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API]ROXIMAI'ION PRORLIÌIUS IN LANGUAGI|S

cìI;ilìS ICÀ J^t_oÌ]tjr\NI j

((iluj-Nnpocrr)

¡1hNrad. Â lllcll.ir: is illtrorlucccl jnto
-rl ol syrrrbols. l[,1.u c _I- ls tìre sct oI cl':ttetl
approiinìation ol a"rirr'<t Iroru ,/- b5, el r thc ¿ì

lá¡ipnllcr¡r trcscr.i¡rriril, ilrc ¡rrobìcrrr o1 -L* is
is cortsirtcro<ì. Â c<nrrìiiinn jór.cxislenc Irïlili

Itrtrotluctiou

llhc auton'r¿1l;ic iclontifical,ion of

s¿ùme.phdlotrenon differ by a letter
identifical,iorr ploblem. is to fintl in-a
¿l \\¡ortl, the nost, likel5. to a wot,d co

a,s a
the
rlìll s
tific
bel of difTerences fi'om t,he worcls of the dictionaryg

Jn or:cìe' to a'sn'e. thi-s question in thiß worrr a ßrudy of the app.oxi_matio'probrem of a v'orcr f'om a rang,age'by the vorcru ät 
"."rrl"rg.*g"is done, rvbeu the langua,gc is organised ,.tu mctric *fr*u.

.l . lllhe rnetlic s¡lnee (L, p) l

rn' A bc a finii;e ser; nf symrrols, tho alptrabet, a,a 7, the fi,eo semi_group rvith .nity over ¡r. ft L it is cånside'ed thr¡ metric

p: LXL - Jl-F
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defined by

whero

o{ury) :

and ø, ll e L, t[ - frt "' ür¡ !/ :'!/t

rnax (z,lt)

p(n,y) : X 712' o{n, Y)
í:1

(1)

til.n¿fyt
0 i'1, nu : Y¡

, . gr. Such a Ino1,r'ic has l¡een used

(-1. .I¡rlobcanu

in [3].
Ths mol,ric p ind.uces in t a topology \\¡hel'o Lho opon sphere with

'conter üo e L and r¿ìdius r, r e R+, is the set

B(ø0, r) : {r : n e I', p(æ0, ø) < r}

we must observed that in 1'ìre intluced topolog¡' the principàl righü icleals

from /, arc open sets.

ÐofiiniÍion l.t. ilhe sullsel, H c L is a right itleal generated loy
p - i if for all re -lT, there exists üeP â,rd:oell so l:i¡,.at' m:1,1).'

.Defiilition 1.2. 'Ihe principal :ig'ht irleal generltuÉ þy'n-. L is t'he

idear genorated by the set^1"]._ß9, the lighl,_,principal ideal^gererated
i,î-;Ë¿-õô"ì"i",{ all tne rioi'¿s friom -t foi whioh ø is one of the pre-
fixes.

From rlofinibion 1.1, using the metric p the following statemort is

obvious.

theororn 1.1. If IL í,s ttrc rigttt prinaipal id,eal, goneraterl, -by- aeL;
tnen iù,yi ãt¡Zt't"lor at1 n,y e'8, lotr,ere I øl is tho.len¡¡th, of tbe woril
d,€ Ir.

Ws can establish norv i,he

lürco..rer-n 1,"2. 'Ihe ltrinaipal, rigttt í,cteat, ganerøted, tty u. e tr iß øn

ovem subset i'n (.L, P\."'"'" "i;;;;f 
. 
-rr,'" 

îisht principal id'ea1 generâted by cr e 'L iis E : aL'

'I'hen, for *11 ll GH, !! : &¡ vhere ze L' tho set

{eÍ,zleLl.c. 11, honoe

B(1lrLl2tat+"¡: {øzÍ,:leL} c .IIr and 'U is open'

Now, lot f.,u bo the sot of word.s with maximum lenþth t¡ over the
alphabot A. ì

Dofinitiori l.iJ. À word' lnui,is calletl Ð l¡ost approximaüion worü
for 3r eL úI

P(not u) -oÚ.!,e@;u).

