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A MATHEMATICAL MODEL OF COMPETITION BETWEEN
TWO POPULATION S, WITH DIS JOINT STARTING DOMAINS

ADOLYF  HAIMOVICT
(lasi)

& Intreduetion, Beginning with the fundamental work of V. Volteria
[9] and A. Totka [8], mathematical models of population dynamick; a4
well ag competition, have heen developed and generalized in varigny
forms : the populations have heen considered structured on ages (see
f.1. [3]), beside their natural groveth, theip diffasion in thie Epace hag
been taken into account (see, f. i, [1 1 [4], [5 1), their theory way conkidered
in the framework of the semigroup theory [10], ete.

The present paper is concerned with g mathematical model of Cotn-
petition between two populations P, and P,, struétured on ages, diffus-
ing on R, and starting initially from two disjoint domaing, namely F_
and R, Moreover, the two populations are Supposed to have different
“activities”, e, different diffusion coefficients, different death rates,
and different; fertility functions, As A consequence,  fliel behaviour of thle
fystem will depend on these parameters. In addition » 1t is supposed that
the death rate of the second population P, is increased by the total first,
population existing in the environment,, In A speeial case, sueh g model
could approximate the brogress 'of a degert vegetation area, on g green
land.

L The model, ag said, consists on two bopulations P,, each
of them structured on ages; go. that

1. The population P, with density -, diffuses on R, has g constant
diffusion coefficient A7 and a death coefficient, 2,. We Suppose that the
evolution of P, ig not influenced by p,.

It we denote by ¢ the titne; then its diffusion equation iy

. 2
(1.1) % + -‘ZZA — A2 %% + oty = 0,

Wwith the initial distribution on ages :
[oi1(z, @)  for gz < 0,

1.2 U (2, 0, a) =
(.- .) } 1 {8 0, ) 0 for '@ > 0,

2. The population P, diffuses also on R, has u, as deusity, censtant;
diffusion coefﬁcientﬁAﬁ',-..dea,th:ﬁaoefficient As == but thig last coefficient,
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multiplied by Uj(w, t) — the totality of the population u, namely

(1.3)

U, :Sul (@, t, a) da.
310

]

i he diffusion equation of Py, will be:

ou ou
U7 o 2
at oa

with initial density

L e 0%y e :
(1.4) A + WU (2, 1) Uy 0,
ox?

@q(@, a)for @'> 0,

1.5
(. ) 0 for oz <<0O.

g, 0, @) :{

3. Beside these equations, as ﬁsually, we mush consider the two
offspring equations :

(1.6) iy 1 0) = ) = | o (@, & @) 0

(1.7) w1, 0) = thol@yt) = SHz(“) ey 1y @) et

where pi(a) are the fertilities of the two populations, supposed depending
on their ages.
Tor ¢ = 0, these relations lead to the compalibility equations:

(o]

(1.8) (@, 0) = Sul(oo b, ) da,
(1.9) oa(,0) = Suz(a) o, 4). da.

2, fiypotheses. 1. As said, the diffusion coefficients A% are constants;

[N

. The death coefficients A, are constants.

. 'The fertility functions are integrable functions on F..
. Moreover, we will suppose that the fertility funections have the

= QO

form

ni(@) = hwe="¢, Iitk,., positive constants.
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=~ s Nenf o e — _ 45
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Fition. 2l functions P are integrable

For all lassic 101
all clagsical notiong
See [7] amd {2]. :

on their domain ofi defi-

. and propositi
| propositions regarding

!);il: 1'a, b”l i(, P;q et
"Qi- .LA. rll Y 1( { . - - . y 3 ]l 10N
o R ( S’.s,‘vnl é.l . ] 1 i i 1aR] see ¥ ‘ >R ¥
U]f ("1"‘1 )7 '(:‘] .«2" ‘l) ;‘:01' ¢ /> "(1'- .“‘) >. ( ),‘ ( ) AL I8 ef 'L..] V' seen 1} L1 t}]( ()11 i
Ie I‘} I[I\ A n O LI K ut L
(q ‘,] 9 K ( v { = ¢ g /2 ) a —
W -‘, s : j L4 3
‘ 8, (l) (¢ 2 5 ﬁ]( /', t" 7/, 0) ](‘/, ’) I /
}}Jnﬂii fOI' «f < l't 5

0
i@, @) = e S By
)

=00

(3.2)
&, a4, g, 0) ‘1{’1(?/; b~ “)df’/? 1

where (1) is, for ¢
vivere vy(a,e) is, for the bt
sed G t"e s .Jlnomen t the unknown fun 11 :
yHhtegrabie for each't on'R, ot claks .((:.]J;m o ook Suppe
- ol elass €7 for ene )

h @, and

(3.3) B, 5y, 8) — v il : .
oA i exp & my)?
= ’(t L 4/11([ j;).

