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1. The time-transportation problem (TTP) defined by Grabowski
[3] is well known as the problem to find the non-negative solution Xey
of -the system :
Yoy =0a, 1€l =1,2,...,m}
jes
Yoy=0, jed ={,2,..,n}
=
for which
[min]#, = max {t;}
XeZ i, hee X
where

T = (ti)iperxy, with #; >0
and
Py = {(91 j)/%ﬂ > 0}7 for Xe L

Many authors [2, 6, 7, 10] developed some theoretical and practical
aspects of these problems.

On the other hand, the author [1, 3, 4] developed some general
list-management algorithms for solving the Operatorial Transportation
Problems (OTP). These kinds of problems were treated too by others,
a$ Srinivasan and Thompson [8, 9].

TTP being a particular OLP in this note we studied some special
aspects of the usage of our list-management system for this problem.

2. DErmiNTTION 1. A solution X €y of TTP is a basic feasible solution
iff card (oyx)< m -+ #—1; the set of basic realisable solutions will be
denoted by . A basicfeasible solution of TTP isnon-degenerate iff card(gy)=
=m +n — 1.

Remark 1. It is proved [1], [8] that for any basic realisable solu-
tion corresponds a tree B;:

@ the nodes represent the rows and the columns of transportation

table (corresponding to the suppliers who have the guantities
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a,, 1 €1, respectively the customers who need the quantities ;,j € J

from a homogeneous product);
@ the edge (i, ) represents the existence of a transport from the
supplier ¢ to the customer g
® the root of the tree is a;.
DEFINITION 2. A list attached to a basic fasible solution X, of TTP,
Ay is a list with a free structure having : . LYV i
@ 7 -+ m elements, with index set F=1{,2,..,mm-+1,...,
m - n} corresponding to the nodes of the tree presented before ;
@ m - n — 1 pointers, p(k) where ke Ay, with p(1)=0, p(k) corres-
ponding to the edges of the tree; so,

pE) = m + Js iel, .)EJ
if in B the node B; precedes A, respectively
plm 4 j) = pli), i, jed '
if in B, the node A4, precedes B = ™7
@ the data field of each element ke # contains the value z, defined
as follows : '

x =0,

for <el, if A(’i,p(@')) € Ap,

Tmys = wp<m+j),,-f01'jej, it (m 4 j, plm + §)) € Ap. il b

o

&y = Fy,p@)—m

Tn the following we denote by e(i, 4) an élement of Ay, namely

ol 5= (i, p(8)), where j = p(E) —m, it (@, plE)e Ap
i {(m 44y plm + §)) it (m -, pli ) € Ap

i 4 : | U AL
3. In [T] ave proved some propositions for solving TTP. For this
to TTP are associated a graph Q and 2 hasis Lo it : i
@ the nodes (4, ) which represent the existence, of a trangporta-
tion on the route (i, j), from the supplier ¢ to customer IERIREE
® the edges of B, chains clements from the same lines or columms
in the transportation table, namely between two nodes (t;7) and
(k,1) there exists an edge it e=F%k or j=1. (i pigiiny;
Considering now Bg and a node (ig, j,) € O there exist 1wo Toutes
of them goes from the central node (i,,7,) on the r
the column j,. We denote these routes by : h

(3, o)y Qaldy, Jo)  Tespectively,

from (i, jo) in By (possibly in some speeific conditions one is void). One

ow 1, and another on

* Denoting by I, J; respectively the sets of ‘line, colunn indices of
d by Iy, Ju respectl-

T, Tespectively, corresponding 6 the first route an
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vely the same sets for the second route we can write
Wiy do) = Ti X Ty — {liny o)}
Wiy, jo) = I X
I=1—1, and Jy=4dJ —J,

. THEOREM 1. Let X(Bg) be & non-degenerated solution of T'TP,
(in, jz) @ node of the base Bg and W(is, ju) defined as before. i |

. (i) If in the column jz of T there exists at least one mode from Bgq,
different from (iy, jg), then Voo b L

‘F(@'u,jn) - Il X Jl - {(1:131.7.3)}’

i (ii). If in the column js of T, (i, ju) 18 the single node of the base Bg,
en

Y(ipy Jr) = jX{JH} — {(&yy JB)}»

(iii). If in the row iy of T there ewists at least a node from: Bq- diffe-
rent from (ip, jz)y then = I ATNCTORDIY. S S T T

Wiy, js) = Iy X Ty — (s, ja)}y

T (iv). If in the row iy of T, (is js) is the single node of the base Bg,

Wiy ja) = {0a} X J 3. — {(is, o)}

Proof. (i). X(Bg) being a basic solution, we can prove that a column
of T' can not contain at the same time nodes from Q,(ig, jn) and Qy(is, ju). I
we assume that this is possible, there exists a dolumn jj different from jy,
in which we have a node from each sub-trees described before, as in the”
following picture : ' VI o |

(":h;*jﬂ) (iln JL)
T #
(%8 Jn) (P55 Jn)

Demgning the edge from this column we obtain a cycle, which contradiets
the bagic character of the solution and so; : 1!

