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"_Abstr((lcl. This note is a 1i1st attempt to give
in the estimate [[PR'< ¢ n llzPl} "where p
(> 0) and:f|. ||

an admissible numerical value for the constantG
is an algebraic polynominal of degree at most n
denotes the Lf-metric on [—1) 1]. ]

1. Netation and result

Let f be a measurable funciion defined on [--1, 1],
1

Sy
We set [|f[l, = [Slf(m)fﬂ dm] :
i’ _l ‘

oo == e85 sup | f(a)|.
xe[~1.]]
We denote by [p, the “set of algebraic polynomials of degree at most n,
In 1919, Schur (4] gave the following estimate -

for any Péep,, 1P, < (M 4+ 1) [| 2P|l

It is also well known (see for example

[2] or |3 §6.3]) that there existy
an absolute constant ¢ such that for

any Pe U)u (n' o> 0)

1Pl < Cn || Pl ,_ (1)
Furthermore ‘exponents 1 of' in’ (1) is optimal. i
(More generally, analogous estimafes hold in the LP-metric). This
type of inequality iy extensively used in approximation theory. Unfoy-
tunately a numerical value for the constant ¢ has never been provided.
So our aim is to prove the following, '

I'ropu-“-illiou. For any PelP, (n: >:0)

[P s 118 (n + 2) &P,
2. Proof of yhe .pi,'d]i‘(jsitio.h;
We recall, that the clg,

ssical | Legendre polyriomials () satisty
iPo=@-1) 2P, — (1) P, (@ 5 2)

W Pelbo = (0 Wf2))2 (5 5 o)
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Then if we denote by (p‘,) the associated set of orthonormal Legendre
polynomials we have

1j2 1 12 :
P = (4 - 14) ] BPi-y — (1 w *‘*) Py (T > 2). )
[ &

| } )
et u‘s define a linear mapping T, from [P, into [P,., (n > 6} by

. j =1y ! F A a
T’n ) ik —l" Un—q -’I/'n-hl —l[— L. '** o, X —f- Gy — %a x ]> B G + 23 -} 1

i is ient in t lidian division
hat is T,: P — ¢, where ¢ is the quotient in the euclidian division
f)fqP by z. Using )(’2) repeatedly shows that entries a, of the matm;
1A s (@) ssen, oejon Of the operator Th with respect to bhe_ol‘bhonqr!:m}
basis (pi) can be computed by the following formulas using auxiliary

constants by st L

by =01if 4 >jor ¢4 j 0(1d,

by =1 (=1, 2, ... :i"l:)

1 R &
big,s = — bi.j (]. -+ 2;‘;1_7“—2)

S Do o0 By 77 In e =i ed )

1 1/2
ay = b,,.(4 #w) : | (4)

92

o.V3 o —2/13

Bxamyple : For n = 3, A =10 0 Vis/e o |-
N o 0 ]/53/{5
We recall (see [1]) that
| Ta]) = Max {| Zu Pll/l Plly; PelPs, P # 0f

5 the sgquare root of the largest eigéﬁvalue o.flI the matrix ‘4.4 or '‘B.B
] 0 5 ] AR 3‘ .. b > 5 . - A I
where Bl == (@u)icicn, 1<j<n (SInce the first column of A containg only
@-entries). 1

Daample, With previous matrix A (n = 3) we get

bl = VB, § ) = VIG)2, | Lol = (6 + V40/3)
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dniorder to  giveian estimation of the la:l'gest.eigenva,llle of 'B.B.we need

an ]e\_ra,lua;ti on of entries a, of B. Using inequality (3) we: get ‘for any' ¢
and j " '

| by sﬁ(l}*

P=1

[ b5 :g‘ I ( -+ _gﬁ_lﬂ-.,_.)w
h=1 (2p + 1)2 (4p —1)

<'TI (1 NEEAR. o 84 —-—')1/"2(]' odd).

pe1 4ip? (4p ----- 3)
We have
oo Y | 1 . 12 co 1 1 i
(s )P ey gy
PN 41 4p* (4p — 3) ﬁ;grl 8p? (4p — 3)

== exp (  ITh (1 4- %~—‘1-——»?¥~)) '{exp,( v ~\]~)'
N1 Bp*(dp —3) - \NT 8p* (4p - 3)!

oo

;. ! da 4N 18
g eRpi it ) adf Y Xp! (= Ny
) . (\S 822 (44 — 3) ) ( 4N — 3) X 1/-(241\]'))".

Whenfor any 4,%.and N 'We have

N AN oys _ o R ; \ 12
b | < ( o —*) exp (—1/(24N)), (1 s “'“"1‘“‘__) :
VRS L o L hepeg ST

Taking N =10 yields |b,( < 1.13. Tt follows from (4) that for any §

and j we have |a,| < 2.26. So the matrix B has the following ferm

rm 0 & 0 ...\
0O 2 0 2 0...
00 '« o z'!..
00 0 2 o

N0 000 0 0

where «w denotes a non zero termwhose ahgolute valuelis Jess-than.2.26.. .
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Do Bor v == (v, vy, w0, ) € R welset [ o] = (v} 4 05 4. .. o)V and
LBy ={{Bv),, (Bv), ..., (Bv):). We have ‘- i

[(Bo)| <226 (1, 0,1, 0, ...)] ]

[(Bv)s| ‘< 2.26[(0;:1, 0, 1, .. o]l

L (Bv)gf < 2.26([(0, 0, 1, 0, .. ) [l o]

and ko on.
If »# i8 even then

I Boll <226 (1412 424 ... b (n/2) + (1/2))" fl0]
= 2.26 ((n/2) ((n/2) + 1)) o}l < 113 (n 1) 0]

\

and if » is odd
[ Bof] <226 (1 +1 2 +2+F e ((n—})/z) + ((n—1)/2) +
+ ((n+1)/2)" | v]| = 113 (0 + 1) |lv]

80 in hoth cases for any v e R®, [|[Bv] < 1.13 (n + 1) || »|| and by a sumilar
caleulation [!Bv| < 1.13 (n + 1) [|v] whence - i

I'B.Bv| <1132 (n + 1) |o].

The: lagt estimate shows that the largest eigenvalue of.'B.B is less
than .32 (n 4- 1) and then {/7,] < 1.13 (n.4 1) In particular for
any polynomial xP (x) with P e [P.(n > 0) we have

| Plle =l Loa (@P)lly < il Loas Ll @Pllg < de13 (0 o 2)0l Pl

which completes the proof.

In Table 1 we give, numerical values of || Zny4l|/(n ++ 2) for » in
the range [0, 32]. The calculation was made by Dorfler’s method [1]
(computation of the square root of the largest eigenvalue of ‘A.A) with
a computer. This table shows that the coefficient 1.13 is not optimal!

B AL L LR ) Table' 1 w ! :
n Uil + 2) n H Tl - 2) ! no a4 2)
_— + -

Q .866020 11 0-631936 22 0650463

1 0 -645497 12 0.66103% Ly 23 0.633685

2 0.73533H 13 0.632330 ' 24 0.649358

3 0-632745 14 0 .657808 25 0 -633865H

4 0698463 15 0-.632679 26 0.648416

ki) 0 .631085 | 16 0.655329 27 0.634026

§] {.Ge1442 17 0.632983 28 0.647603

7 O -631135 18 0.653368 29 0.634168

8 0-671707 19 0.633249 30 0-646895
9 4631513 20 0.651778 3 0.634297
40 0.:065424. (| 21, 10633481 gy rifn2 0)/646273; 1 4
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