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SOME REMARKS ON CONVEX FUNCTIONS

SIt\.t:-lì S. t)tìÂ(ìOttIR anct NTCOLE'Ì.A l\{. IONIiSCU
(f irn.isoara)

l. Let f :Oc X *[R .l-¡c a col^.er r]ìaÌ)Ìlinll on con'ex subset 0of,,line-ar spaäe -x. Ìror ø,.á ûr;'; gi;* crcrncnls in c, vc sharl define thefolloving rnapping of leát varialite 1,1,,, tt¡ , ¡0, ïl : R"given by :

F(n,, b) (r) : : )- nA. + (1-r) b) +/((1 _t) a+ ¿¿,)l

v'hich is s'ell-tlcfinecl fol all Í in [0, 1].llhe ne-xt trreorel, r:ontains' so*" re'la'karrre proper,ties of thisrnapping.

tr'hr¡¡re¡n. Irt lhe aboae asstun,Tttiotts, we hace:
(i) I'(a,b) (. -l l lz):p (a, b) (J lz - c) for ail ¡ in 10, Il2l;
(ii).,1¡p.lr(ø,1)) (t,):x, (s,, å) (0) : tr,(a, b) 1r¡ :Âgl_t&)./e[(r,ll - \--, '/ \^/ - Z ,

(iii). jrrf.Ir'(c, /r)(r) : F(a,I)) (t12) : r( t_t__b_\.
tcl(l.lr -\-'' "i \-/-/ -''\ 2 ),(iv) lr'(a, b) is con.uen on l0,Il;(v) Il'e hax,e t,he, generatiieá Iiådamard,,s in,qt+alitir:s [6] :

(l) r(trt-{ ) - 5

(ti) Let ?t Þ A *¿in 
j,

Í(ta ¡- (1-r) ¿l) d¿ < .f(a) -l b).
2

1

: y p, '> 0 anrl t¿ (rïe in 10, Il for a,lt
L

.l
) , b. Th,ett we haae the inequ,øli,tr¡ :

(2)

t(+!) ( F (ø, ,,(åÉ o,o) *

" å É pir(a, D) (,,) < r@jJ(!)

uki.ch, is ø discrete aøriu,nt of_Hatl,amtrd,,s resultl
H.oreooer,.if we assum,e that'x: [R ar¿d a, b e c', û <b, rtcre c is an ínter_øal of real nu,mbers, u)e also Jtaae:

^ (vii) r (a, b) is ¡nonok¡,,,o*s decreasin,g on L},rl2l and mottototLo,ts
'inereasing on, llf2, I); L"' ^t-J



õ

nhuo(io) 
Let, u, P >0 'rvith ø_¡ Ê:1ancl t't,ùrein [0, 1].

p(a, b) (ot, * þt,) : f, flt,tr,o+(1_f,) bll þft,a +(L_trb)l +

* /(ot(1 -t,) a * t,bl+ p [(1 -t,) a i t,b]) * ! f,.tA*+ (1_r1) Õ)+

* þÍ(tza l- (t-tz) b) + o;Í((r_tr) a * trb) + p/ ((1 _tr) a + tzb)l :
: aE(a, b) (tr) * gP(a, b) (tr),

wlrich shows thatE.(ø, ä) is convex on [0, 1].(v) ? (a,b) be'
by (ii) anct (iii) ro"t!.ËrTo""ex 

on [0, 1], it is integrable on [0, 1-] and

Convex functions
Jö

r ,, l!-
2

Since a simple calculus shorvs that
I

1

l(a, b) (i) cU : l\a * (L-t)t)) dt,t
J

d.-,#";:n#,"fJä'å1",,r, 
appriecr ror

(2), we observe, by (ii), úhat :

E(a, b) (r,) < l@) -l l(b)
2

for all i :1. .. . :.,8y r'uli,iplying *,ith _?¿ Þ 0 antl summing theseinequalirics aiter á.t9*r nt ,r, .rr"'o"rr-t-"-in the d'esiíed iiJl'uarity.
*" oj;ll" (a, b) being eorv'es on (0,1f, f""îriü;'ï,;;ïio t,, t, e Lr12, L,),

(X(a,b) (tr) _ E(a,b) (tr))l(t, _ tr) > t,(ø,b)(Ír) :
:.b-q

z ^ t/í((1 - tr\ ø + tab) _ l,*(t$+ (1 _ tt!b)].

