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APPROXIMATION PROBLEMS IN LAN GUAGES

CIRESICA JALOBEANU
(Cluj-Napoca)

Abstract. A metric is introduced into a free semigroup L with unily, gencrated by a finite set
A of symbols. Il 1, < Lis the set of words with maxinium lengih 'n over the alphubet A, the
approximation of a word from L by elements from £, is discused; If De Lyisa sublanguage
Tor pattern description, the problem of approximaltion of a word from Ly by words from D < Ly
is considered. A condition for existence and uniqueness of (e Lest approximalion word is done.

Introduection = |

The auntomatic identification of curves used in many applications
as mass spectrometry or in' diagnosis based ‘on electrocardiograms implies
the comparison ‘of two'curves: a catalogued curve, with a measured one,
But the measured curyes are. subject to measurement érrors ' and the
comparison point by point is not suitable. A global comparison can be
done using the linguistic analysis of curves [L]; [2]. In this case to 'a seg-
ment of a curve a letter from an alphabet js put in correspondence, to 4
curve — a word, and to a set of experimental curves, a set of words,

The meagsurement. errors make the words corresponding to the
same phenomenon differ by a letter or by the order of the letters. The
identification problem is'to find in a dictionary of the catalogued curves
a word, the most likely to a word corresponding to the measured curve,

An approach to this problem can be done by organizing the langunage
as a metric space and using the distance between words as a measure of
the similarity. The following' question arises: what kind of conditions
must be accomplished by the description language so that acorrect iden-
tifieation of the word could be done when the unknown word has a num-:
ber of differences from the words of the dictionary ?

In order to answer this question in this work a study of the approxi-
mation problem of a word from a langnage by the words of a sublanguage
is done, when the language is organised: as a metric space.

1./ The metrie space (L, p) il

Let A be a finite et of symbols, the alphabet, and I, the free gemi-
groupiwith unity 'over 4. In'L'it is considered the metric '

piLxl — R+
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defined by
max {#,k) .
elmy) = Z 1/21 oi( 2, ¥) (1)
i=1
where
2,y =
g 0 if @; = yq
and %, y €L, ® =& ... By y = Y1 .- - Yu. Such a mepric has been used
x, . i
in {3]. :

The metric ¢ induces in L a topology where the opon sphere with
-center x, € L and radius », r € B+, i3 the set

Sigy 1) = (@i we L, ol ©) <1}

We must observed that in the induced topology the_principal right ideals
from I are open sets. .
Definit 1.' The 'subset, F is a right ideal  generated by
Definition '1.1.' The 'subset, H < L is a right 1 ; pbed ¥
Pc L‘bif for all'w e H, there exists w e P and ve L so that &= wv.
Definition 1.2 s prinei right' i senerated by '«'e L is the
Definition 1.2, The principal right ideal generated b _ .
ideal geenel;'at?ed by the set {o}. So, the right principal ideal generated
by a& T, contains ‘all: the words from L for which « is'one of the pre-

fixes. e dbinition dul , using the metric p the following statement is

obvious. i . ‘ o : .

Theovem 1.1. If H s the right principal ideal generated by «e L,

then pl(l;e;)re;n 1/21%I ffor all a,y € H, where | «| is the length of the word
) .

c L. .
* We can' 'establish now the

",l‘llleqr)_,rcm_l.‘&.v_ The ‘p'ri"nloipal right ideal generated by «e L isA an

hidiands |-'t/ "n ’.L B s ey Fih ralibn b red |y (0 o
ot %ﬁjgf; @'Th(o ’rigilt' prineipal idegﬂ_ generated by «¢ L iy H == aL.
Then, for all' y & H,'y & az, where z € L. The set

{as# v & €'L} = 'H, henee
Sy, 1/2'“‘*') = {azi': tle L} < Hy'and H 'is open.’

Now, let I be the set of words with maximum length n over. ‘the
alphabet 4. forin oilh lodiingt 10 199 odinit & ad K 5ol
Definition 1.3. A Word @ & Ls is called a best approximation word
for ye L iff .
p(@oy §) == Inf o(x;y).
sel,,
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Theorem 1.3. If L, < I, there exists a word and only one in I,
whick s 'the best approximation word forany y e L,

Proof. Liet |y| = m
— if m > n, then the first » letters from y is a ‘word %o € Ly and o(x,,y) =
=1/2" — 1/om, T .

