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_ 0, fn _approximating- the solxtions of real equations, improved
xesults can l¡e obtainecl if rve conbine Nes'ton's mèthod [1] rvith the
rrrethod of cholcls [2] in the follorving l'ay:

I'eL t;u be ?n initial approrimation of the solution ø* of equation
Í(u):0, rvhere / is zr, real-r:alucd liunction clefinecl on an inter,va[1--I?.
\\'e compute !þe filst_approxilnation yl using Nervton's neilrocl, i.e. yr:: no - f@ùlT'@ò. \\Ie further cornpute r; lry ilre rnetìrocl ôt cnäicts
usjng the apploximation øo ancl lti tt:lJt-l@)lLro,h)ll.Assu-
ming tha1, t,he apploxiniation $n_r of ø* has-6een õomþriterî,'"the next
approximation, r,,, is obtained in the follou'ing t\ray :

(0.1) lu: no-t - l@,_r)ll,@,-r)

nn : lJn - J@,)llr,-t, Un-t)ll, lL : I,2,. . .

in .'äïJïålå'å?ä-:'"'lifì',"ll3f,,Jf i-u,îär(I'J"',ï;,ti-.ï
ap trvo clirectioris. One of the sequences (a,,) and (y,)
approximates Ír'F from leftn'Iiile the otlter one
a_pproxirnates it from right,. .I.his property of
t)re 

_ sequences makes possible to give bõuds
of the absolute error of l,he apprãximation
of ø+. Ollliou,sl¡' tve have

lr'r - n"l<lro-lJnl and I",r-A,l<lu,-U-|
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xn-1 X

âr
Jtl

The methocl also has disadvantages Fis. 1
from which we onlv mention one. For. buiT¿-
ing 1,he ty9 se_c¡uenöes which define the method two recurrence formulasare needecl. rn the piesent paper we give a version of .steftensenìs
methocl which involves two sequences witl the above-mentioned p*i;*;properties and 'which'only uses one,recurrênce of the type givãn-iã- ioll.rn the following we recalr definition and the nee¿ecl properties ofthe divided. differenões L2l. Let f :.1--+ R be a -u,ppiog noii¡¡tæ. W"



denoted by ln'r fr" ; lf. Obviously lfr', fi" i 1) : ln", n' i lf, lhat is the
first order clivitled d.ifference is symmetrical with regarcl to the nodes r'
and. ü". The second orcler divided- difference of the mapping / on the
nodes û', fi", c)"' iL 1, clenotecl by [ø', fr", #"';,f], is the first order dividect
difference of the mapping h : ln',.;/l :1\{ø'} * E, h(r) :ln, n' ;l)
on the nodes ffi", fi"', that is

lff', fi" , r"' ; ll :

îhe second order clivided. clifference is also symmetrical 'rvith regard to
nocles. 'Ihis can be easily checkecl and. rve have

lfr', fi", n"';lf: lfi', fr"', fi";ll: Lfi", ã)', fi"';Íf:

: ln", û"', ü')l): lü"', îc', n" ;l): 1fi"', a", n'ìTl.

The third orcler divided clifference of the mappiirg / on bhe nodes ø',
ü", fi"', fr"" in I, tlenoteclby lr', fi", fr"', n"";l) is the lollowing quolrient

lfr', fr", n"' ; ll -ln', fr", fr""'r.fl

r.,et / be a conr,i'uo*s, real var*ecr Tppping crefi'ecr on the segmentJ from /1. Let us consitrer flre e_quatiog t/iäi:-oàl,r'Ë ¡s ass¡me ¡ratrr\¡e can 'l'lrite tl:is ecluation in ttie fouowiírg 
".1"i"u.rì"ì"forrn :

(1.1) l@):n-s(a):o
rvhere the fixecl points of
r.,et (n,,) b" ;;;qí;nce of ion. /(ø)- : o

tt,o: g(no), n - o, L, 2, . . . ('tl,) built b.

tion 1i.r')"clerinecr'rri tí,u . äTTlffi_,åil
(7.2) în+L: on - lnn,u,;fl-I J.(æ,), n, : 0,I,2,...

r'vliere 
.øo e r-is 

_ar-L 
initial approxirnation a'd u,o : g(no) e I ís calrecr stef_fensen's rnethocl.

mation of a solution antl not a solu_
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call first orcler dir.idecl cìifference of / on the nocles ff', n" in I the
nurnber

fi")

l1ie aon,y 1iål,j$:"i;?:ï,eìjT 33(< o) ) ü ancl oiri ii ïåi í"ytlrlee ,;fl)o (<o) t2l.
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1. S?'trrllllNslit\!s td¡JTItoD

2, .rH!ì CONVERGTìNCE OF STTìFFENSEN,S A{E,TTtrOD

a eontinuous møpping and, g(n) :
and, conaer 

1

x( l/(øo)l,ll@o)l)

.ed 
using tlte recurrenae formutø (I.2),

d, conts
anil, c

in Io. of the 'l@) : o

Praof' From (ii) it resurts tahat uo> oo.-.rndeed according to (1.1)
T, ååii :j,;,0 [.tl ìJ' oì# T,l ;, g;Í' ;"3'"îä: 

" 

k;; -_;: :-,Wri :

c)'\ -
'ú -fi

ttt tttt

which is also symmel,rical with respect to the nodes.
\Ye obviously have

(0.2) ln', n" ;l)@' - c") : l@') - l@")'

(0.3) lfr'r fi", n"'i,fl(n' - a") : lo'r n"' ;l) - la', *" ;Tf *
tr'rom (0.2) and (0.3) there immediately follows

(0.4) f(æ') : l@") * lü", t"' ;ll@' - 0") +

* ln', û", û"' ;ll@' - n"')(n' - û").