Tlrcorern '[.:1. ry L: - !, tlwre_enists a word a,nd, only one in f,o
uhi,ah, is th,e beet, apptronimnti,oi¡ u'ord, for *ny y , i.

Proof. TrcL lyl : ¡n

- :ï y t n,,Lh.en the first m letters frorn y is a word no e L" and. p(ao,y) :: ll2" - L12*.

rlor all ø Ç .Ln, fr t' ro theto is at least t¡ne different letter on the i posi-
úion such that

p(n, y) : 712í + (7lz' - 7 l2*) 2 p(no, U).
Ilencc

p(no, !t) = tnlj,p(u, y).

: f y -< æ, thon ll .g L* ancl y is this best approximation element. Asl,he eleurents from Ln are distinct, the best ãpproximation elernent is
unique.

Defirril,ion 1.ä. it'he word rn, is a reft divisor of the .word zl,, r,henffitt ffize L, if there exisbs r e L, such that ?T,r: n¡rs. 
* '--1r -.".-

From theorern 1.8, vo can clerive the
theorom '1.4. 

.!Í U g L, D .c Lo ctnd, Ð has øt Least one te,ft cliaisorof tly .usorcl uS L, then theró enists itt, D at teøtt o"t utít, ieeïi,*mait""
nnord, for yeL.

2. T.lrn app_roxirnatiou of the u'orcìs flom Lo by the words
of a sublanguagc D

. Thg metric sparce (IX, d) is called q-discreet metric
a real number g e R+, q + 0, such that fot any ü,,u e E,the number q is callecl ihe quanta of th"e tíiÉcre"ú

Vfc rvill considcr now tho languago lro e L¡ when ,/,, is the set
ver the alphabet A. It, is clear ürat

tlro quanta g :112". fndeed,-
* g and ø, y have all the lettei

rn this section we inv^estigato the best approximation problem for
words from -tn by words from an arbitrary iübbnguage f - L^, ---

Definition 2.2. rn a ê Ln¡ then a word øn e -D is a bost approximation
word for y e Ln ff.

p(uo¡ U) -,$" p@,9) < 1 : q.

$ere.p(øu, .g) lL * g moen! thaü.t-he best approximafion word øueD
has aú least a lotter in commón wiüh y a Lr. '-
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fn tho naxl; theoren-r wo n-ill llotc hv I'rcf(37) 1;hc sel, of a,ll worcls
whicJr aro preïixes lbl tìre \\ior(ì :ry.

'I'frerrrern 2.1. l.f I) c- l',, lrus th,e prolerlg tl1q,ti

.for all,yel', an'd ø-e Pre.f(r¡), H n D lk),uhen, E =-=ø.[' t]s the righ,t
princí'pøl itleq,l, {ttnaeru,l.ul bq a., l,hcn, itt D th,tt¡'c. ¡tnrrlsl¡ ¿l leqsl, on,e besl u,'\t1tt'o-
rímat'ion u)ord .'lot' al,l 3¡ e [,,.

I?roof . lllhis liolllvs iulurerliatel"\' flom tìrcolt¡ur 1.1..
llhe 1'ollol'iltg l;heoleut can bc' plovcrl on t;he uniqueness of the

best apprclximation wolrl whe¡r .I) ,-. f,,, iurd for all e e ['o p(ø, I)) ç /c <
< 1/2 - q, when l;, e ll,'v atrtl /i: # 0.

