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1. INTNODUCTION

2. II¡,ÀLSH SDRI-ES

(1) ; rn(u):r(2,.a), üen, neN,
wherej:- {0l]l 2.,. . .} denotes the set of natural nunrbers. l¡'or øe-l[ let
(2) æ

be the binaru
coefficients óf
that, 2þ > n).

n:E?i,,,.2b
Ì.:O

enltans'íon of ra. ThernÌpb"T ,r:r ? \0,1Ì prg called the binaryø. obvisously rhar hx: o io, ir'"hîãiüärñîö"íi,iiåo
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1'hc rìaclerrârcÌìcr s,r¡stcln l' is orthonorrna,l bul, not complefe in
l,sf0' 1)- the Jf'¿rls/¿- '.cr!1{ .sr¡stcnt, xt1 : (xunrn e N) \{¡¿ìs aefñõo- irl
Jt.lt.A.Cl. L'tley [22] in 1932 by

all chara,ctets t-rn G is given by

(8) t,:fr pi,., nety,
Á*0

s'lrcre (ra,,, /c e M) a¡"e the bi*ary coefficients 9f n ery. îhe systern (tf,,,
:l.ri{Ìr]åfï]thonounal on G, rvith respecb to rhe Haarj measur.e p.¡25,

Denoti*g liy Go the sot, formccr of alr.,n e G rraving onr.y a finitell.rìany ronzero cornnouenfs it folrows t hal, c,o is a cuunta;lB i";í" i"ü.åiËof G. For, x: (noi e co wiiti-i,,':î-""c1"ø* :.-[*ffi-i\ nr, prrt,

(9) c+. : (ø0, ütt...¡ tr,u_17}r1,1,...)

and lot GJ : {n4: n € Go}.
For cach nurnJ¡er n e lA,1) consicler its tlyaclic enTtu,nsion

(3) øetY.

Obvioullf t}rat tnz" : ,t',,, fl e rY, antl is closed:under finito_pr.oclr,rcts. llach \,\ralsh constant,
tahes only the values _-þ1 ancl hare continuijties on [0,1).

lthonolnral systenr in tzf0, J ) and,
J. Fjnc [8] antl N. Ja, yilcnliirr

:","f f ïi,.'L:f,'li iT",r'å¡äääî,ï;
nenotc lsy zr.the rliscrcl.e cyclic cloup of order 2, i.e. the set {0, r }wilh dis_creûc topolog¡' antl ¿r,dclir,ion lnodrrlo 2. Thc riyarlic g.orrp' á il

defined by
(4) G:ZzX7'rx
rvith product topology and acldition

(5) a+U:(lr"-y,1, neN),

lgt n 
= 

(9") ana y -: (y^) in G. rn ract, G is a vector sparce over the fielclZ, and" the lormula

(6) lnlr: Ë ,*. 2-h-1, ¡ : (n¡) eG,
k-:o

defines- a, nolm generating the topology of G.
Tho measuro p. on G, obtainecl. as- the theich assigns to each sing is a

'e on G, i.e. a translation e on
[10], [2].1 or [23]).

, defined on G by
(7) pn(u) : (-I)'",

for ø : (o¡) eG and.n eìr, is a character on G, i.e. ¿; continuous morphism
from G to the multirrlicative group T : {øeC:izi :1}. fne grouf ê of

(10)

oä 
,'^ .2-!'-l

o1 r. If O,-
p,?,:ö *:'õ_lîil

Tinecl by
(11) p(ø) : (no, ut, . . .)

!.e [0,1). T1, follo.r,vs that p is aGr.

(72) 'tÐo: þn"p¡ neN

*",-,1'Iir'rr"-i"Hoïå *;ï.P,"t'tt to carrv o t the invesrigarions in

ro" J3¿"if"i",lTËir?ååî"",?",t".is i.e. using tho lvarsir system w and.