Indeetl we ca,n- write

l@") * lû", û"';l)@' - ü"') * ln', û", fi"' ;Íl(n' - fr"')(n' - fr") :

: l(,n") * lu"r n"'ilf(n' - û") * ln'r n" ;lf(.n' - fr") -

- lû", n"' ;lf(t' - û") : (l(u") * 1\a') - Í(n") - Í(n').

I
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(2.L) nt : îo - lao, u,o; f)-L f(ro)

I-.,et us'note that $r c L also be obtainecl b¡,

(2.1') ßt : uo - L:,:0, uo; Jl-r Jþto)

This can be checkecl directl¡r. Using (ii) ancl ilre fact t}rat J is increasingf^to1 (2.1) it -resulls^ gt - to: - luo,uo;l)-, f(no)) 0, thus ø, ) nn.
Anal_ogously, Irom (2.!') we 'rra'e 11_- Qlo : - læ0,ûo;l)-L/(rir) <"0whiclr meâns n7 <Lco.'rhis rneans that -ttre 

tóltowirg' ïieqúäÍitiés' Tiord,

(2.2) fro-- nt ancl frt{ ü0.

From frb xtt e fn iL follols Lltnl: a, cal l¡e cornputccl rrsing 1_re rec,.rrre,'ceformula (1.2) ancl we have

(2.4) nz : nt - lar, u,r; fl-t J@r)

r''et us note agai' t,oa¡ *, ca' also be orrtained using tre fornrula

(2-+') uz : LLt - lør, ttr; fl-L fþrr)
fact that can eas'y r¡e checkecl. tr''om the formuras _(2.4) and (2.4,)rrsing that./ is incleãsing and ld)>ì antr li;i, ¿ot^*tîuro,r, no _ !0. :: - f,no Q(t, ll-L {!"1 <9 urui ø, ?¿ì 

^!-: ;,r,0, - _ t^,r, r,ü"ji_{¡rurl2 r:,llrus ør> tr. Tlnrs 1ve havc tlie 
-ìi.q.,ur,t,u*

(2.3) 
[úL <î)2 <1)r

rvlrich, since ø,, ,u, e Io, give o, e In. allcl 
. 
lhe e-ristence of ,u, : g(nr).

",',*T#Tiåiå:-:'"(r.tö 
rix)i;l^""1"ì;1"i; ;'":"*i,^ï'i: n' c,"' :1.11ùn,)

..f(nr) : lnr,u' nz)Íl@z _ ur)(r, _ nr)

l@ù : u., - g(ur) : g(nz) _ g(,¿rz) : lnzttr,r; gf(r, _ tt,r) <0,

e r,ecurrence formula (1.2) we com_
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F o-* (2.2) lvø bave ør_e lo,and tìrus.ø, : g(ut) exists. tr_.¡et us apply for_
rnula (0.4) for the nodes st : sr,cj" .l &o-ùr;d fr,t,: ?ro. We h;;e

l@) : l@o) I lno,uo;ll@t - no) I lao,%o¡ tt.¡fl(n, _ u,o)(n, _ oo)

n:O(1.2) g sults
; l)@t - u)( rhe
we obtail _"f( )> 0) øt, which 'p.Z¡

grves
(2.3) ur <crl <uo

uL rrraty be either smaller or greater

- fiol < d, thus urelo.Indeecl, if
lities (2.3) \Ye have u, - no {u
üt 1fi, using the ineciualities (2.2
have uo - ut 1nt - tt1- Í@r) < l(,
and we have

l@r) : % - U(ut) : g(nr) - g(u) : lrh, u,r; gl@, - ut),

whence, since g is decr.easing ?nai h7 ut it results tlnt f(t"r,r) {Ð (ur{ø*).
'I'he points üo¡uot ur,'rlràtrd. a* ate tlisposed as sholvn in'tñe figuie belo.i

ur u? xo x? xÎ uo

(2.6)

or alternatively
(2.6',)

0*+t : cct - lfir¡ tt.o; fl-L f(n¡)

x)tc+L : 7rt - lfin¡ un; ll-t l(ur)x d

Fig. 2

xo"do

Using theso and thc fact th^yt-f is increasing and Í(où> O, J(u,,)(O"weobtain ntc+r - *r: ¡rr,urrfl:t'törf20, thus nr*11r¡,, a¡1cr nr*, _,tr¡:

I
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: lü*¡u*;.fl:r f(ur) <0, thus e,¡n1) ,tr,¡,. r'hus \.ve have the foltowinginequaJities :

(2.7) ür{,"tt +t{ fi*
i11) exists.

. ltu'r*r) = Qtr*+t - tl(ur*t) : g(frr+t) - !(ur*) : l*r*¡, u*+t) gf(c.*t -
- un+t) (0 (ør*, (ø*).

: ã and,-the proof is complete.
can be formulated. depeñding

ented theory let u
: -1@11_1), rhe mapping s t- å;håL-ol) ,o:n 1o..Since ¡-1) - :-1 io rve may takË *r: _t. rt follows thatwo: g(nò:0 and l(uù= 1-. Th.us we have d:"1 ,o¿i.-: [_2,0]. ]yemay apply Theorem 2.I, far I: Io: [_z,o]. fnJintaiå ãl"Jt'¡j2",w¡: ---918 and so on.
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