Replacing N9 o s
1 & (3.]])7 (5‘2} n (16), weo (I)btﬂ]'_n the jnt'eo-l
4 vl ::\ *

: al' equation

(3.4) by, ' = \d
Y1 .a»,l/) = S(J«S‘ S I ( 2
W@y by, 8) Oy /
F 0 I > ) Vl(.’/a 3) df/ -+ Fl,(“"; t)7
'W}](ﬂl'e . :
y - E) . ‘] = ) V
1( ) t? .7/} ‘S) = 1<t S) 'L‘](a!, [ 7/ S)
I (a W 4 » 3
(3‘5)

lr ( » S ® ) 0
My (ant) = S s
#a(8 - tervds N B (g 1. |
0 ](.Q,, l; Y, 0) '191(."/) §) dy

" — L} g
(@) = y(a)e=re hia e~ Riing)a

Tt is now easy to check that the re

RN

(3.6) oyl 5 solvent ];emel of ('-34) i ; ,
@ by, 8) = My(t—s5)B, (s, ¢ il TE)
with (@) 15y, g),

Lol TR TS PN 'i' -
Mt a)is- Y, W), B L4y
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so - that

§ (Vil(t 11 s))‘z"—l" . = Oatin)(t=s)»

M=) =Vin X~ —7)1

and alfter some direct ¢omputations :

0

BD w0 = S Qulty 2), e ds S By, 4, 3, 0) @y, ) dy,
0

—o00

where -
(3.8) @Qult, 9) :'Vghl‘ o= Ot k49 (s 1) eVhr (Vs —1) 0=V ],

and so, (for a < 1)

0
(3.9) “(5’ £; o) '~:e"7‘1“SQI(t%a, s)er’ ds S Ey(z, t; ¥, 0): 91 (U s)dy.-
. . % 1 /’ 7 L =) .

b —Q0

From (3.1) and (3.7), we obtain :

) 0
(310) . Ue, 0= SRIct, ) ds SElcw; 5 95 0) oty 8)dy,
(1] —00
with 'V_- 1
h [ Vi, b —1 2 al
Vhl Vhls + 1 —ls @bt __T‘E__f_e kys el .{«
Bty 8) = 2 Vh—l + ky e V‘h1 + k&,
- \ {3.11)
200 2h1(701§ + 1) e-k,:) o—M! },
T hlw
pl—_-—-.Vil,:—-)\l—-kl, P2 = —‘Vhl—l\l_kl'

Supposing moreover
(3.12) o (20) = 1i(@) (@),

U,(x,t) takes the form :

0
fuggem™) \ Bilw, 45 vy 0) vy -ly)dyy 0
(3.13). Uy, t)i= (gie8 4 gz €8 o gge h S Byle, b5 ¥ *

-Q0

e A Mathematicalmodal ul
Al
Vi, s 4 1 Bl . Vs —
H = /_g)ll—ge-h’! Lﬁs_r_‘ vifs) ds 5 g, = — l/2l’] i K@s'*“]‘ 1(8) ds,
<5 Vlh — Ik ' Z Vi, + ky
(3.14)

X V', S

Vi (2 2hiks 4 1)
S\

o= = e‘kﬂ) 8)ds.
Vi, k{ — by t#)

As 'a conclusion of this paragraph :

Lho solution of sysiem (1.1), (1.2), (1.6) s given by (3.1}, (3.9), (3.7)
and the total population by (3.10) or, with the hypothesis(3.12), by (3.13).
Eemark. Kor a > { the solution rdoes not i

_ _ imply the: function Ui,
(i.e. the fertility), since the population with age a > ¢t is already born af
I =0, so that it has no relation with the fertility coefficient.

0

3. B. Existence of the.solution of the system (1.3), (1.4), (1.7)
%} In the following, we will assume the hypothesis (3.12). Lirst,
for & > 1, we perform the substitution

a—t = qa, t = T
and denote

uz(.x,"t,a,) = Uy(, Ty & 1) == ve(w, T, o) == vy(w, t, a-—1i).

Hquations (£.3), (1.4) become :

& — A? 0%,

’ o T 2 i@, ) 0, = 0
T !

M
. for @ > (
(2, 0, o) = {(PZ(@’ «) 1‘01 ez,
1) 0 for'a < (.
SBince the fundamental solution of this s
#ories inadequate for approximation, we take
{£.15)

ystem implies an nliernate
Vo=V, exp(-—te enr
2/~ Va

f¢ ® new (50nstant, Py given by (3.11)). V, satisfies the equatiors :
av, | S0V 5 : .
—_— o= I8 T) — T = 3
At Lﬁjg Azﬁ Py 4+ (A Uy(2, 7) epy eM') V, = 0y

(3.16)

V;(-:‘U,'EO, s Pa(@y «) e~° for @ > 0,
' 0 for v < 0.
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Supposing p, # 0, we choose NOW ¢ == A,q,/p;, so that

opy 67 — WUy(@, 7) = Ho(®, 7) < v 2 e,

7 — a constant.
The solution of cquations (3.16) is :
Ve, 1,a) = xﬁl(«; @y 3 Y, 0) guly, «)ef dy,
[4]