lllreorrlnr 2.2. 1,;l I) c I'nlt,ttstlt,t:prope'rlylhøtJoraL[n,Ue D,p(a,u)Þ
> 2k + q, lí: e lll a,n.d r¡ is lh,a qu,a,rtl,u, o,l' tlte spacl It,,, t.hen J'or øll z'e1,,,
sttclt, that p(2, I)) { lt, th,ere t::ttisl,s a, t.uord att,tJ ott,h¡ one, oJ'best u,ltqttotrthnet,Lio'tr,

.[or z e L,,.
.Proo./'. ,,\s p(e, 1)) ( /r ¿r,nd /i < I 12 - q, flollr clefinitiotr 2.2 ¿¡ntl

because -l) is a llinil,e sublarìg'uag-c, results thc existetce of the bcst apploxi-
mal,ion ele,rncnt n e .D.

As 1ùc uniqÌeness is conce,mecl, let rrs snpllos{) t,h¿ttherc exists tlo
elemonts ue l) andq e/), sucìr 1,hat p(ø,r) -,lll, pþt,z) ç /cancl p(y,ø) ='.

: inf p(u, z) 4 li.
seÐ

tr'rorn the l,riangle inecluality results p(,q, y) 4 p(!/, B) 1- p@, a,)
¿¡nd. so 2h l- rl < 2/¡. this lasl, inecluality is false aurl it follorvs lhal', u -: u
contraclicl;ing tle supposil,ion.

Looliing for' oontlitions neccssary and sufficierrb for the e¡iisl,crrce
ancl uniclueness crf the best zrpploxirnzrtion rvolcì rvc rvill intloduce the
followirrg definil,ion.

De.ti¡ritiou 2.i1. ilhe q-discrcot ruetric space (-U, r7) having 1,he plo-
perty l,hatfor all n,t¡ eltr, n * y ali.dd(n,y) ) q, l,hcre exists øe-?l such
t];:at' il,(n, ll):tL(n¡ø)Id(y,ø), rvillbecalledll{-convex cliscrcetmetric
space. (Convex in n{enger sense [4 ]).

lìirst of all -we must observe that the discreet metrio ßpace (Ln, p),
is,not ?/-convex. Incleed, leL n, U e .Ln, ?)¡ a { y anù p(n, y) - 2t1 ==: ll2''-r ; it mea,ns th¿tt if fi : fit . . . u¡¿-tfrn¡ then ?l : frt . . . !/n-tco.
Now,for alIze.Ln,z # frsz * y, such L}ral, p(a,ø): Q:712"rã: c)r .,.
" .. fin-7'tn and so p(y, z) : ll2"-r + 112". FIence p(n, z) * p(ø, y) :
:112"-¿ # p(n, y).

It c¿ul be verified that l,he space -L,, becornes lVí-cr¡nvex in respecû
with the follorving mel,ric, clerived by ll,amrningls metric

tI: .ltn Y .f,u - 7¿'v

c|(n, y) :"t þÉ ',,.:-, E); wJrere

7 it r,4=g¿
O if ln, * t¡1

we are no\v 1eâdy to estabrish flre treo.ern on flre existence anduniqueness of thc uust aprro;*;;T"" ryorcl.

trí,a space JV[_co,)Laev nnd
e erists one atul, onlu tme
y) >- q(2t -l L), ,[ur i e N

teororn at,e sufficient, a,s it results
the necessil,y of the'conAitions,'îó

rrcl, utelria spa,ce and, IIl_conucn-
2 qt, rulten, t e N, tltere erists ø e -L,i,

tl(n, er) : il(ør, zz) : . . . - cl(ø2¿_7t !J) : e:
Ilcncc for ?¿e l,o,.ct(,n, z,): d(2,, !l): {tt.Baserl on ttiis icinma, * àiä,ít'Let; us consirler ,r, o Z D

imal,ion .word is not unique, in con_

rvor,cl gr c D such that òl(w. ,u\ .<- îtt{2 t1t, in contradicbion ,lriiínìËJ

I¡et us introduce the follorving åefinition

, *"t ]#i!,tl:,'rorfi;.å,ï"rX., e Ln :nas ar mosr ú errors in respccb wfth

o¡uioYrl.iog 
this definition, t.om theo'em 2.3, flre following 

'esult is

'il¡r'o.o¡n 2'4' u (L,, tr) is a d'iscreet metric sTtace lrf-conacu and,, ç L,t * rcortt ø e !i, ü¿i:í ií m"ist-t iíror, ,n respeat wi,¿ D car, bc reco_aered, iJf d(u, y) > (zt + t¡q, for ãU'ij'y e o.