Jindy,=®
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On the other hand, from the basic character of X(Bg) and the fact that
in j, there exists at most one node from By different from (iz, jx)

J :Jlqu
and so,
"jZZJ_J2:J1'

X Poomny . I olumi ie. oJ. — @
i), It (¥ ) is the single node of Bg in the column jg, Jy '
From (1;11)6 basgc”g]jliu'acter of the solution and the fact that jp¢J,, ther
results
J =dJd,u{j;} and Jyn{j,} =
and so,
J, =J — {js}, respective J, = {ja}.

We can prove similarly (iii) and (iv). g0,
TiurorREM 2. Let X(Bg) be a non-degenerate basic solution of TTP,
Ag the attached Uist and (15, jz) @ node of DBy, = s e 1L 7
! (). If (igyJn) 8 the ;i'ngle- node of Bg from the column jp, then, the
corresponding element from Ay is

e(im Ju) = (M - jg, p(m + ji)).

(ii).. If (is,]s) 98 the single mode of Bg from the row i then, the
corresponding olement from Ay s

e(tny Ju) = (Ip, PEs))-
Proof. (i) If we suppose, thab

e(is, jn) = (i, Plin)), Where jy — plis) — m

it results that, for the sequence

(i) P(ig)) — (p(E), P*(E1)),

from Ay, there corresponds in Bg an edge in the 'c()h"um} Js =plig) — mf aéllld
this is in contradiction with the unicity of (¢5, jz) in the column jz of the
base Bg.

Ha L S
(ii) is pr?ved in the same way. q.e.d.

Trom these theorems and algorithm 3 from [3] we obtain the follow-
ing algorithm : ' ) ! A Pty :
: ilqov‘ithm 1. (for building W(is, js) using an attached list Ap). "
& o ind nent e(ty, jz) i ., that. means, we make
Step 1. We point the element e(iz, jz) In A,,! i - eans, w k
K: = i,,-])if P(ts) ~1—— m ~+ jy, K :=m -+ j, respectively if p(m - js) = tp.
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- Step 2. One initializes: I,: = @, J;: — ®, I,: = {1}

©Step 3. If I, = @, then go to step 7, else I,: =1, yl, J.:= 0,
Step 4. Do while icl,:

4.1. One builds the set of the successors of 4 in Ayp, that means,

8(@): = {m + jlp(m +j) =4, m +jed —Jj}

It §(¢) = @, repeat 4.1. for another tel,; if not tests if K = 4,. It true,
go to 4.2.; if not, tests if K e S(¢). If yes, St): = S(@) — {K}. In this
case, if S(7) = @, repeat 4.1. for another ¢ e I, ; it not, go to 4.2. If K ¢ S(1),
go to 4.2,
4.2, One attributes J, : = J.ys(i). :
Step 5. If J, = @, then go to step 7, else Jj:=JjuJd, I, = @.
Step 6. Do while jedJ,:
6.1. One builds the set of the successors of m + j in Ag, that means,

S 4 ) : = {i[p(i) = m + j, seI — 1,

If 8(m 4 j) = @, repeat 6.1 for another m + jed;; if not tests if K —
=m - jg. If true, go to 6.2 ; if not, tests it i e S(m-3). If yes, S(m-tj): —
= S(m + j) — {K}. In this case, if S(m - J) = @, repeat 6.1 for another
m - jeJi; if not go to 6.2. If K ¢ S{m 4+ j), go to 6.2.

6.2. One attributes,: = I,y S(m + i)

Step 7. One builds J,: = {j|m - JeJ}. I K< m and the point-
ed element is of the form,
é(ip, Jn) = (i, P(ip))

then, I,: = I — I, and go to step 8; if not, if the pointed element is of
the form, i

é(tny Jn) = (m - Iy p(m - Js))y -

then, J,: =J — J, and go to step 8.
Step 8. We build the set
Wi, Ju) : = I, X J; — {(¢5, Je)}.
Step 9. STOP.

Lemark 2. We can prove without difficulty, that the set W (Zs, jn)

built with algorithm 1 is the same as the corresponding sets built by
others [7—11]. '
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