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SELECTIONS ASSOCIATED TO McSHANE'S
EXTENSION THEOREM FFOR LIPSCHITZ FUNCTIONS

COSTICA MUSTATA
(Cluj-Napoca)

: 1. Let (X, d) be a metric space and. Y a nonvoid subset of X. A funes
tion f: Y — Ris called Lipschitz on ¥ if there exists K > 0. such that
Sl o s @) — fdl < & d(z, ), o
for all , y € ¥. A number K‘,>, 0 verifying (1.1) ‘is called a Lipsohitz’ c’onsta;;i‘
AR It is easy tQ‘ sho‘x«lﬁ‘%tllaf:;ﬁllév_(iﬁ'z.brizoit; 1f1le dé"'finéd by

(L.2) Iflle = sup {|f(z) — T ld(z, w):m, ye X, 0 # 4}

is the smallest Lipschitz constant for f and we shall eall it the Lipschitz
worm ol f. _

',D{‘.]_‘l{j!l‘,(g _b“." Lip ¥ the sot; olall Teal-valied Li])S('.hit-z functions on Y.
The set Lip X and the quantity |Ifly are defined similarly. ;

. Obviously, with respect to the usual operations of addition and nulti-
Dication by scalars for functions, Lip ¥ and Lip X are linear spaces and
She, functionals || [y-and || |y are, seminorms on these spaces. The funec-
tionals || |l and || [y are not norms because they vanish on constant
functions, | ; | N | | ,

Me Shane [3] proved {he following extension theorem for Lipgchita
Tunctions . SHELLE o) 2 _ .

; T‘IIE(l}REM 1. Let (X;d) be a metric space and O#Y<X. Then every
n:psqh-a.ga_-;If-u.w.ctio-m on Y has a norm preserving extensions to X y he. for every
Je€Lip Y there eqists I e Lip X such that :
Fly = f and | 7| = |fly. . .

: Nuw let @y e Y he fixed and i(leuutma by LipDY the subspace of Lip ¥
formed of g]1 functions in Lip Y vanishing at Py, 1.,

@8y iy =t e Lip Y : f(z,) = 0}
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The space Lip,X is défined similarly :

(1.4) Lip, X = {F e Lip X : F(z,) = 0}.

In this case the functionals || |y and | |lx are norms on Lip, Y
respectively on Lip, A and, Lip, X and Lip,Y are Banach’ spaces with res-

pect to these riorms. ol H T VLS b
Again by Me Shane’s oxtension theorem, every f € Lip,Y has a norm

preserving extension I € Lip,X. Two such extensions are effectively given

by the formulas: ks

¥

(1.5) Py(w) — sup () — Iflle A, )y € T}
and
fug)i,d A 10t o(@) = fnf U(”H”f”fd T

for all ze X.: T e .
‘Denote by K :Lipi¥Y =2 LineX {lje. sef-valued operator defined

by

A

(L.7) B(f) = (1 < TipgX : Fly =f and [Flle =1/,

for all f e Lip,Y, and call it the Me Shane extension operator.

An extremal conves subset of the: unit balt B, of a normed space Z
is ealled a face of By, i.e. a convex subset (< B, is a face of B, if iz +
+ (1 — W)y € 0 for two elements @, y € By and a ninnber A € (0, 1), implies
@, 4 € O. A one-point face i an extremal point of B,. Obviously every face
of B, is closed and an extremal point of a face of By iy an extremal point
“of By _ : ; vk
In the following theorem we summarize some useful properties of
the extension operator.