* * 
é:À lJ. ifä'Trt:l tîî1"î: 

f#Jtåï' d: "' 
u si n g ure chara c t er sro up

b"rh Yih:h,3lrårlåJ."" 
doubte condensarion of singulariries úheolems in

w,,:ft r"¡E
h --o

PnEüfryE:-rn i
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Denote lty Lo the space of all measurable a.e. finite functions from
[0,1) toÌU{-þ oo} ancllty Lø': Lol0,1), 1( ? ( æ: the usual lebesguê
lpacqs -of measurable functions, with 1,he corresponding norms (see [11]).
l'he Lebesgue measure on [0,1) lvill be dgnotect by À.

s. cbìuvrlncÌit'cli oF rvlr,s¡f --Founrr,:R sEnrES

tr.or a function

rvhere (ør) 4nc1 (gr¡) are the dyaclic coefficienl,s of u,g e [0,1). ìl"ote flrat
[0,1) is not a gr'oup unclcr i as this operation is not associatir.e ancl
[0,1) is not closed rvith lespect to
metric on [0,1) ancl the inclucecl t
of 10,1). 'Ihe dyaclic topolog.y dif
In Secl,ion 6 rvc shall prescnï som' a funclion /: 10, 7) ; n which i
to the usual topology ]lz-conti
mly -[fl-continuous, but not
Cw (L25, p. 111).

Now, defining the convolution of tvo functions .f, g e LL by

Double co,ndehsation 1r?'

(13) jþu¡: I þ,, d*
G

respectively : clÀ,tþni'

(14)

and. the partial sums are given by

s/: Ë l1tlþr (resnectively wÍ: Ë itolr")

The \{øZs7¿ -Four,íer series of a function / in Il(G) (in Ii) is :, (1e) ("f@sXø): l@). g(u* r) . ci).(¿), ø e [0, 1)

and denoting b)' a' : 
,å to¡, T'lte Di'icrrret lierner in this case, flren agaiu

one has À:o

(20) Hr,l :.f@ Â,,, r¿ e Àr.

We shall now rnention . some

üecl in divergence results for Walsh
ue maximal functions are rlefinedby

(15)

We shall caII a Walsh-Fourier series briefly a Walsh series.
It is worth to mention that many results from classical Fourier

analysis have their analogs in Walsh analysis. For instance, Il,iemann -Lebesgue lemma asserting that limi(n) - g and the application I * I
from -t1(G) (or 11) to co is linear uåã-cootiouous of norm < 1. The R,iesz-
Fischer theorem is also true: îhe Walsh system is a complete orthonor-
mal.system in L2. Riemann's localization principle is also valirl (see [25]
for details).

Defining the convolution of two functions /, g e L!(G) by

S,,f : 5 Îtlrl,l,, (resnectiverl, W,l: I ftolfrr).

f
!
G

B*/(ø) - sup {l9"l@)l : m eìf},
(16) $*s(n): l$)ts(n f t).d¡r(f), reG,

ancl denoting by Dn: í] úr, meN, the Dirictrlet kernel, then

|Y*f(n) - sup {llv"f(u)l : rø e ì[].

ound,ed, diaer¡t ence\ f or
lsh sories diverEés at
e -E). Similar nõtions

(21)

respectiveiy

(22)

È:o

(17) S",f : l.* D,, n e N.

In order to define an appropriate convolution on -t1 we need a new
operation on [0, 1-) callecl d,yad,ia ødd,ition and definecl by

(18) " iu = Ëlnr_ unl.z-n-r,
¿-n

(?ql AÐff) : {n eG: Bf(ø) : oo} (respecti.r.eiy W*l@): -),
.for a 

lunction / e Z"(G) (rspectively in Lp).
,.*.* Coogerning the existence of sets of divergence .wo mention the follo-wmg resutts - every subset z ot çlori uaã, ,"ì'r"ffi ;åäì; a sot of diver_
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gence for'-L/(G), 1-< p ( co ([2ù,'I')r. 4.ir.11]) :ililif P] i!^go*p-act.an{ 9f
Ë"*, p"osurà áôro thtn it is aiet of tlilergenõe Ícl C(C) ([25]' th' 4.5.13)'

In the foilorving theor.erns rr'e collect the cliverggnc_e lesults neecl'ed

for the proofs of cloübìc conderitrat.ion of singularities theolerlls'

3.1- Trrnonnli (a) I/ Ec G is a set <tf tlicergence for lhe sprce I'e(G)

(wheri'lJp < æ¡ illen"f! is ctlsct cr, set, oJ'"trtt;t<¡6icled ditergence for I'e(G)

([25, th. 4.5.e.]).
(b) TIWT erists a Jnu,cticttt, J e Lt(G) uhose walslt serics tliuer¡¡es

auerywhere on' G ([25' 4.lir'12])'

3.2 Remark. trn [211 ] sonre cìit'e:gence resuits are proYecì. in themore
g-u"".^i1o"ié"i of the hôrnogerleous 

-Ba1ac¡ srtlrspaces oT -tl(G).