o¡ r:
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lfhis l¿r,st, seÌrtenco itt a, ne'g' lonn of l,lte well-]rnown }lantrningts
l,ltcorern on tlrc lirrea,r' cork:s 15.1. Ilrrl, hel'e tlro lesult l;ahes lrlacc l'or f ilrîLc
langrrages if a metric is consictelecl in renpecl, rvil,h rvhich -1,', is ¿¡ Ç-tliscrccri,
metric ßpace -i'll-convt-¡x.

3. Coltrilusions
SUI( UNE GENÉRALISATION DE I-A II{ETTI ODE

llhe rfescliption la.nguago ,D usect irì data bascs 1'or itlentilic¿tl,iorr
is a suJrlangurÌ'gc of the rliscrleet rnetric space -L,. Tho icloni;ifictr,1,ion pro-
lrlem i-g then a probleru clf J¡eist zrpproxirnation o1i ! e It¡ rvith respoct to
¡ e frn.

Sufficient, condilions for' 1,ho existencc of a unique best apploxinu,-
tion worrl ha,r'e beeu givel. ft has been provecl thai, tltc same conditiots
âre necessàly a,nd sufficienú if the cliscreet mel,ric spâco I1¡ is /f-convox.

The¡o resull,s provicle cnrlitions fol tho description lzlnguage f) ,- L^
which pennit, lhe, cnrlect iclentification of a n'ortl rvil,Ìr not lnore than a
given nurnÌ:el of etrors.

Acknonlcdgent¿r¡1ls. 'I'l¡c ntrlhol i¡ irlrfobtc<l 1o I)rof. I)r. I)oc. ì'ìlenrt Ì'o¡rovicin [Dl rììiilìy hel¡rful
disctrssions thrring tìtc clabolirlio¡r rLl this rvolk.

D¡ì S]EIîFENSEN

ION r'Ä\',\I,OIL¡
((ilu,i_\Ìapoclr )

(1)

Soil, "( llnì osf)itco cle Ija¡rach eL

/lCI) .: o

ltììFt'lllliN(ll:lS

lì11"r,ft,;';t;fl?. ",, J : .r --.,r csr 
'uo ap¡rtic*üio' .r 0 esr l,érdmonr n't

(2) t?¡,.1 1 =_ fr,a -. l;t:,,, !.Ì(tr,) ; Í)._r. !(,i,,,¡ r e lN

**lU tii,l,î',ili',rroclo 
(2)' cc¡incido

(3) 
!/,,.,,t : ttfu,) _ I!1,, (t(!/*) ; J.l , .J.@ø,)),

li, Yg.ï ,r,0, ,, .Lt 2, . . .,
Oonsidórr¡lls leo¡ 

'onil,r,,.rs "dcl* *1. ¡rosit,its.. ,!:,il I:., I:, p,.À.ot do: fl/(*o¡¡1.l)dsigrrons r)^r q > t ;; ;;;;ìr*'',tii'i1,,urcr'r¡ue. croirsidrirons l,onsomr¡lo
(4,) ,y -= {i,; e,l j flu _ tt:oll { ir;, ,rlo e,ï
eb elésiguou.ir pâr ø la plus 1leti1;e racine r:lo l,óc1 uatir;n:
(õ) (t *1- p¡¿z - Lz(1. _ï- p) f ,,tfu,lr + 1l_ r: _= 0,
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