. Since tre fll2,7), Ìve have (I_tr)a I trb 2 t,a .because /i is-'mo;;tonous i'creasing oà 1o, b), we creduõe Till;â)' 
and

/i((1 -úr)ø + trb) ÞÍI(Lü + í -tt)b),tíi;:lr,þ, ä) is monotonous increasing on lrl2,1) anct, by (ii), also ir

i,

l:
{,

1,I

ir

I

i
f,

I

j,

l

:

i
I

i

1i
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(
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,1'Qù +.f(b) t¡ -- ct

(viii) Ifle h,uue [,]¿e id.enlílg :

i'
tar*, 

,r (¿) dr .= ;!;!n'r u,,

(ix) The tLa¿)ruørct's inerp,ctl'i{ies hokl,o ,. ,.,

.( o ir_ ì *' (r,,,, u., 
",i(4-ì_.I(Ð,J[ -, ] '-t, - ,, )'tt" "'- -' 3 ,

(=) # f is rliffcret¡tiul¡k: o'n l_a, bf, Lh.cn :

rt,(a, b) (t) ) rna-x 
{ftrl t 

t; 
,u - ,t) l'(u), l(ù - I ,,, - ") "f'Qùl

.for all t ón 10, 7li
(xi) I/ ,f is u's itr, (rt::), ute ct'Lso ltat'c:

r(L:-L) >

louescu ,

(l'(lt) -- l'@))
2 2

Proof. (i) ,{ siruple cottrl;utatjon shorvs that, :

1- .f((Ilz -- t) u,l- (' '-l' 112) bl -- I(a¡b) (rl2 - r),

for ail r in [0, 1/2], which proìrcs thc st¿,temc,nt.
(ii) Usiug the convoxity of ,/' 't'c get :

n'(a, b) (,) < 1 tr/(ø)"1-(r - r),li¿,) l-(1 -r) J'@)i-tf(b)l .:
2

for all ¿ ix [0, 1l antl

7'(u,b)(0) --' vt(a, b) 1r¡ = 
/i*) + ¡11¡ ,'2

r¡'hich pr'o\res 1,lto assertion.
(iü) lly the convexit¡' of / *'r: trlso havc :

n,Qr,b) ('-l-1 lÐ --.: U((. -t- 112) a I (1/2 -') ¿,) -t-

r@) -t-,f(bt

2

tn f- (r-f) ¿;t + (1 -¿) a I tb 0,+. 1)

I
I 2

:rn'@,lt) (t) > :f
2

for all I in 10, 1l ntrrl

I(a,, b) (rl2) -.= I
which shows the stal,etncnt.

a t-b
9.
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Tlre fact t;Iìat T(a,b) is monotonotÌs clecreasing on [0, 1/2] goes

lihewise ancl we omit it'"'"""î"iiii It's obvious ol¡serving that

1

.f(ta I (1 - ¿) b) cIL : ;_;

*" *rlå îi;lìî*" thrrt; ¿:, .y nre posif,ive rc¿rl nunrbcrs anct 7r ) t, then

l-;- L{tr, +- (1_ú) y), + ((1_r) lxt 1_ tü),1 >

> rna-x 
{*,,, 

-t- U; ,O - r:) mr-t, ,un _ 
ll, * _ ,r) Ar-l

fol all ú in 10, lf.
'rho r¡roófs ]ollow fr.o¡tl tlte ¿ì,b,ve l,heortrrl i:ol tlrc (,ol¡y(ì,x rrraplringf : X - tR, ,flr,) : ljr,ll' |üñ'rìî;ii)"¡ , ¡0,""t:"ùì;'il;,i ,_ n, (p Þ tl.z. TnL 0 < ø < ö. 1hön *o'r,i,n,í, r,i n'¡,i,lq,,ol¡l¡u(t,",

_qi{- L -
2 > LUa + (1 - t)b) ((t -- t) er 1.tt¡1r¡, > lf ,ti

for all f Íu f0, J I anrl

tß-Fb
-, ) erP ln (tø +- (l --,) ¿r) dú > /ãA ltrere o < a < å).

pace alnd' r, Y

-lfow, lel, ?ù Þ 0.n-ith P,, ),-0 ¿rnr{ l, e 10, ll, i: l, ..., &. t,¡enono "has bhe ineclrralitierr :

u-Fb_2- >
!,, r,r) ., r (' ,i É r,, t,) tt

:15

cl"'ufrf(

(ix) Follows 1r-v {v) aurl (viii)'.- 
,

ì"^l'Sirr."1is rtiftcr''eutialric on la, bf' tre itaçe :

T\tú + (1-¿) b) > l(cr) + (1-Ð (b - a)J'Qr')

/((1-¿) a * tb\ >' l@) + t(b - a) f'(ct)'

for all I in [0, 1]. Surnrning these ineclualifies' s'e get:

F(u, b) (t) > l@) ' 
h-! 

¡'@).