the corresponcling clivergence results for the spae'e I'r aÍe:

3.3. Tunonnu (a) I/ I .I't ønt' Wf cliaet"ges --n:e'21r 10,7) .then Wf
atrergel-ulUoundeàty' olr, ä"d'urrtt stt'bset o/ to,1) ([25, Th' 6'5'18])'

(b) There euiits w Junction, l çlt whose Walslt, series d'iterges (1.e"

on l0',1) ([25, Th' 6.5.14 ancl 6.5.16])

3.4 Remark In fact, in [25] is provetl the existence of functions in -t1

with á.à. oirr"tg"trt rÑ*t*h ."ii"* aËd satisfying also some growth condi-

tions.

4. BOUI}LIì CONÐÐJVSATIO}Ì OF SINGÐLÀIIITTÌìS I¡ìI }ÌÂN.&Ü'I SE}ACIìS

In this section rve shall present a slight extension of the douþle

con¿"nsailon of singular.itics le.-s¿i1,, plovett in ¡Z-, '1't]. 5'2.1 altl,. to this
;;ã;;; recall some'needccl notions'and results relatecl to the Baire cate-

gory theorem.
Ä srrtrseb oî a topological space ? is caiiecl nowltere d,ettsc ninl" a : Ø.

a 
"oi*i"lrie 

union-^ol iowtreic cense subsets of ? is called a set of

fi.rst (llal'rc) categorg. A complement of a set of first' càte-gor'¡'-is.cnllctl atriiiAàlilial il;ä"t residual subseb of f is tlcnse iir ?' then f is callerl

""it"'i;; 
ig,i"u çseu Pq, p',9?l). A.topological space I l',1R1itg space if and

onlv il' l'or everv couiriabty-íamil¡i of ãense õpen-subse\ .o.J' 
r their inter-

-J#i"" ì.-Aá"uã'i,' C..l'' uncountäble dense Gu-subset of f is callecl su,eï-

Itl"ii i l; ([?]). Every complete metric spaceis.a Bair"e space-and. e\/ely

ffi;; GrlorìË*"i of ã"cornplôte rn_e_tric_sp-acc withouü jrolated poinls is
Jripã"¿rìr"-li-r tfzl, 'rrr. s.rs11. We sliall need the 1ollorving version of

this result :

4.1 Pnoposrtrorrr ([4]). U f is a Baire lt'e separa-^

tion arí'ortt'- f, ina iouil"gi'"o"is^olated' poirøt's, I 
-stt'bset^ol-C 

i, *n"oum,ì,b1e *u,a rltnit in 'I. In'pãrticui,¡ I'Lbset oJ 'I
is swyterd,ense in T.

Now, we are in a position to sta1,e the d.ouble condensation of sin-

gularii,ies theorem :

4.2Trrnonnm'LetXbeønonrcroßansch-spa'ce,Ya.m-ormed'.sEace-
an¿l I- a, nonuoíd" sepàrab1e a*il, metr'izable Baire sPece) wit'¡'out isolated'

t'toit¡ts. f,et ctlso al : {Ar:i'eLl be n' fentr'i'lt¡ of nt'gp1ti'ngs ft;ctm X x T to
'Y, sntisJuin¡¡ 1\rc ,folLotoirt4 ct¡ttdí't'íoit's :

(i) d,(., f) : I * Y is cortt'ittttot,t's, l;]Arçn * I'i' l)ll ( ll.4'(ø' Ú)ll t-
+llA',út,Ð'l\ ut¿¿ llr{,(o'û,t)il ç lizl,(*, t)il, Jor euclt' ieI, te 1', c:;y e'Y
,in,l ,uera scctlctr a, uÌth l"l< I ;

(ii) -4,(ø,,) ; 'I -'I is cotttitttt'otts .fot' cnalt; 'í e I a,nd, r e X;
(iii) fft,a'c erisls ct tlense su,l¡sct '11n.-of '1' suclt f/iøú sup [[1,4r(ø, Ú[l) :

reX) lløll < 1, ieI| : oo .for ull. te !lo.

'Ihen,tltet'eenistsctstt'¡terd'ensesubsetlog./-\ such_lhatr.fot'c'L't:ry r¿'€,T0,

iha sctr [ú e1?': sttl-r [{i;|,(,u,1¡1¡ :; e]} : oo} tls sttptcyc'lense in' 1:.