For all @ € I, # # #, there is at least one different letter on the 1 posi-
tion such that

o(#, ) =,1/2¢ + (1/2% — 1/2").> p(a6; ).
Hence

o(@g y) = inf p(@, y).
xeLn

—if m < m, then y e L, and y is this best approximation element. Ag

the elements from I, are distinct, the best approximation’ element is
unique. 1) :

Definition 1.4. The word m, is a left divigor- of the word m,, when'
my, my € L, if there exists @ & I, such that My, = My®.

From theorem 1.3, we ‘can derive the

Theorem 1.4. If ye I, D < L, and D has at least one left divisor
of the word y ¢ L, then there' exists ¢n D at least one best approwimation
word for y e L.

2. The approximation of the words from I, by the words
of a sublanguage D

Definition 2.1. The metric space (#, d) is,called ¢-discreet metric
space if there exists a real number ¢ € R+, ¢ # 0, such that for any x, y.€.H,
@ # 4, d(x, y) > q. The number q is called the quanta of the discreet
metric space. : ;

We will consider now -the language L, < L, when !, is the set
of words with maximum length n over the alphabet A. It is clear that
(Ln, p) 18 a g-disereet metric space with the quanta ¢ = 1/2% Indeed,
let @, y € Ly, if @ = y, o(2;y) = 0, butif @ # y and @, y have all ‘the letter'
in common, except one, then p (@,%) > 1/2% Hence, forall ¢ # y, 2,y € L,,.
ele, y) > 1/2%,

In this section we investigate the best ‘approximation’ problem!' for
words from L, by words from an arbitrary 'sublanguage I < L,.) =

Definition 2.2. If y € L,, then a word »,e.D is a best approximation
word for ye L, if

plooy 9)=inf (@, ) </1 —g.

Here p(wg,. y) <1 — g means that the best approximation word @, D
has at least a letter in common with y @ Ly, 4
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In the next theorem we will note by Pref{y) the set of all words. .
which are prefixes for the word .
Theorem 2.1. If D < L, has the property that :

p j ' 1) ), when H == ol 1s the vight
g Ly and o€ Pref(y), H N D # 0, when H == o :
‘jr;(;zin%ligiglidgd generated by o, 1’.,11 en in D there ewists at least one best appro-
wimation word for all y'c L. _ ) 7
* Proof. This follows immediately from theorem 1.1.  mE
'l-?he‘following' theorem can be proved on the uniqueness o ]ltle
best a;pproximatioﬁ word when D < L, and forall ze L, p(z, D) < k <
<1/2 — ¢q, when ke R+ and &k # 0.
Theorem 2.2. If D < L, has the property that for all x, y €D, p(a;,l y) >
> 2k + ¢, ke R and q is the quanta of ‘the space I, then for all z 76\_1,,,,
.s;wh that p:(.e', D) <k, there exists a word and only one of best approwimation
e Pl k and J ; from definition 2.2" and
' Proof. As tp(ey D)tk and k< 1/2 — ¢, fro AT }12.2 and
because 3)/15 a fin?t-e, Sublzﬁ]guage, results the existence ot the best approxi-

mation element e D. o it g ailof)
‘As' the uniqueness i8'concerned, let' us suppose that there exists two

i D, sucli that p(a,2) =i t,z) < kand p(y,2) =

elements z € Dand y € D, such that p(.m?,.) “nellf) p(u,z)< k ey, 2)
= inf p(u, #) < k. ( |
"y jangle itequality results p(s, ¥) < o, 2) |- p(e, @)

From the triangle inequality resu 8 e ) < 1% TRl
and'so 2k - ¢ < 2k. This Jast inequality is false and it follows that @ =y

ntradicting the supposition. s S el ol
@ Lookinbv for conditions necessary and sufficient for 'Lhe. exlbbbllﬁe
and ﬁniquerﬁass of the best approximation word we 'will Imt-loduce the

following definition.

Definition 2.3. The ' ¢-discreet etric space (#, d) having' the pro-

K ‘ bhere exists 2 e I such™
that forall '@, y € B, @'+ y and d(w, y) > ¢, there exis 7e ol
%ﬁy dt(ofi, y) = d(a): é/) + c’i(y, 2), will be called M-convex discreet metric

space. (Convex in Menger sense [4]).

