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A MATHEMATT.AL MoDEL oF coo,rp'TrrroNr BrirwEENTWO POPULATIONS, \^'Tilñì;JOINT STqRilNG:DOMAINS

Át)ot.t,. I IAti\1o\/ÌCl
(rnsi)

oi ¿rel,, iriilï'iiät;åïå3lll"""riî;i- 
ou t*'o popurarions .Fb,, {Þ2, eac}r

f_{,'-i"".li,.,uil'Ï1ifÏ? 1,,,,,,'î",Liîiil,Jl:;1l¡ti'ri,sesan rc, }ras a .onsra,,ùevolrttion of ID, is not infhrenà-ìîîï^ll""cttrcre;tt ìr. srr: sír1,}ore úhat úhelf rvo tre.ote by r tlre ri,r,u,"irr*ri its *iffirsi.'equ^rion is
(1.1) 0u, +lL -A?

0r%
0æ20t ða

-l- À1ø, == 6,

rvith Ure jnitial clistribution ou â,g,es :

(7.2) r.t, (u, 0, a) -: t
1

% (s, a)

0
{orøq0,
for ø ),0.

,rif f ,,*?;;rÏ:"rfi ä,îff iîi,oå_x"1ílî:i"Ífåï_ii,i;l_x¿ii,_uii;ì,0¿":îiìx3l,i

i
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multiplietl by U.(r, ú) - th'e totalil'y of the popula'tiotl '¿¿1' nalnely !í ifilne l'n,itial functi,orrs
rc i tir¡lrì. ?¿ a,t'() irrt,egra,ltlc or¡ l,heìr, r,lotnailr of clefi=

,Þlor' ;al.l <,knssiral n,ol.¡ir¡ns arrtl ploposjtions r,cga,r,rlin13. pa,r,a,boliu eqn:r_u. :Ï u, (t, t, u) d"a.
tion* .see 

fZ I arad i2 I.
(1.3)

'i ' Tho difftrsion equation of Pz, r'ill be : 
j

0u, 0u, ,z õ21tr2

{1.41 - 
1. J- --:-:t- - Aí- '- I l,2Ur(:'0, t) w, -: ¡,\-'''æ'au'or2

rvith inibial dcusibY

:iì. Ä. 'fhe sr.sl
of 1r.li, ìì bï'o,i;ìl,lT fl jrf 

: 
(l.¿). (l.q. If is .a,sit.1, ¡i..n 1,¡'1, r;h* sr)rul,iorr

o

(3"r ) ,ft,¡(r, ,t,, rrr) : .-).¡i Er(t:, t, y, ()) q.,(:tt, a - l,)dy

¿¡ntll for, r¡ < ¡1, :

gz(u, a) lor n >- 0t

0 for n 10'
o

(1.5) ur(nr 0, a) : (3"2) u,¡(a\ T,t ût,) ..,_ ç_)7a\ t;,{",, n,3¡,0) þr(!t, t,__ tt)ity,

3" tseside th.ese equations, as usually, lve must consider the two

offspring equations :
wh'el'tr fr('r1 d) is. Ii.r thr' rìrr)rnear. t't, rrrrrirrrrt'rl r,.ncrir¡rr 11 .sc'rl ¡osir,ir'<','irrír'gr:irr,r,, t',,,.ì,ì,ri; ;';ì,'î ,r.r,ra¡s (rr riu,;;lï Ír], îl;,fì\ìrtrr-

æ

(1.6) u,r(n, t,0) : rþt(ørÚ) : ttla@ (n, t, a) da, (3J) ,ll¡(t:.. ¿i !, s) .-- I
2,:l , r'( ú -s)

(rx l) -_ (*, - _!/), \
)æ

J:lepkrcirrg, (B-t ), (J.2)

1Á?(t - $)

(r.z) ur(n, t,0) : tþ2(r'ü) : p.r(a) w,r(n, t, a) da, itr (1'6), rve obtajn 1;he inte.q.r,al er,.*ri,ìon
0

where ¡1,(a) are the fertilities ot the two populal,ions, supposecl tleponding

on their agos.
Ilot'l : 0, l,lresc rclations leatl to the compal,ibility otlrrrr,bions :

r,vhele

æ I(r(t', t) !/t s) -. sr(t - s) _i|1,1,i,, l, !/, s),
(1.8) gr(r, o) : *la) er(u, a') da,

,f'/: I rrr(s l-f)cì,"rls
I

0

(3.5) tr,
0

n

\ ur,t*, t; y, o) e1(u, s) rþ¡æ

(1.e) ez@,o): [ *r(o) tr(n, ø) d'n.