Proo,f . The onl¡' rnoclificat,ions s'il,h respect, to Theorom ir.Z in [7-]
refer bo i,lie hypothescs on l,ho s¡laco 1'. ln [?] it wa,s supposocl that ?.'

is a nonr.oid sóparable cornplcte uretric sp&ce s'ithou1, isolate{points an-d

the -basecl on sult of W. Ruclin [24]¡
con existence such spaccs. ìSo'lv, using
l?ro , thc proo in [7] oan be transpe
,5ed oJtt¿rilr a ilhe nretriz¿tbility lryptt
thesis on f is lìe[ìcsË&r--\'l-;ec¿r,use in t]re plclof one l'orhs wit]r a counl,ablo
srrb¡et 'J-'[ol Tox'hich i:i still tiotrtrcin ll'antl, in geticlal topological spacgs,

separnbilit¡' is ¡ot a heratlitar'.y protr;erl,y ([14, Clt. 4, Probleru I¡]).

5. r)oulìI,ti {1OPrll)Ilil{s¡l'l'It)A ou sIiTGtif,r,lRI'UI!ì5 l;'Oll 1'rl¡il $PÄ(:u J,r(G)

îìrc cloubio contlcnsat,ion o,i ""ingulilrities theorem fsr \Yalslt series
in Lr((ì,) is tlie lollorving :

i.1 'In¡¡:on¡r,t !'ltcre enisls a, s',1twd,ensa stt'bsat ,{o o.f -['1 (G) sttch,that

.for ea,clt,,f ..ìlo tlte set U D(.{) =- [;t; e G : Sll(ø) - oo] 'is superda'itse 'in' Cl.

Proof.,Ì.illie in l['htto]'c¡n +.lt '\: f'r(G), 'f' ..= Gt Y : n ancl lct, z[,,:
¿t(6t)x G"-ll, l;e tletinc,dlì)..1,(f,ru) :S,.;f('r), {or/e}')(G), c;eGand
rt e:Y.

As 6 is a cornlrilr:f rnr:tlic \iì)¿ì,ce ii; is cortrplctc aucl separable (a coutr-
't¿l¡Ic dense su-nsct of G is fi¡ .'- [e: cG: ¡t:: (¿r) ] r¿ V li,7'rt. tt,:r == 0i), Ib
follows that G is ¿l Bairc spaoe. 'lo sh< lr' l,ltat G lras no isolated pttitrts l,.rt e;

lrc arr ¿ìrbitlrì.t)'c'lourent, o1Ì G. II n; e úln ¿r1ìrl;ï¡, .: 0 for lc V n, then putt,ing
1t)1¿ : ¡ -l- 37" s'hero !l',,,t,, :1 î,ntl :ryr: 

-: 0 llot' zi'li Ä: gtyr k=/=vt' J ia,', iÙ

follon,s th¿[l, ø"ra;u fot'all r'¿e .Àr ir,irrl l,he seqrrt'rltrtì (r") teutls to ø, fol
rù + s6. lf a e {i...G,, thcu ø" -. (,11, . .'tiri¡ 0, . . .) aro all clistilrc[ lroln ¿
.aud llt'r'c linrit ,i:', fo¡.' r¿ * co.

' å*b
tirrur.¡us orr (-r'. Itol a fixctl t: e (i,-tlrtl i'urrction h,,(l) -- D,(n 1 f) is in {Ì(G) c
c /,- ((,1), so thtrt .,1,(.1, ,;t) = [ltrl . D,,(.t; i- r) ' tip(í) .l' e J.tt(t]¡, is ri, cr¡nt,i-

)
'ttuousr lincar function*1. orr tl((J).

tj,y'I'hec¡rem 3..l, l,hcrle c,xi¡lis a functiort g e L1(G) rl'hose ì1"¿r1sll strics
'tti't'elges rurl.¡orruriecllÍ on G ¿¡rrd þhc-Tunr:tiotr .l'r: Illlg.¡ir v.ill.havo the

I



increasing bijection antl let u" - 2-t -ç(") :0.0.. '010. '. (rvith l only at

tfre ç(rl,)-th position). Then z', :n * yto is distinct from n a''d n { z" :

- 2-r-çþI - O; Ior t¿ * oc'

I'he sTtuce ([0,'1, +) ¿t seTta'ruble'

' ,Ihe s9t Qzof ch'aclic rationals is countable ancl clen¡e il (t0,11, +)'
foa."ã;-it-n.i6,7), r'= 0 ' ø-or1. ", thÞn putilg ?'" - o' aoú+: " r"0 ' :''

,tt, e H' rit l'ollowstìlat ø" e Çr atrrl'¿J_r"< 2-"]t -l )-"-3 1- .'' : )-",-1'D,
fOt l¿ * Oo..

