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ON A CLASS OF LEIBNIZ SERIES

LASZLO 16TH
(Cluj)

Let (1,) be a strictly decreasing real sequence which converges to
zero. Then it is well known by Leibniz’s convergence test that the alter-
nating series Yis2,(-—1)"-ly, is convergent and ]E,‘?“;.,.H(—l)’f—l'uﬂk'[ﬁ,<u,,H‘,
ie. the error made by using » terms. of the series is less than ‘the first
neglected term ., 1 Wy

D. X. Kazarinoff [1] proved that the inequalities
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hold for any n > 1 (see also [2, p. 188]), giving sharper estimates of the
error terms of these special series than the tisual “estimate of above.

In this note we investigate the following class of Leibniz series. and
reobtain inequalities (1) and (2) with better upper and lower bounds.
Let U denote:the set of real sequences «-= (u;) such. that VI
(1) wy >,y for any n > 1;
(i) limw, = 0;

n-o0

(iii) exist o, PeR stieh that oy P> —1 and the ineq}mlities;
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hold for any n > 1,

Prorosrrion 1. If we U, then lim n, = 2,
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Proof. Let us denote 7, = Y (1), where |r,| =1, —
L o - i Pt il : T
T Uy = Uarg + Ny — ... for moeven and |y, | = —p, — Wy — WUnyp -

gy — ... for » odd, hence |r,| = Wugt—Wagy FUpgy— ... for any = >1.
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By inequaliﬁes (3) we deduce
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for any » > 1. Now suming these inequalities we get
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and lim wu, = lim (2 Th,,, = 2.
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We give the following  suffieient conditions {0 have inequalities:

of type (3).

PROPOSITION 2, Tet 4 — (w:) be @ real sequence with properties (7)
and (€0). Define the function sequence f,: R R by fu(e) — 2 _ (Ugpq —
— Ungp)(¥ - w)(® -0 L 2) for any nw > 1, If there "exist a, e R IT;\‘}N-EJ‘}.’.-
that a, b> —1 and Jule) <0, f.(0)> 0 Jor any a > 1, then w e [, M orey-
ver, inequalities (3) hold with o — Gy B=0b for any n > 1,

Proof. Consider the sequences (x,) and (#.) defined by @, =

1 ’
S I = — || for any = >1. Here lim Fp=1im p,=0:
n —[“- [/ n *{— b f—co Hooo
1 1 2
AN &y — &= —— — B9 g Palb [Pagg e —oe =
B4 @ frzf. 24« (% - a)n 2 4 a)
feole)

— (U — Upyg) == N o o <O forany w > 1. Hence subsequ-.
(0 - @)(n + 2 - a) s a1 el et et

ences () and (w,,.,) are strictly increasing and obtain a0 for
any n > 1, ‘ '
_ _ f(b) as ' '
Analogously, y, — Yuyyg = SRR T T > Ofor any wo > 1
) 2 )
hence snb.'::et]uencq-s (#on) aNd (y,,,) ave strictly  decreasing and Yu> O
for any # > 1, which completes the proot, '

5

PROPOSITION 3. Let o — (4.} be @ real sequenee with properties (7).

and (i) and suppose that there exist $;teR suehthat s,t > — = 4ug

9 —2
(® 4 8)(n + 5 - 1)

S u’:).pl = “"-FZ gL — " _

(- O)(n 414 1)

Jor any n > 1. Then uc U, moreorer, {nequalities (3) Rold doith @ >

>V +35+3 —2 and 3: b — iy for any n »'1,
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Proof. Using (4) we obtain
2((20 — 20 — 1)n124-¢ —_;;{2_—.2;2:)
(- O+t + 1)
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Foro =¢— we have f,{t — . > e e P o ——— > 0 d{or any
2 2 2(n 4 t)(n -1 1)

»n > 1. Similarly,
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and determine the smallest value of  such that Jul2)<<0, or (28—22—1)n-+

4 8% 4 s — w* — 2e<< 0 for any » > 1. We obtain 2s — 2 — 1<00 and

for m =1, 28 — 20 — 1 - 82 8 — o2 — Qpoe gt __ 4o -+ 42438 =1 «
’ T 71

+

1 = <8 . _
< 0, henece x> max (S g Vs> 4 3¢ 43 — 2) — ]/s‘ + 38 43 —2. Now

using proposition 2 we deduce the desired result.

2

Examples. 1. For u, = -—"—— p> 1 we obtain Upyy — Hyyo —
' # 4P
I) - -

= - and choosing s =t =p 41 we conelude by

(0 4 pL)(n - 2) N s
proposition 3 that the inequalities (
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hold for any # > 1, where ¢ > 2 ¥p* - 5p L 7 — 4.

2. For p = — o we get the inequalities
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for any # > 1, where @> 219 — 8 — 0.717797 ... .
3. For p = 0 we have :
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for any » » 1, where ¢ > 27 — 4 — 1,291502 . ., .
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Inequalities (6) and (7) are better than the corresponding  inequa-
lities (1) and (2), respectively,

Now we show that, the class of Leibniz series Eﬁ‘;l(—l)”ﬁlu” with
Dbroperties (i), (ii) an (iii) is sutficiently large.

) 2
Prorosmion 4 Let u = (1) be a real sequence such that = < u,

<
N
2 4
S ot for any n > 2 qna Uy <. Then w e U, moreo-
" (m — Lyn(n + 1)
ver, tnequalities (3) hold with > ]/13 — 2 =1.605551 . .. and £ = %for

d
any n o> 1, : J '
Proof. Tt is obvious that Iim u, = 0 anq by
. . N o00 .
2 3 4 2
un+1 iy u‘JH.g = — T TTTTTT——— O

"I 02 T G S (1423 +8) ©
we deduce that (u,;) iy strictly (;locreasing,- Farthermore

2 : 4 D i i I
uu+1 i un+2 < T = _IL T ST st S e
Bl B - 1) (n -+ 2) - 2 (n 4= L)(n - 2)
and we apply Proposition 3 witn $=2and ¢ =1,
©“Remark., The bounds given by proposition 4 can be improved for
‘concrete sequencey (a,). . s
p e il R R KU -
Example 4. The Sequence u = (y,,) defined by u, — = . for any
y o N
% > 1 does nog satisfy the -conditions of Proposition. 4, but « e 7 and we
can deduce sharp inequalities of 1ype (3) for the corresponding Leibnig
serles computing Ja(2) and applying :Proposition. 2.. We have. . .. .
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and  f,(0) = »(Ll[j;}q((ﬂl"—%— =0 dor any g 54 and f, ( %) =
= 1)*(n - RAE 5 ]
8n® - 5802 - 98,14 o MEL W . '
= ‘71'(""4)‘1);(—{:'—'}}—r— < 0 for any <% > 1. Npw chooting 4 —
R 4= 1)%(m - 9)2
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= 5 andb=0we obtain by proposition 2 that the. inequalitio:
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re t t-side inequality can be improved by
hold for any » > 1. Here the left-side inequali can ed by
determining smaller values of ¢> 0 such that Jala) <0 for any
> 1.
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