The fact tha b :

tr'(a,b) (t) > lQ) - !-l- ,f'(b), te [0, 1]'

Eoes likes'ise alrl l'e ornit the delails'
- (xi) It's obvio;"s i;;;; (iiD o"ã itl' \\'e omii' i;he tlebails'

For olhcr inequalities fol convex íunctìon* scc [3-6] rvhere f urther

references are given'

2. rlpplications, 1' T'el (X,ll; ll) be a norrnecl linear s

o" ttoã'i'iî,i" "tu..t"tii* 
it x' inén foi all 1: > | we have :

TIr+lT'- i li¿r-r (1 - ¿) att'+ ll(1 - t)æ t ijvll"l<
(rlr' +llvllo '

2

'[(' - nl* É, 
t', t,) ^ n (¡l ,p.,

l

I

I

fol everY Ú in [0, 1] anrl ,]l,,)

llt,r +(r-¿) yll. t1t - þL#W

T'el, yti ) 0 rvith P,, ) 0 a'lltl üi e [0,1-]' i':L¡ " '' !r' Thcn we

have thc ineqrralitY :

l\'#ìT' 
- ; [ll(åi, n' ") 

øn (' - åå n' 
") 

u\\' +

. 
il(' - +,y"-^r,,t,)n. (å þ,n,"),ll'] 

-å 
É,n'ttttt 

nt (L -t') vtt? '#

+ ll(l-ri) 'r i t¿ur¡'1 ç J-LfÏl--Llttlll , , ì

ioralt n,yinX. " I

ì'

In>lnl1tu' f-(1 ¿r) ¿.,) ((t t)aI trtt¡¡r,ttl'""',Voh.[¡.,1 , , .t t.t 
I

3t'inally, u.e also have :

tu[(lø + (1 -¿)¿/)((t - t) u -i-tá)Jr/,: n,,,in {t,,,, I !_!!.. lnt¡ _ _á -- * [I 2¿r '""' zh Ifor all ú e [0, 1] arrct {t < ø < /.r.

l, $ì,Ti Täi:tl$:=:" l''Ïlì',j]'" ¿tlx¡v* 1;ltt't'cnt for the co,,vcx rnaJrping

f rve.chot¡sc./ r.(9, Ilzl * lR,/T,r) .= _ tn (xl g_a))or/. :: rr (ø/(1 -ilr), .wb inay-iiüraú, *o,r*' ìitc'estirrg rcfi_Ilan's [2, p: 5-r anrl r{orsi arr.'r;l Lii ""^.,iir consict*r,etl inCff,Sê f) : L

¡

I

l

ij

I

tl
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L'At'Pll'xltt,t'I'Irl'

ON A SCHUR-TYPIÌ INE PUALITY IN ¿'
r). (ìoli.t cìIlltlt_,cK

(Or.sa.1)

A'¡struct' l'r¡is riorc is:r fi¡s¡,s11r¡rrpi to givc -r:-o,.,]j::r,ul*,¡rr¡rner.jcar vurrc for thc consta¡rcï19î;'ilïii:rlliJI"Í"i,ïiry:i[:ì"iïi,;ti,u,,,,',,c*r,.,'i" ¡r,rvrro,nrnnr or ,,cg,cu r, ,nosr n't'

l. Nof¿rtion and re.snll
Let / be a nreasru.able firnction tlefinecì on [ __J, l].

we set lt"f/l¿ : 
[ff if,f 

p o*f, ,

' -t 
' ll'fll- : 

"uu'' 
*

w" usrojuÞ p¡ *1";:rJ:l*.,,;i.ijl:,|", or degree ar nosü ø.In l9lg, Sct'u, ¡11 g"ì"'iììn'^rriì,,.,*,og cstirnaúo

for any .P ç lpot llt,J_ ( (rr, 1_ \ l!øpll_.
rt is also werl rrn'rvu (s.c ri' rr-rrrr¡lrrrrr [? l..or rjj {û.'l) ttrat there existsan absol'te consta'ü c _,i"ii'ir,iii ;:;lj,;,,, p c Ip, (a . r))

ll z,li, <r cn, llrpllr. (1)
s opl,irnal.

holcl jrr t,hc 1,r-nre[ric). I,hisapproxinrai,ion thcory.' Unt;;:
11, C Ìras nevel uun" þ"o"ioãå.

' >t'0)

, il/,,lf, (, J.1!3 (n f Z) llapllr.
2. Proof of thri propo.silie¡¡.
ÌYe recall - ,rat, 1,rrc crassical ;ri'g.ndxe polynor'ials (pi) satisfy

,!'o 
: (2i-.]) ,eP,-, (i--1) Pr-z (d Þ 2)
lllÌ11* -- (i -t- (7¡z¡¡-,r" ø > 0)

l

:

i
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