(c) To shorv that the spacc (t0,1J,'*) is not'-complete, take nga,in

tfr"rsàq1"J"";^n;:õ.10f ...10. ..,'n¿ì[", consitlerecl in the proot of the

statement (a). Then n"l-h i ü1t-2-n-2 l2-"-s + "' 1- 2:-"-a-r: 
'-"-u

for all h ) l, shorving that (øn) is a Cauchy sequence in ([0,1]t l-)'
. If tire sequencs (ø') s'oulclhave a limit ø in ([0,1], i), lh9?i !l{

¿ssertion a)) it \.oulcl couÏerge 1o ø in the ustt¿l'tÓpology too, implytng

that o: 0.110-.. in contradiction to-the inecluality *.,!"*" > 2=2'

',''' (d) To prove thai ([0, 1), -¡¡' is a Bair'.e'sp*ce rye ha,ve to shorv that
,"i1 .:"-i

,i,|.Ç, Ale clense opcn s¡Lbsets qf [0¡ 1) t]rc1'4: À G,, is' still clense ' i1
. "-9, :

,i]¡tOr f li ,l-), AS tJrc d;ratlic i:opolo¡¡y on T0, 1) is' geu.erated' b;v' the " inter-
.;;äii (á+j,'il, foUo'tors that eacfr Cì, can ¡.e rvriûte¡ i¡ the form ' :', ..

Double co,ndeusation of 727
0

T:hçrg,opch A,.,:+ [t¿,x,¡' b,,,) i$,4,cl¡raclìc'i¡Ls¡val of thq fonn (24)';' l[ow,

tzikirig' bi,t - @i,,,,bu,r'). artcl Ú,i': tl l;,;, il, lollorvs bHaL Gi, i.s;a puliiö1 oÎ
i:o

e, the intôrval [0, 1] is a Baiie'Èirace,
..æ

;So-'tlrat 1,he sct, A' : ã Gi is tlense in [0,1] rvlrilh rcspecl' to t]1et usrtai

i ¡t--o'topolog¡..

Í¡inall).r $'e Sholt tlrtr,t ,,1 =: l]] G,,.is tlensc in ([0,1)' +).

(25) , :

i, ',i1 ,.
,it.

f rct æ e 10. 1) ancl lct
p,:,"{a a¡rrl ¿ì * 2 ,..<l!'. 'ts'\fi,t+2-') coijtains a poirr

n 2 1, such tllab
0,11, thg' intelva[
0.n'i,rt... lt:O-

Choosc ll e.À-,
set á1

,u --

salme propertJi., But then

sup {il"(/, Ðl:neN, I e -ð1(Q),, ll/ill <d}>

sup {l:t,(/,, n)l : n e ì[] : s'/o(ø) .- oo,

for all eeG, show.ing.that concLition (iii) in Theorem-'4,2 is also r¡erifiec.l.
Norv, the conchrsiorr"of llleorem 5.1 follo'ws frorn I'lrco1otu 4.2.

Stefan Cobzas

6. DOURT,E coNrllrì{sATloN oF srNcuLÀRrl'rES Fon n*"ria stirìtDg lts ¿r

I26I

1.

' jo pÌove,the,clouble conclensation of singularities_for \\'alsh seriés
ih.I/;,rve-ha\.e,to worlc 'n ittr the clyaql g topology o1_L_0, 1) so thatn'e sirall
stud¡¡ its charaeteristic ploperties, \\'r:iting I :0.11:.. ¿urd using'the

for-rmrla (18) tìrc metric + c?Ul be esterrclecl'to 10,11J ¡O;r¡.:
' 'I'ho clyaclic intelvals

-"),0ç:2a'21ii ?¡ne1il,' :

y generate'tlíe
can be ri'ritten
function w^ i*
outilruous' with

In the'follo*'ing theorem,we ollect'together some,resúItg "Ón the
cl¡raclic tolrology we n"eecl in the proofi of double gondensat'ion of singula.