First of all we must observe that the discreet metric space _(1}2,” f_)
is not M-convex. Indeed, let! @, y €(lu, p)) @ # yand p(x, y) = 2¢ = 1Y

nzhed atiifs o= sl then segnashgy A 8y (5 o
== 1/2171; it means that if @ = ;... Bul1, ¥ P i 4
Now/, for all e Ly, 2 # xyz £ y, such that p(x, 2) =g =1/2" 2 =2, ..

vo @noa@e o and 80 pfy, 2) =1/2""1 4 1/2%.) Hence, p(®, 2) + (2, %) : .

=12 £ plw, 7). : - AL < e o
/ It c';-;l Plge,végiﬁed that the space L, becomes M-convex in! respect

with the following metric,, derived by Hamming’s metric -

as T, X0 SRy

d(m,1y) =1 /(Y ‘oi(w; 4), Where

gr=c]

Gy = v=1,.. vy M

S I 00 2 T Qe L o 0

0 if wp ==y

_{1 it @ Yo Lk v D ! L ™, 19
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We are now ready to establish the theorem on the existence and
unqueness ofi the best approximation word. - S

Theorem 2.3, Let (Imy d) be a disereet metric space. M-convex  and
2 €& Ln such that d(z, D) < W < 1/2—q[2. There exists one and only one
best approzimation word n D for ze L,, iff d(z, y) > @28+ 1), for te N
a natural wumber and for all @, ye .
] Proof. The condition: of the theorem are sufficient, as it/ results
from theorem 2.2. In order to prove the necessity of the conditions, we
will prove the following, !

Lemma 2.1. 7 [ (Lu, d) is @ q-discreet metric space and M-conver,
then for every ,y & L such that d(w,y) = 2qt,whente N, there exisis z e Lo
such that d(z, y) = ig and i@, u) = 1q. |

Indeed, if w, Y &Ly, @ #y and d() y) = 2¢, then there' exists
26 Ln, 7 # @,z # y such that A, y) + d(z, ) = 2q, as Ly is M-convex;
From the fact that I, is discreet, there results @, ) = dy, 2) = q.

If 2, yeLi, « # y and d(z, y) = 2qt, the space being discreet
and M-convex; there are # Rz o0y #yoy distinet elements from I,
such that

Uwy 2) = d(eyy 25) = 10 = Azg-1y ¥) = ¢

Hence for 2 € Ly d(x, 2) = d(z, y) = qt.
Based on this lemma, a proof of theotem 2.3 'is the following,
Let us  consider #, v€D such that d(u, ») = inf d(w, Y) =
ayeD

= 2qi. Then by the M-convexity of the space L, and by lemma 2.1,
there results the existence of an element w e I, such that d(u, w) =
= d(w, v) = ¢ and hence d(w, D)< qt, But this is impossible because
— it d(w, D) = gt, the best approximation word is not unique, in con-
tradiction with {he hypothesis.
— it d(w, D) < ¢t, there exists a word y € D such that dw, y) < qt,
then, d(u, ») < d(w, w) 4 d(w, y) < 2 qt, in contradiction with the
hypothesis inf d(w, y) = 2qt.
Tyeh

Theorem 2. 3 gives a reply to our question : How must a description
catalog D be organized in orderto Tecover errors in words with at most
¢ errors ? Indeed, a catalog is a sublanguage D < L,. To recover a word
With some errors means to find in the catalog D one word and only one,
the most likely to i, i. e. the best approximation word.

Let us introduce the following definition

Befinition 2.4. A word z e I, has ab most ¢ errors in respect with
aset D < Ly, it d(z, D) < iq.

Using this definition, from theorem 2.3, the following result is
obvious.

Aheorem 2.4, If (Lu, d) s a discreet metric space M-convex and
D < Ln, a word z € L, with af most t errors in respect with D can be reco-
vered iff d(w, y) » (2t 4 1)q, for all z, y e D.
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This last sentence in a new form of the well-known Hamming’s
theorem on the linear codes [5]. But here the result talkes 1)1dLL for finite
languages if a metric is considered i in respect with which I, isa q discreet
metric space Al-convex.

3. Coneclusions

The description language D use(l in data bases for 'identilication
18, a bublangua% of the discreet metric space L,. 'The identification pro-
blem ig then a problem of best approximation of y ¢ L, with respect to
D < L,

Sufficient conditions for the existencé of a unique best approxima-
tion: word have 'been given. It has been proved that the same conditions
are necessary and sufficient if the discreeti metric space L, is M-convex.

These results provide cnditions for the deseription language D < Ly
which permit the correct identification of a word with not, more than a
given number of errors.
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