J

2' fl{ypottresos. 1.. As said, ülre diffusion coefficients .4.,, are consijant,s ;

2. lllhe deattr ooefficients À, are constants'

3. 'I'he fcrbilil,y functions are integrable functions on lÙ"'

4. Moreo,u.cr, we will supposs that the fertility Îunctions havo tho

p¡(¿) : lLta,o-hto, ft',fu,, positive consl'ants'

æ

v:(a) == þtkt)r:'-t',o - l¿t¿L ¿-h1 i),,)+

fi, is now easy to checìr th¿l,t the r ,. :':.' :,?.,:

(,3.6) .w.,") 
",",'),".Ï*t 

::: 
reßol'ent kcmel or (.3.4), is r

r'il;h 
,(ø, t; ll¡ s) _ J1[r(t*_s)Il, (n, t,; 3¡, s),

form Jtl,(l;-u).,+..)i øf,,t¿ _ ,s), ,t y.t.(,t_r): j ,,r,, *r, øli_ i)(¿/,_iìs) tlt,,,y4rs iíï;r r;i,
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so that

M,(t_.s):Vt,F 
g.þ=3+ 

s-(tr r/ur)(/-s) r

and atter some direct cornpul,ations :

1nÌTd

{t ==
Vt\

e -hr /¿is -¡ r vr(s)cls)llz--!:\ u-.0," ffiL,r(s) cl,s,2 It,, - 
'lt,

*^'4, i

(3"14)

(3.?) Qr(,ti, f) : !' llr(n,1,, ll, 0) çr\l,,t) dy' L
2 I(lle : 2

Ih, vr(s)ds

whero

(3.8) 0r(ú, s) :+6¡-(rrrår)(z*o ¡(/7[s -þ r) elt¡ + (/lr,s-r) o-':n' ],
-A.s a conclusion of l,his paragraph :

,i}- ll. tlxisfcnco of tìre soltrtion oI the s"1,sl,orn (t.;¡), ( !.tt), {r1.7¡

¿*, o I íln,ff"illi:llfl ,îfi-ìïr{r,,iììrn'e 
r'he rr poLrresis (3.12). {¡irsr,

¿t,_t:ctrt:a,
ansf, clerro¡6

ur(rr",t,'ø): uzknt rt e j- r) -,u2(t, r¡ u.) . ur(n, t, a__t).

Ðquations (1.8), (t.4) become :

out 
^" 

ô'D,
a"- -- "t-à;í f )t, Ur(n, r) a, _. ¡¡,

and so, (tor ø < ú)

(3.9) wr(t;, t,, tü) : s-r'ø Qr(t-a, s)eÀ" dsi Dr(n, ti tl,0\ q, tY, t)dy"

.From (3.1) and. (3.7)' we ot¡tain:
æ

(3.10) Uy(u, t) : Er(ú, s) cls Dr(ø, t ) y, O) pt(Y, s) dY,

-oo

with

-R,(r, s) :+lffi+#e-/¿,s eÞr' - Wå"-Ér'; 
sÞ'tr l:

(3.r1)

.+ 2 2ltn(lc'o l' 1)
e-&rt o-Àr'

ì

l gz@, a) for n ¡ 0,
[t for n <0"

[T, hr-lc! ts2(x, 0, a) :

'þ, --V lt - À, - /cr, pz - -VTr- Àr - tc,

Supposing Inoreover

(3.12) % (m,a): Yr(ø) 'ur(ø),

ñinco the fundarneutar solution of Lrris systenr implies ,,,ìr *[r,{ìrÌna,bo,særios inadequate for a,pproxñ;;iö le take . -

{ã'-r¿t) az : Vz exp(*c eJôrt)

(ø m new constant, pr given by (3.11)). z, satisfies tho equatiOr.s ;

aVri,l- o.r}zv*
a" lJl uiA* 'l- ()"'4,@, ¡) -- wt sÞ'r) fr: o¡

{#,1$}

Arþrtl takos l,ho forn:
0

(S.13) A¡@,t1,7=,(grÞÞ't # {12.9þ4 *:lae:À") I
'E¡lx, ii A¡ Ol'rr,(Y)' dfl,,

gz/0¡ q) e-' for a Þ Ot.

