhand it is not <lificult
bo sholy that the manitold M xN has /-perfect Morse funotions (for exam-
ple, if / e Ø*(M), g e Ø,,(N) ¿rs?-perfect, then h e Ø,n(M xlf), l¿ (r,E) :
: f@) -F gW) is /'-pertect, too; see the proof of Proposition 3.1). Using
the equality P$;MX¡{,¡7) :?(1 ;M,I') P(1;l['1) ancl applying
rel&tion(3)for flI,Nan.ù MxN itfollows þ(MxN; Xt):þ(Xf ; E)þ(N;1t),
i. e. y(fr[x¡r) : y(M)y(N).

ilhe socond oquality follows in an ana'logous way.

3.3. Corollary. Let, M", N" be aompuct mani,fokl,s uithout bounilar'g
{0M - 0N : Ø), m, 1r, }- 6. If tlte simgular h'omologg gro'¿tps H¡(}W ; l),
HilN;Z) ura torsion free,th,en ^¡(M X ¡f): y(M)y(N) and'^¡{}W xlf):
: E yr(1ll)y*(il), i :0, ,tù + "n.

i+k'=¿

Proof . From [2, Corollary 3, 4.] one obtains L}lat M, -ly' have Ç-perfect
Morso functions. Using Theorem 3,2, t'be desired result follows.

equalitY Y(Ñ'):2(see
12 * ) :2r' 

- -F or examPle,
if then y(?") : 2'. Usingr
th , one obtains ^fo(To) :
:Cr, d:o¡ wù.

2) {fnder the hypotheses of Theorem 3.2, inequaliúy (5) becomes
an equaliff, i. e. a partia,l answer for another problem of Rassias, G.M.
f7l, [8] (see also Andrica, D. tzl) is obtained.
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