R, being the fundamental solution of the operator defined by the first
member of equatior (3.16). This solution can be approximated from
the equivalent wich (3.16) integral equation :

(e SEz(w, g1 O)yipgh o, ) sl
0

+~Sdo S By %319, o) Holypho)Waly)i op ayidgs
0 —co

We obtain so :

Vyl, 7, @) explo + 1) oxp(— re-) Smw 3 4 0) 9 (0, @)y,
0

and, then:

ooy =y o) < Ag(7) g By, 5 9, 0)ouly, «) dy,
0

where
A7) = exp{—r(e7d* —1) — (Rg g1/py) (et — 1)}
finally ' -
(B17)  wuyla; b a) < Ay(l) SEzw, L, 0)auly, a—t) dy.
0

b} Fer a < t, we perform the substitution

l—a=1 a=a

and denote An0e, !
oty 1y, @) = uy(®, « 47, «) = wy(x, T, “,;) =5 Wyly t—a, a).

e ——e = 2
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(1.3), (1.4) become :

eI 1T 43 P 3 + MU (2, + T)W, == O’

wy(z, T, 0) = ba(@, ).
As in paragraph a), we take
W@, v, a) = Wy(x,1,q) exp(—destn) g g constant,
The function W, satisfies

oW, O2W o \ )
Y AZ s + (AUi(2, « + ©) — dp, enelT) Wy=0,
(3. 18)

W, Ty 0)s== S’)Z(m; )¢’
Take now ¢ — Xz01/P;1, tO obtain
dp, ere s 2, U (¢, « - T) < ShyeTMletm

(8 — a new constant).

Using the fundamental solution of the operator defined by (3.18),
the solution of this system ig :

Wi, = o) = Sﬂzm 2,05 9,0) ofa, 7) ¢ dy,

i

where, as in paragraph a), R, can be approximated by the intermediate
of an integral equations ; we get so : i

Wi, 7, ) < Ago 1 ) S By(@, 4y 3, 0) dyly, 1) dy,
with
Ag(7) = exp{ — s(e~*r—1) — (Ag g1/p4)(eF17 — 1)}

and finally :

(3.19) Uy(w,,0) < Agll) S By, a3 ,0) 4y, t—a) dy.

—0o0
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WAL sy S sing the above esti-
¢) We come now to equation (1.7), where, using the :

mates for R, and R,, we ohtain :

i

olayd) < S ug(a)da SA2(6) Eoleyas 4,0) doly, t— a)dy +
i

(0]
+{ pafarda wa) By, 15 1, 0) 9y, '@ — t)dy,
e 5 -

or

[ze)
oo

alayd) < A\ glt — a)e=tati= d“gﬁkcmt»—a; ¥19) buly, a)dy +

3] —00
- AL(2) g/a (@ - 1) e~f:otD da \ Bzt 9,0) oy, a) dy,
T 1 2
)

O

which leads to

b o e | ot ks 1 1yl
0

(3.19) Polity 1) < 5
J(]/]Zu? e 1) (S Vist } dS& Ez(ma t; Y, O) (Pz(?/; S) dyi
0

and finally, (for e < i)

o0

iy ; Aoy byl )
(3.20) g, ha) < Vé’g Ayt — @) e"‘z"‘“’&e“kus {(Vhys 4+ 1) e _ 4
. o2y 1,a) < 55 A,

0
+ (Vs = 1) eV} s, glm 1 9, 0) 9uly,8) dy.
K

As a conclusion : 7 143, (.7, is sesimati YT} 54
The solution w, of the system (1.3), (1. '), 1.7), d for

by th(ﬂlj,'z(-;u:((i;sir;(fn/ (3}:.15) and for a <t by (3.20) and the function bg, by

)J e e b (.

(3.19).
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4. Conclusions concerning the behaviour of the two populations.

From the estimates of Uy for a << ¢ and q = 1, we deduee an estimate
of the total second population U,; an estimate of the first population
Is given by (3.13) always with the hypothesis (3.12). We get, obviously

H
(4.1) Uylayt) < V;‘S Ay(t — a)elVi-k -0 g,
0

(]

g e {(Vhys 4 1) 4 (Vigs — 1 ) e~V hir—a dsSEz(rv, L5, 0) ooy, ) dy
0 [}
it | da {100, 45 3,010, (1,0)
0 0
Suppose now, first Py > 0. It follows from (3.13) that Py, tends to

infinity as ¢ — oo, Then, taking into account the expressions of A, and
A, it is easily seen that ‘

G2 Ualot) < I expl—r(e™ — 1)~ (3 /) (o8 1) 1 (Vi — ho)e]

(K — a constant) that tends 0 zero as t - oo ; in other words, the second
population is overgrown by the firgt one.

If p, < 0, the first population tends to zero as ¥ — oo ; the second,
as seen from (4.2), tends to infinity when V71,2~kz > 0, i.e. when the fer-
tility rate of P, iy sufficiently large, but remaing bounded, eventualy
tends to zero, ag |/ hy—1Iey < 0.
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