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1. In the paper [3] Tiberiu T'opoviciu proved the following mean
theorem ‘concerning the behaviour of some linear functionals with res-
pect to the convex functions of order n (neZ, n > —1):

Turorem 1 ([31). If I 4s an interval of real numbers and F s o
real functional defined on C(I) such that

(1) 1" 28 linear;

(i) F(f)> 0 whenever f is convew of order n; then, for each fe CO(I)
there exist n + 2 distinct poinls ay, g, . . ., Gy 10 I such that .

B(f) = K[ay, @y, oy oy fl,

where IC is « positive number not depending on f.

As usual, the symbol [dy, @y, ..., 6,053 f] stands for the divided
difference of f on the points @, dy, .. ., Gyys.

This note deals with an analogous of Theorem 1, concerning the
behaviour of some nonlinear functionals with respect to strictly quasi-
convex functions of order =.

2. Let neZz,n > —1 be fixed and let P, ,, denote the set of all poly-
nomials of degree < % -+ 1. Also, consider a set X of real nimbers con-
taining at least » -3 elements and a real function f defined on X.
The function f is said to be gquasiconvew of order w (striclly quasicon-
ver of order m) if for every system of points in X,

(1) By <Bgy < .v. << Bpyg
the following inequality
(2) 0 < (<) max (—[®1, Bgy + -+ oy Buyo; 1 (@21 @35+ oy Tayg; f1)
holds.
For » > 0, (2) is equivalent to the inequality
(3) [(@gy @y« - o) Taga; [ < (<) max ([, Tay v vy Tuyy 3 1,

[@3y @ay + < 5 Burs; F1),



1N

92 ; Ra.du_P{g cup

first used by Elena Popovici in ¢ ‘initi
3 na Popoviciu [1] in the d f (strietly) quasi
convex functions of order . - ¢ definition. of (sixictly) e
Now we state an analogous of Theorem 1.
THEorREM 2. Let T be an interval of real n j
. : ‘ L (oI d nwmmbers a i i 7
Junctional defined on C(I) satisfying : f , % il @ e
(1) £'(f) = tF(f) Jor al 1> 0 and fe ¢{I);
() B(f +g) < I'(f) - F(g) it fe Py, or geP,,,;
e (}u) F(j!)? (l(r‘zj};r’;{f’t‘:”!'}j is strictly quasiconvea of order n
en, Jor each f e C(L) for which I'(f) <0, there exist n - 2 disitnct voinis
gy gy ooy yeo U0 L sueh that ’ i

‘ y -
(1) F(f) - '*[("]7("27---7((n+2§f];

whereI{( i.} @ posilive nwnber not depending on f.
roof. Let fe C(I) be such that F(f) <0. Denote ely) — qntt
(iii), I(e)> 6. Consider ) ' ote o) = a". By

(5) g = F(e)f — F(f)e.
Since F(f) <0, by (i)—(ii), we obtain
Blg) < F(F(e)f) + F(—F(f)e) = F()F(f) — F(f)I(e) — o.

Thus, ¢ is not strigtly gquasiconvex of order . Ccnsequently, there exists
a certain system (1) of points in I, such that ' i 1

O > max (—[&y, 2y oy a1y 9], [0y @55+ oy Tuyg; 07)
that is
(6) [@1y @y, .

Now (5) and (6) yield

v g3 g1 2 00 and @y, @5y ..., @iy ] < O,

() @g5  « oy Tuyg s 1 < F(f)[F(e) < [%1) Py -+ oy Buyg s []
I:N_ci‘:v\ {'.Ihe ._.(._-.911;-.11131011' lollows, with K = F(e), by the continuity of the
divided difference with respect to the points ([21, Theorem 3 :~}Lf“>)
Remarks. 1° The assumption that F(f) <0 is"e:am'-nti‘rl in '01:;*‘{;1' that
the conelusion of Theorem 2 be true. Indeed, if the function f Li-< cu;lf
cave of order n, then #(f)> 0 while all divided ditferences of fon w9
distinet points are negative. So, (4) is not possible. ' e
_ 2° The simplest example of functionals satisfying conditions (i)—(iii)
in Theorem 2 is that of the functionals in the form : - |

o . 5 . 5 & N
A= 0aX (— By Boy o ooy Buyg; -1, [ 3y &gy e .o Turg ;e ])

where &< &, <...<&,,, are fixed points in I. Moreover., if T, i

) D By : : : . /18 @
ll_nem ppemtor from O(I) to C(I) which preserves the strict ’quasiconve—
}Elty of order n and ‘,_e?(l_’m.l)c Py, then the functional F' o I also satis-
fies conditions (i)—(iii) in Theorem 2.

3 Quasiconvex functions of higher order
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