- asoren 2. Let (X, d) be a melric space, Y= X, #pe Y fiwed and

feLip,Y. Then L __

1° B(f) is a nonvoid conver, bounded and closed subset of Lipy X5

20 Boery B e B(f) verifies the inequalities :

(1.8) Ly Fa) < Fo) < Fale), w e Xy

where 1, F, are the extensions of - yivew by (1.5) and 1.6y i T

3° For ||flly =1, the set B(f) i3 @ face of the unit ball Brwx if
and only if f 18 an extremal point-of the wiit ball of Lipy ¥ . '

Proof. 1°. Let I, G € E( f) and x e [0, 1]. Ohviously that (A 4 (1 —
@) |y = f and | AL - (L= NGx < MPle + @ — NGlx =
Il (L — Nfle = 1k Since | 4+ (47— NGy WL+
4+ (L — WG |rlly = Iflg, it follows that »F -4 (L — WG e £(f), proving
the convexity of Z(f). ) 2 R
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¢ A8 [|[Fllx = [flle, for all I'e B(f), it follows that F(f) is bounded.
Mo prove the closedness of E(f),let (I,) be a sequence in F( f ) conver-

ging to a function ' e Lip,X. As I'(z,) = 0 = F,(x,), for all n e N, it fol-
lows that e

|l’1n(w) _F(m)‘lz IFn(m) + Iﬂl(.’,l}‘) —(l?’n(mo) —‘F(m[))\')l“€< e
| Hy = B Al wp) i 0

I

for every @ e X, implying the pointwise convergence of the. sequence
(F (@) {o F(x), for all @ e X. Since I',(z) = f(x) for all cv.-ez‘Y‘ta(,lndi-a,lh

. weN it follows F(z) = f(w), for all e Y. Also F, — B in Tip,X and

[ Fulie = I lley ® € ¥, imply | =Xm|{ lx = (flly showing that £ e Li(f)-

2°. To prove the second inequality in (1.8) suppose, on the contrary
that there exists @, € X such that F(z)> Fy(2)). Since the functions j}r’
I, are continuous on X and Fly = f = Fyy, it follows that 'L_hcy'a,n"ru:
on the closure ¥ of Y. Therefore 2, € Y, implying d(2y, %) >0 for all
5 & Y. Taking into account definition (1.6) of /', and the inequality Fy(w,)<

F(x,), there exists an element yj € ¥ such ‘that ' J
(1.9) F) + If e @y, ) <T@ty 0o Tt v

. As fly) = ), the inequality (1.9) rives the c-bﬁti'adiﬁébi e Pl =
=18l > () — F() A2y 30> (£l ) oIl
lnlm first inequality in (1,8), can be proved: in a similar way. \
Ly 3. Let Buyy, Buix be the closed unit' halls of the spaces Lip, ¥
Ilgia_sp,_ectwel;y-._;LlpuA . Let f be an extremal -point. of  Briy anri-»sﬂp'pgse
g}at H,, Hy e Buy,x and 2 € (0,1) ave such that Wi, - (L — M) H,.e B(f)
Since f is extremal the equality M, |y + (1 — MH, |y = [ implies Hliy =
=) = Hylr. Aol = Il € T o Wil MLl 20 o 0
WLy ,YNH 1 implies I, |ly = [Hslx =1 = [} lrs showing that IT,, H, € E(f).
o ﬁ{i‘uy}:, Suppose that f, [[fly =-1, is;not an exfremal point of Biypeye
7 _r‘ L t 1ere exist two distinet elements fy, f, in Bys,v and x €'(0, 1) such that
_—Mﬂ_‘_—l—{l(l = l})f_g. If_ Hie B(f),. 4= 1,2, then Hy|y + (1 — WH, |y =
e i et Il = [H e + (U= Ol <
II,[‘,I,' :1)“%!‘ I_——_}.)]H%J_Y.g._l, showing thal ?\‘H} + 1 — NH, e fi(f). Since
i }3.;,-]:_;,_ , 2, it follows that I, e B(f), i = 1, 2 antl K(f)s not a
__ Bemark 1. The extensions I, F'y ol funtetion f e Lip; ¥ ;. given by
1(3116}\2 f:;lsl (1Lb), are. ._a,%:i_trel_nal']_wiut.,v. wof  the face E‘{Ij; a-ndi f:rm’xf;iquumt-lgrr
le}tf") o (\lw; remal elements of the unit ball By, v, too. Indecd, if F, G .
= g F k;li.vl)\-;.{é (0, 1’}_511‘0 such. that #y = 1+ (L — W)@ then, by (L.8),
e éd HimllE: lvf 1 g {r implying F' = I, = ¢. The extremality of Iy is pro-
B gt : ’ ' ;
YL = {B e Lip,X ; Py = 0},