0 forø(0.
-€o Yr(n¡' o¡ ø)':
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(1.3), (1.4) .becorne 
:

_0y, , ^ 02tu.

Oo-,- 
,,u 

U*i -l- l.rUr(n,a. ! r)w, : g,

tur(n, r, 0) : þ2@, .c).

Às in paragralth a), .ne take

'tur(r, t, a) : Wr(u,r,ø) exp(-¡lsr'rta-rr¡ ), d_^ constant,

the funcúi6¡1 Ìllz satisfies

!W, - A, o2l4/ '
ð.., " *r" ! ()'rUt(n, ø" i t) - dpreÞr(ølr¡ lVr:g,

(3, 18)

fVr@, r, 0) : þr(n, t)ed

Take now d: \zgrl?r, to obtain

dp, etrl"'t 't - ì,rU ,(n , q I t) ( I À, e-À,(+r. rr 
.

(s - a new constant).

rn" -"Y.iil"It"tt"r1ä'iîîå*']*1oluÚion of the operator defined by (3,18),

æ

Wr(u, t1 a) : -[ìr(c; nt a.i !/t0) þr(r;, t) eù d7y,

i¡;l: 
"åi"ä,rÏ'ääflåîtiii 

l, * jlr" Jn", ^onrox 
irna eri b v ilre i n üorrn ediare

æ

W2@, rr a) ( Å2(ø f r) IÌr(r, a, y, 0) Vr(y, ") dg,
æ

wiûh

Àr(r) : exp{ - s(e-Àrr---f ) -- (À, grlp)(er,r _ I)}
and finally:

æ

(3.L9) ur(n,tr,ø) < Âr(r) Er(Ø, ai A,0) þr(y, t-a) dy.

-oo
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Supposing h * 0, we chclose now o == 
^ñ1lpt, 

so that

cprcÌr - l.rArQr, r): Es(n, r) < ?' À, e-1r-,

r - ^ 
constant.

The solutiorr of øquations (8,16) is :

v n T 4 )
Ë

\ *r(cl ) {t:t, r; y, 0)

0

ç2(y, d)e" dy,

ì

l
I

J?t b-eing thc fundamental solution of tho oper:ator defined by the firsù
member. of- eqra,l,ion (3.16). 'llhis solul,ion can be approxirnatetl frorn
the equivalent rvrch (3.16) integral equal,ion i

'Vr(a, r, cr):
I
IÌr(u, r t,!1, 0) cr, þ¡, o.)e" tJ.y I

n 

5u"
7lr(u, ri g¡ o) Hokl, o) Vr(!¡, o, q.) ÌtU.

-æ
'!ily'e oÌ¡í,¿¡in so :

Vr(r, r, ø) cxp(c -1- r) cxp(- re'*^,")
i
Iìr(u, r; U, 0) gz kt, c) dl,

antl, ilrt',n

t)r(:t;, r, ø) < .4,1(r)

0

IÐr(r, ri U,0)qz(!J, ù d!,

where

-41(r) : cxp{--r(e-;t'. - 1) - (Àa gtlpr) @þ,'- 1)} ;

finalìy

(3.17) ur(n', t, a) ç .4,(ú)

o

Er(n, t; yt 0)qz(y¡ a._.t) dg.

b) Iror a S t, we perform the substitution

t,-û:1, a,,:d,

antl d-erro1,e

nt"(':t, t, tr,) : U,r1s, a I r¡ a) :,tþzltat t, () : Wr(n, t-ø, A).
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c) Wc (¡oÌìr(ì rro\r' to cquation (1.7), lvhere, using lhe abovti esti-
nì¿ìrl,rJs fol ll, u,rrtÌ llr, rve obtain :

51

rc

4. (kr'r'r.sio's r:o'etr1,¡1i¡¡¡¡ the rrchur.i'rrr r¡.f the rlvo ¡ro'rrrafions.Fronr the esf inlatru of u, fot,a < ¿ anrl a ) ú, rve rlc<lrrof the total xceon,t.popuÍriin,, U);"an csf.irn¿rte of l;he lie given by (B.t s¡ arwa'vs üfi1ï tr,å'hfpoüìresis (8.12). ì\¡e
t

(4.1) {rr(u,t) .tllt 
5 

nr,, _ a,)t:rji,-A,)tt_n) (tû.
0

æ(- ."