',: ir' : ' "' 
'i'"'' ' ;--' ' -

[0, 1], I * -- 'ltl. 5''n l, ,!t. !,\ære.foye¡

¡þ no¡: ¡¡'¡1¿.: "' ' ' " '-'.'''.''''.
ii sepuràt)le' ànd,' høs tto í'eolated,,

noints,

. (c) Tln'...tnett',tce spaci'e ([0,1], -l) is ttol cotttplete. .. , . ì :

',;.(.1).Î/ra m'el;rí)c. spa,go ([0,1),' '

Ptaol. (a) Obviousty that lø-
.i..,21!-t 

= ü l_ ltt implying alSs .th
usual conl¡er{lence . [0, 1]. -S"V

. . .10 . . . (tJre lait, t ,is ion, r't, c lY), it'
iseçFtencc'(:r:'i) crtnverg ' :0t110"r,

in the ¡sual tnpolog¡i. uot'",iilu Þ 2-2,'shorving thal, (ø") cloes not conveÍge

to 'ø 'r.vith rcspect .to l,he d¡'aclic topolog¡r. ' :: :,

(b) Thz sçtaca ([0,1), +) tutt t
Ì,.ít relõrl), q:'0:nour... unt

tion on'the Ayäitic'i'eplesertaiioin of l¿it
inJ."t N,J {/ce/[': rr - o]' is in ¡f'
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:!lo!1t... l¡c the dyarlic representations of the nurnbers æ,?!. il'he inecluali-
ties 0 < Ø <3/ <a -l 2-" implJ".'-fid': Uot...i ßn-t llu-t ancl e;r, ç go,
for all k >- n,, so that

n -l tl< 2-ü-1 * z-n-z + ... == 2-'{e.

Now, rr,,'e are in a position to state thc clouble conclensal,ion of sin-
gula,ril,ies th.eorern in the -Lt case :

6.2 Tnnonnrrt. T-h"erc eni,sls tu s:tt,perdense subset Xo oÍ LL.sttclt, tltat
tor each, leXntlte set UD(Í) =: {a;e [0,1): Il"'l@) == oo] 'is snlterdense 'im

[0, 1) witlt, respaet to tlte clgatlíe .toltoloçty.

Proof. In'îheore.m 4.? take X ) L|, T : ([0,1), i), f- - R anrl
'A;:Lr X [0,1) -'fùr rlefinerl by A"(î,r):II¡,J'@).tsy Proltosition 6.tr
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As 1F,,/(ø): f(t) . D"(u -l- .É) . cll,(ó), il, follo's's that the function¿ul.

!n.* i I'r - LB detined by 9,,,,;(l) :W,l@) is linear a,nd oontinlous' fol: cr,c.h

#e [0,1) nncl,,rae:Y. For a fi.recl f ef,l the function]l:"/ = 2 Î@)' w.

is continuons on [0, 1) n,ith respecl, to the clyaclic topology, sfr-oTing that
oonclition (ii) in lheorern 4.2 ís frtlllllecl. ;lppealing to 'l'heorern 3.3 ancl
reasoning like in the proof of 'Ih.eore;n 5.1r itr lollown irnrnecliately that.
.condition (iii) in Theorem 4.2 is al¡o fulfjlled, n'hich ends the pÌoof of'
Theorern 6.2.

It is natural to ask rvhat happeÐs rvlìe..n the inten'al 10,1) is ec¡uip-
ped with the usual topolog5'. The ansu.er follo¡r's irnmediatcly ft'ont lheo-
lem 6.2 :

6.3 Conor¿anv. Ih,ere e¡ïústs & sLrperdense subset X, o,f LL swelt, tltaft,.

for cuery I eXo tlta set ADff) eontûlins (b set sLlpetilen,se'i'n l0rl) witlt, res-
,pect to l,he u,sual toytol'ogg.

Proof . By 'Iheorern 6.2, for er'ery J . Xu the set UD(I) is G6, uncoua-

talrle ancl clense in ([0,1), +), i.e. UI)(J): ä *,,rr,here G,a"reopenand.'

clense subßets of the space ([0,1), il. n"^íã,iing like in ùhe proof of'
statemenl, (d) in'Iheorem 6.1, it lollorvs tl¿rt the scts GicG, at'e open.
a,nd dense in [0,1) rvith reßI]eel, to tlic usual topology. lìhelefore, the set"

æ
A' : a Q:, is containecl in Un(/) and it, is superclens,e in 10,1) n'ith res-

tt-0
pect to t'he usuat topolog¡'.
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