i

be the annihilator subspace of ¥ in/LipyX: ™ & v = 1 Losnl dadn g
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‘A subset Aof Lip,X is called proziminal in Lip, X if every F e Lip X
has a nearest point in A, i.e. there exists G € A such that || F — G|x =
= d(F, A); where r nah fa'i Py s Doy

i
r

A(F, A) = inf {|[FF — Hlly: H c A}.

The metric: projection: Py : Lip,X — 2% is defined by
PA(F) = (G AT = @l = d(F, A)}.

-+ If Po(F) is:a singleton. for every I e Lip, X then A is ealled a ‘Chebys-

hevian, subset of. Lip,X. .+ o0 Lo VA ea] UL JR

i1 'There is a c‘los'edvrél-a,tion’bbetweenf the extension Opei‘b,torifE ‘and
the _p'r(')jection operator R, ., ilustrated in the followihg theorem :

HAY!

TunorEM 3. The following assertions hold :

1° The subspace YL ts prowiminal tn Lip,X ;

2° The equality
(2.1) AP, TL) = Pyl
s true for all F e Lip,X; © . 7ty JT A% L
3° A function Ge Y is a best approzimation element for F if and

only if there exists H € E(F|y) such thal G =F — H, or equivalently

(2.2) Py ((F) = F — E{lf'|y).

'ﬁooj. Firgt we prove formula (2.1). It F e LipsX . then for any
Ge¥L, e '

[ ]y ly = sup {1P) — P [y, g) ' €Y, g # y} =

— sup {|(F — @)y) — (B — G)N) Ay, 5) 0,9’ € ¥, g4y

< sup {|[(F — G)(@) — (F
: Fo b

| — @) |[d(@, ') : @y 0 € X, st}
: HF~—G“1, f S .“EA sl ‘ 1

implying that || F|ply < d(F, Y4). : jhtrcamt e by 1 jnona N
-~ On the other hand, by Theorem 1; there exists H ¢ Lip X such that-
H|y = F|y and || H ||y = [[I|y|ly. It follows that F* -~ H € YL and : ||F|y[jy
= || —(F — H)g| > inf {||  — G|y : G e Y'}=d(F, YL), showing -that
W |¢lly = d(F, X L) . - L TR LT ' " ‘:"." '
Asgertion 3° and formula (2.2) follow from [6], Lemma 1, p. 223 and
assertion 1° follows from 3° | il
Now, by Theorem 2, 1°, the set P, ,(¥) =F — E(F|y) is bounded,
convex and closed, for any F € LipyX.: ifass 4 v

Hor all f, g e Lip,Y such that

ool B O

B Selections asSociated -: to : McShane's extension theorem 139

We shall say that the set Y <X has the property (U) i
e Lip,Y has a unique Lipschitz extension ¥ e Lip{:X ,p i.e'.j i?{(f_;) ) lifﬁ e; (islljggjlre%
ton for every f e Lip, Y. By Theorem 3, the set Y has property (U) if and
only if ¥+ is a Chebyshevian subspace of Lip,X.