) " "'{(Vnrr I I) I (ll t,r,, - l) t. úi,u-";} nsI h)2(r, t;,!/,0) 4r(y, s) tl1¡
J

,þr(",,f) < Fc( &, ),1¿

0

Ar(t) Dr(n, ra ; 37,ü) þn(y,'t - a)rl;y .-þ

I t
\ Lz(û )d&

I
,\r(t) ll"(tr, t; y, A) çz(tt, a - t)dy,

ol

l-^,(r) 
io"irr,,", t; !/,u)e, (y,a) <ru
ott

þr(c:,t) { ;\ r(1) h,r(t -- ¿)e-'Àr(;-n) dø it)r(rn,I -- a1 ll,0) *zQl, a) ùy -f
-@

('t
l- 

^,(¿) 
\ 1,"(n . t) c-A,to ,¡ rla \ ,lìr(:t,ti !j,0) qrQ¡, a) i1.¡¡,

J.J
,ofiujrTì'l*pi'':'::'r{l'J;n¿,ñ,I Íí,,1"}:::.l.orn (3.13) th.r .r,,, r,tntrs 1,r¡

^?r 
iü'is t'rt"sily 

-sàrr 
ùh¿t ' accounL thc cxptr',*sioits'ót ¿r'*nã

(4.2) ur(u,t) < rt expl_?,(e-À,i _1) .- (),zt/lltt) (ep,¡ ._ j) + (Vi, __ Ìtr)tl

,,1^* * ; iu oilrer, l\,otcl"q, the seconcloDe.
tends to zeto as f * r

*r,,":.ù[ :,,, î á, I "i;,lT ffi 
,,ïl.l

e, lnrt remairs bôuntietl,__Jv;;;.*Jy

nrhic.Ìr Ierr'lr 1¡r

(11.19) qL"(,u, l,) ( Y!_,
2

Âr(l) e
f
3

c-¿" {(l/hrs -)- 1) eV t,' ¡

i (1,/¡¿rs -- 1 ) e- l/r'ii ] cls

0

I)r(n, t; y,0) qrkt, s) dtt,
IrtìlflilìENctis

artÌ fr'i'rr.,lly, (liol ø { d)
ar¡¡ uttlue problent for uo¿
l). ug3-(ilf., - tlepettrlan! po¡nt[cttiott

o.[ paraltotic ?.¿/pc l)¡.clrücc I f¿r]1, 1g04,t ûlJe depenttctú poputatiitt rììíiir,,,r"¡iL
r, depetdtng ort (rget ttttl inuoluirtg dil.fusion, -

iltuliott,l,roc. Nat. Sclc¡rces (ig22) S3g_ J45

JO. (;. l¡. wcr¡ h,,l.h<.oruo[,tt¡¡tt]ìt¡.-,. 
tiqucdelolullt:pourlu'i"rt\oirsr'iãrt¡¡Ï

Ncrv Ìorkr "ioiu"'"'u oI rtttrtlirtcor agc deperxlenl popularion t!¡t&trtirs,lfar.cel Dckker. r'c.,
lìec:eivccl 15.02,f)1 

Slr. vùseãufcalu, &

I,lo¡tt â¡tia

(3,20) m"(;r, t,¡r) avfjÂr(f -- o) r¿-.k,1t-a¡ e-À,' {( llhrs + J¡ c/i'tr-'r*

t, (/iirs -- 1) e-/i.tr-'")] rìs I
.)

Er(n, ti U, A) q2(9, s) dy.

As a,,.-,ottclttsiott :

ll'Ì¡e sdLlt;tdt¡tt, tr,, ct.f the sgstem' (1.3), (1.4), (1.7), is esl,i;mated, for a Þt
b.r1 tlut (x:pr('ssíor?, (:l.lõ) urtd Jnr ø <t br¡ (3.20) and, tl¿e function, þr, l¡g
(J.1e).


