REVUE IPANALYSE NUMERIQUE ET DE THEORIE DR L’APPROXIMATION
Teme 21, N° 1, 1992, pp. 31—36

SOME REMARKS ON CONVEX FUNCTIONS

SEVER S, DRAGOMIR and NICOLETA M. TONESCU

(Timisoara)

LoLet f: 0= X o R be a convex mapping on convex subset ¢
of linear space X. For a, b two given elements in ¢, we shall define the
following mapping of real variable F(a, b):[0, 1] - [R given by :

F%bﬂwr:éﬂﬂm%wL%M)+ﬂﬂ—wa+wH

which is well-defined for all 7 in [0, 17].

The next theorem contains some remarkable properties of this
mapping.

Theorem. In the above assumptions, we have :

() F(ab) (= 4 1/2) = F (a, b) (1/2 — <) for all = in [0, 1/27;

() 3,200, D) () =2 (0, B) (0) = Fa, 1) (1) <L IO,
1el0.,1]

(iii) int #(a, b)(1) = F(a, b) (1/2) :f( Lf—-g);
tel0.1) 2

(iv) F(a, b) is convexr on [0, 17;

(v) We have the generalised Hadamard’s mequalities [67] :

) f(i—}j) < gf(m +@—0)b) df < 'ﬂ%f_@;

0
(vi) Let pi > O with P, : — Y pi>0 end & are in [0, 1] Jor all
f==1

t=1,...,0. Then wé: have the imequality :
a-+b’ 1
1557) sm (5 Bo) <
(2) .
<§Epm@wm<&%¥ﬂ
Lng=1

which is a discrete variant of Hadamard’s result ; '
Moreover, if we assume that X = R and a, b e O, a < b, here € is an inter-
val of real numbers, we also have :

(vil) ' (a, b) 1s monotonous decreasing on [0, 1/2] and monotonous
tnereasing on [1/2, 1]; ' Wi
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(viil) We have the tdentily :

g_lf‘(a, by (t) dt = --b—}——— gf(a;) dz;

(ix) The Hadamard's inequalilies hold, e. e.,

j(_“_i_b_ \) PR WL Sf(l) de < _(f“_)_gf_(_),

\.
2 b —a

(x) If f vs differentiable on [a, b], then :

F(a, b) (1) > max {f(a) -+ 2 (b — a) f(a), f(b) — (b — @) f'(b)}

[N

for all ¢ in [0, 17; _
Lo (x1) I}f@fs as in (&), we also have :

o) LI bmie gy iy,

> 2 2

= £ =

Proof. (i) A simple computation shows that :

Wa, b) (= +1/2) = D=4 1/2) @+ (12 — =) b) &

+ f(1/2 ~ T @ 4 (5 4 1/2) 0] = Pla, ) (12 — =),

for all < in [0, 1/2], which proves the statement.
(ii) Using the convexity of f we get :

: - f(a) + f(b)
P(a, b) (1) < ; [4/(0)+(1—1) J(B) +(1~) f@)+-4f(B)] =T
for all ¢t in [0, 1] and ,
fla) + f(D)
(e, b) (0) = F(a,b) (1) = /L(“)Z _____________ .
i oves the assertioin.
Whmh(i?il)()I;‘;bﬂtlgccgli:rzxilg} of f we also have:
o+ (1-0b+ (Q—fafth] “_"*;ﬂ)
F(“r b) (T) = f{ta + (—__..)...._:2_. Vi LS J ~_JI‘( S

for all ¢ in [0, 1] and

a - b
Fa, b) (1/2) f( ’; )

which shows the statement.
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o (iv) Let o, B > 0 with « 4+ B =1 and ¢, ¢, are in [0, 1].
en

T(a, b) (aty + B1y) — % [t —) 1+ Bte +(1—1,0)] 4

+ f(all—t) @ + 651 + B [(1—1,) @ + ] < % [af(ta -+ (1—8) B)+

+ Bf(tea + (1—1) b) + of (1—1) & + 1,0) + BA(A—1tp) a + t,0)] =
= oF(a, b) (1) + BF(a, b) (1),

which shows that 7 (a, b) is convex on [0, 17

(v) ¥ (a,b) being convex on [0, 1], it is integrable on [0, 1] and
by (ii) and (i1i) we get :

1

f(“—;ﬁﬁ) <§F(a, B () dt < &"‘)—ﬁi@

Since a simple calculus shows that

SF(a, b) (1) At — S flta 4 (1—1)b) &,

the proof of inequality (1) is finished.

(vi) The first inequality in (2) is obvious from (iii).

The second inequality follows by Jensen’s inequality applied for
the convex mapping Fla, b).