- 2..A natural question is when have the set valued operators B and
P, continuous selections. If §: 4 — 2% iy a set-valued smpplicition a
function s ; 4 — B is called a selection for S.if s(z) e S(x), for-all - w-‘e"A

In the following theorems, we ghall prove the existence of contintous
gelections for the operators % and P, in the particular case X =R, with
the usual distance d(», %) = |& — y|. R Vi A e Tl Il

TreoreM 4. Let J?L = R, Y = [a;b]lc B and x, c{a, b] fized. Then
;Ziﬁm ﬁ;iﬁ:;ﬁf: .:‘)ﬁg:-f f;io?; }; : L1?0Y —» ZVI*.JPoR has ,a-, conm?mo'.w and positiff)e;g(

Proof. Define e, : Lip,¥Y — Lip, R by o

e(f) = Fy, ' felip,Y,

where J7, is the maximal extension of f given by (1.6).
I o> 0then i

ea(aff) = i {afly) + liefllyls — g : y.& [a, b]}

.y o inf {f,(?/)_ﬁ*f‘ Ifllele — y]:y e [a.b]} =
N = a* Fy(x)
'iéhdiﬂm_g that e, is positively homogeneous.
8 To prove the continuity of ¢; for &> 0, take 3 — €/3 and show that
(2.3) lelf) —elg)] < ey

If —glly<< 3.

1

in I ds easy to cheek that the maximal extengion F, of f has the form

Fy(@) = fla) = If (e — a), for & <a
= f@),
= 1O+ Iz < b), for 2> b,

for € [a, b]

3
1

ir‘rm‘glf'-gGL’ ip, Y is such‘th IR g el . iy
ma, T 0 at||f — glly <3 = ¢/3, then similarly th Xi-
1 eXtensmn Gg of g hag the expression : i ‘ P emg l

e Gle) =g(@) —liglle — a), for & <a

.= g(=), for x € [a, b]
- = 9(0) + lglle(e — b), for x> b,
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It follows ‘that the. drfference o, = I, '—iG; has the expressmn!s ¥ -
Hifo) = @) — g16) — Qe = o — o a il
= f(&) — g(@), Vfor '@'e [ay .
= f(B) — (0 + (Wl —llgle) (@ — b)‘ for a3 b
We have to consider several cases : YR SR L
ey Gase 1 Jw,J> b w:;éy In thls caSe . | . N
e |Hye) - lllflh - llgllyl partagihy e
< ||f—gllr AE __—"H<E|9»—?§l

Case 2°. @,y <a, w+#y. Reasoning like in Case 17 oue obfains
PR AR | | A E e --'1

(2.5) | Hy(w) — Hy(y)| <e- 1@ — ¥l
Case . a'<tr,y'< B, o 4! Tn t’his"“ééj%;é

@.6) - [Hiw) = Hyy)| =(f ~—g(w> (f—g)

S T S

< f — gl x‘—yl <(s/3 lw—JIA —

3 B RO

Ly Hase o0t <a <b <Y In 17111_ ca)sew
(2.7) | Hy(z) — Hald)| ”'=;I(T"".—:!f)'/( >

o b € 200 g

) . . “O »
Case 0°. ¢ <t S & < b. Reasoning like Jap Case 4° one obtains

vl yL.s-@s/B) o -yl

(2.8) Ha(@) — By 5 (;?Ae/-?’)"eﬁ:l??“?/"

Gasa 6° L <b <¥. In, thlS case -,

(é 9) le( ) — H)| = I(f — g)(a) . (llfllr“— lyﬂr) @ — ay

7

L oy — (e gty — bY'<
< |If = gliela — bl H 1Al =gl 1o +y —a —bI<
<3 llf—guylw~J|<38 e = e 1o =yl
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neiy Taking into< aceouny the - inequatlities (2.4)—(2.9), it follows that:

[, — Gyllx = |Hyllx = sup {|Hy(@) — Hy(y) |/l — y]: 2,y € B, sy} <e

. ) — elg)] <.

Remark 2. The selection e,(f) = I, where F, is the riinimal exten-
sion of f defined by (1.5) is also continuous and positively homogeneous.
This can be proved directly or taling into account’ the cqu‘mty :

(2.10) e el(f) -~ _62('—f)7

Whlch holds for a,ll f € LlpoY

Oumbmmg these two lehill]l‘-% one obtalns the followmg consequence :

gt o OOROLLARY . The extension opm atm D Llp Y : zllpo‘" has a con-
tinuous and homogeneous selection given by

o) = (1/2) e(f) + &), jfefLipOY'f Rl o

; Proof. Obvmusly that e is contlnuous and posmvely homoveneous
On the other hand by (2.10), it follows ,

e —f) = —e(f)f e LipY, v =

rgmplymg the homogeneity of & :-e(af) = o= e(f);, we° K, J e LipgY-
"~ 3. This section is concerned with the existence -of: selectlons for
the metric-projection ' P, .in- the cage X = R, ¥ =.[a; bl,\%, € [a, b].
i soilAl selection: P Llpox \—>Yl of . P‘ 118 \ca.lled addm've amodulo Y1,
pr0v1ded, b sy i

B :; <P - G) e p(F) + p(a)y

for:all ¥ eﬂLlpoA ‘and G e YL,

AL TR S -

T
THeOREM 6. The metric projection. P, has a homogeneous, - add@-
e modulo YL and continuous selection’ p. =

 Proof. Let e he the homogeneous and continuous selection of the
;Xtem.mn operator [, given in (Jm ollary 5. Taking into account Theorem
and equality (2.10), define p : Lipy A — Y+ by the formula

. p = I — e, »
‘ih:(;le il LlpoX LlpOY is - the restrlctlon opemtm given by #(F) =
"ly and I: Lip,X. - Lip,X “is the .identity map. Then

) =T — er)(F) =X — e(Fly) € Py L(F).
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Indeed T = o(F|y) = (1/2)(F — )+ (2)(F — F;) e Py (F), ‘since the
set P, l(:E),;iS convex.

Obviously the selection p is continuous and

 plal) = o + e(aF|r) = oF 4 e(|Flx) = « - p(F),

Pl el IR TR AR ITE TR T ek i ' b BLE] I IV ]
for all «e ft, shiowing that p is. homogeneous., :
Now ‘ '
BN

32) PG =T 0 — el + O =F+ G =Tl =
T — o) + G = () + & = p() + 2@,

foI: a,ll Fe I|11p0X andg € fi, Sillf;é ﬁ)i‘ ¢ c YJ-, By L'(d_) g {G}and .ﬁ’(G)z G
9T By (3.2), the seléction p isadditive hodulo YL and Theorem 6 is.
proved. o . ¥ g Fors B L om -t L
Ij is easily seen that the kernel of Puuy .,
Ker Py, = {F e Lip,X, 0 € Py, (F)}
AV S L T f L RARE I 3 oM [T o pmpanegts R

by
e

Verif.iés‘::i;ile; equa,llty ; R PYPTT TI T ey ;
(3.3) Ker Py, = e LipyX : || F||x = [|F ¢}
CoroLrALy 7. For X = R, Y = [, b] and o, € [a;b] the following.
" " i Tl 1 :

assertions:..are: true :. : Vo T et it e _
o (a) The extension operator’ I hds a Timear and continuous Selection’;
(b T'he metric projéttion Py, JRasia livear ‘and’ continuous :selection ;

(¢) There ewxists” a subspace W of the subspace Ker Py, such: thal

every I € Lip, X can be uniquely represented in the form F = H + G, with,

HeW,GeY*, t.e. the subspace Y148 complemented in LipyX.

Proof. (a) We show that the application ¢ s Lip, Y« Lip,Xi idefi-

ned by AN  ERA I 3 T L . LS Bl b . aclhy 4 ;

(3.4) | of) = U@ A Fo)y vy e 0 e b
where Iy, F, are the extremal extensions,of J given by (1.5) and (1.6), is
linear and continuous.selection of B. - . .- B TR N LA

Writing explicitly ¢ we find that
o(f)(@) = f(a); for @ <a,
0y [ i [

L fo)y tor melay bl

Lo L f(B), for @ D,
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for any feLip,¥Y. Obviously e(af + Bg)a) = a-e(f)(z . .
for all z e R and :?LI'I fr9elip,Y, «, B e, showing t{l)é.t) j ig ﬁ(gg;@r)
The continuity of é¢iwas proved in Corollary 5. | '

(b) Cphe .?upp:]‘igatl;ion p: Lipoy — Y1 defined, for F eLipyX, by

65 BB =F— oFl) =F — (2)E + 1),

R o Ehins] SRR S Wbty 102 8 inetsnd cope
(c) Let T ' B

(36 . . W ={dPly): FeLipX}.