To preve the last inequality in (2), we observe, by (ii), that :
a b
Fla, v) () < LOHIO)
2
for all ¢ =1, «++y M By multiplying with p; > 0 and summing these

inequalities after ¢ to 1 at 7, we obtain the desired inequality, &
(vii) F (a, b) being convex on (0,1), for all #, > t,, with byt € [1/2,1),

we have:
(B0, 0) () — Fla, B) (0)/(ty — 1) > B'(a, B) (1) —
L %‘f [0 =t @+ ,5) — fi(ha 4+ (4 — 1) b))

Since e [1/2,1), we have A—t)a + tb > t,a + (L—2,)b and
because f; is monotonous increasing on (a, b), we deduce that :

Ji@a - ha -1, b) >filtia + (1 — ) b),

i. e, F (a, b) is monotonous increasing on [1/2, 1) and, by (ii), also im
[1/2, 1]

3 — ¢, 3449
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The fact that F(a,b) is monotonous decreasing on [0, 1/2] g0e8

likewise and we omit it.
(viii) It’s obvious observing that
1 b

gf(m 41— ) dl = o gf(w) de.
b—a

0 [

(ix) Follows by (v) and (vii).
(x) Sinece fis differentiable on [a, b], we have:

fila +(1—Db) > fla) + =) (B ~ O f (@)
f(L—t) o+ W) > f(@) - Ub — @) (@),
for all ¢ in [0, 1]. Summing these inequalities. we get :

—

meuw>ﬂm+ﬁ35¢m»

Mhe fact that:
ﬂmmm>ﬂm—9;“fmJeWAL

likewise and we omit the details. )
(xi) It’s obvious from (iii) and (x). We omit the details.
Tor other inequalities for convex where further
references are given.

ations. 1. Let (X, [l 1)) be a normed linear space and z, ¥
X. Then for all p > 1 we have: '

goes
functions see [3—6]

2. Applie

be two given elements in

» 1 « !

2E8| < 2+ 0yl G0+ IS
for every t in [0, 1] and

lla)? +Hyll®
2

1
I1p all? o |12
‘ _“f’_j_”_ _é‘S”tm_l_(l_t)y“'p (UgM%h—yL-
- | L‘ ] et

Tet pi > 0 with Pu>0 and tc[0,1], 1 =1,..., " Then we

have the inequality :

4 17y 1 2 1. 'p
! = T 1ti - l — P ._‘ ztz ‘
S U(P 27 )m F( 727 )y\l =

e i ) 2 ni=1
QW@—j;ﬁ%ﬂ”+fiip”JM1<i‘ipmmmul;mmw+
_Pn i_;_l Pzz.u':l : 2Pn = : ‘ I
Llatu e+ nyp) < 12t A

for all », y in X.

1&

£on_vex functions

If we ass :

o 2 askurme t]][{t XY Are .

we also have: 7, ¥ are pogitive real numbers and p = 1, then
o ’

i . ! .
Y L2 A= (L) )’ + (A—0) @ - ty)*] >

} l‘né‘i)ﬁ .‘,L‘P ¥ _,?{ g s me A 5] 21
{ e (8 “moa) &l yfli — rg* (y — o) y""l}

for all.¢,in [0, 1]. . .
The proofs follow fr .
A et "f romn the above theorem for the ¢ y i
71 SR Sy o g s manp
< a < b. Then we have the 'inequalit,ies :" o S

oAb

> [(ta 4 (L) (1 ~tya + B > [ab

bo

for all ¢ in [0, 1] and
& - b \

——— > 4 ! =
2 > exp Sln (to 4 (1—1t) b) dt > [ ab (here 0 << a < b).

[t}

-.‘E“rOW’ l()b pt >0 .
+ ope = 0 with P, > 0 and d ,
ono has the inequalities : >.0and 4e0,1], £ =1,..., n. Then

etd ”('\ ?M) ey Ly
Pzt LA ( T ):l P h) /,,1.

'[(1 __»iilr~ é })5 i;) o _+ !: ", ., 14

'Pn o (1-)13 ;zll Vp! [!) bJ}

[ “ a3 2l
% ]H Lt - (L —t0) b) (1 —t) @ - 1 b)]j’i/?'}h[" SVas.

o

N

123 1 4
Finally, we also have ;

In{(s :
{(ta +X—)b) (1 V) a + th) " < min {111 a - i) Inh b—a
20 T 25 }

for alil‘lt@ [0, 1] and 0 < a < b.
The proots follow from the she
£ (O,};o) D Ry 5 i ;-1@ above theorem for the convex mapping
emark. If w " ! |
O1) SRk e choose 1+ (0, 1121 — R, /7) == — In (& (1 ~a)) or f
nements of Ky Fan’s |3 p *‘3«’9'))1 n‘{fiﬁ{ nay lobtagn Some interesting vefi-
the prialey o’ | ) 2 tand Horst Alzer’s [1] results considered in
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