The linearity of ¢ implies that W is a .
pud thetsquality Plgs thab ¥, Rub Subepace of LinoX, By (3,3)

le(® )yl = I Fxlly

it follows that W = Ker Plfl: i !
For .F € Lip,X define
(3.7) G(x).= 0, for me[a,b]: ' i o T

= F(x)‘ — F(a), for r<a
= F(x) — F(b), for &> b
and .
(3.8) 0 : . H(») = F(x), for z ¢ [a, b]

= F(a), for z<<a . -
= F(b), for &> b.

Then I =114 @, GeY! and H =eoF|)cW.

T ang E}u;fe._that Lip, X is the topological direct sum of the subspaces
continuous, 1o, "“}{fm“‘*“t to prove that the projection operator on 71
function (ﬂifiiig;l ina’ts ;110_ appll_cat-ion n —+G,-' where G eYLiigs the
Lip,X to Y- in (3.7) is a linear ‘ and -continuous operator from
4 v, The linearity i - : he

y “‘", Yy e ’.ea}rl y 18 ObVIOHS. To TOV ] I

E’frﬁ)ﬁ' in Lip X, ie. |[Fy —F |y — 0 \Th‘;ntv}ff‘ continyity suppose that

Gof@) =0, € [a,0] |
— Fol) — Fo(a), @ < a

= Fy(o) — Fulb), o> b
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and

Un\(i?:) — Gu(iﬁ) B= G(’ﬂ) — 0; x e [a’f"b]

L Bya) — B@) + (F@) — Fua), @ <a
_ i) — F(@) + () — Fab)), @>b.

¢

Again, we have to consider ‘several cases :
Casel. %,y < o. In this case”

Uale) — DA — (s = FY@) — (= Yo < | — Pl — -

Thd same imbquality is' obtained for @, y>b.
Case 2. & <w <b <y. In this case

| Ualz) — Unly)| = 1Ualy)| = |Fuly) — F(y) — (FQ) — Fu(0)) =
(B — F)y) — (Fn — PYO) < T — Fligly — bl < [Fa — Flix - 12 — vl

The same inequality holds for & <a <<y <b. .°
Case 3. # <a <b <y. In this case

| Un@) — Uny)| = [Falz) — F(z) — (Fu(a) — F(a)) — Faly) + Fly) +
+ Fu(b) —F(b)ll < |(Fo — F)@) — (Fa — D[ + |(Fa — F)O) —
(B, —F)a)| < | — Flx o —yl+ [1Fa — Fllx- (0 —a)
< 2| — Plix- |l — 9l

. It follows that
| Ua() — Ua(@)| < 2[F fFllx e =yl

for all «, y ¢ R, implying | Ualx < 2(1F» — Flx — 0. w3

It follows that F, — F implies G, — @, showing that the projection
operator on Y. is continuous and consequently Lip,X is the "direct
sum of Y+ and W. Corollary 7 is completely proved. '
©. . Remarks 3 (a) In the’considered case (X =R, Y ='[a, b], €
e [a, b]), we have e,(f) # e(f), for all feLip, Y, f#0. In fact e;(f) <e(f) <
<ey(f),f Lipy X. ;

(b) Let X = [0,1] with d(=z,y) = |2 — y|, ¥ =1{0,1} and @, =0
Then e,(f) = e(f) = e(f), forall f e Lip, Y. It follows that ¥+ = {F € Lip,X
. F(0) = F(1) = 0} is .a Chebyshevian subspace of Lip,X. In this case
Lip, X = KerP, @Y+ and the extension operator 17 and the metric pro-

jection P, are:linear and, single valued.

11

W N

o] ~1 [~ 5]
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