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ERROR ESTIMATION IN NUMERICAL SOLUTION
OF EQUATIONS AND SYSTEMS OF EQUATIONS

ION PAVALOIU

(Cluj -Napoca).

In [7,8] M. Urabe studies the numerical convergence and error
estimation in the case of operatorial equation solution by means of itera-
tion methods. Urabe’s results refer to operatorial equations in com plete
metric spaces, while as application the nwmerical convergence of New-
ton’s method in Banach spaces is studied. Using Urabe’s results, M. Fujii
[1] studies the same problems for Steffensen’s method and the chord
method applied to equations with real functions. In [6] Urabe’s method
is applied to a large class of iteration miethods with arbitrary conver-
gence order.

. We propose further down to extend Urabe’s results to the case
of the Gauss-Seidel method for systems ‘of equations in metric spaces.

1. For a unitary exposition of the problem, we shall firstly present
the idéas on which Urabe's main results are based. - st il
_ Let (B, p) be a metric space and let < F be a complete subset of
H. Conpsider the equation :

(1.1). 2 x = T(x) | : : -

where T':F = H. P
The following fixed point theorem is well known':

THEOREM 1.1. If the following conditions :
(iy). p(T(2y), (L)) S K p(y, @5) for every iy, ©, € F', where 0 <K <1
(). there exists at least one element x, € I such that x;, = T(x,) e F;

‘:(_ii_ill)‘. __i]w set §=1zweck |, ml.) < l—}iﬁf P(xi:a.%:) N=
18 fulfilled, then the following properties hold : i ' . HIL
(j1). the sequence (@), >, generated by -the successive approximidtions
method :

(1.2) Cayy = T(@a), » = 0,1,...,

where x, fulﬁ'lé condition (ii,), is convergent, and tf & = lim w,, then % 1s
the ‘solution of equation (1.1) . uoam o 8
o (i) @ a8 the unique solution of equation (1.1) from the set S
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(GJiy). the Joliowing nequalyty holds -

i K
(1.3) p(Z, ) €~ 9(971; ).

11—

The Humerical solutions of equationg (L1) by means of the succes-
sive approximations method oblige us to consider jngteg of 7' anothep
mapping 7% . p

—+ 1Y which approximates 7' Fquation (L.1) is replaced
¥ an approximant equation of the form ;

{1.4) & = T*(g),

We shall Suppose that for g given e ¢ the mappings 7' and 7%
Tultil the condition .

(1.5) o( 1% (z), T(#))< e, for every x e .

Consider thus the iterative method:

v(lG) EIH-I ==, T$(E7l)7 = 0) 17 L

5 &g =
As to the Sequence ( &), z, M. Ur
Turorey 1.9 If the ypotheses of Theorem

1.1, the mappings T ang 7+ JUIfL condition (1.5), and the sel S% — { zekl

I
P2 &) § ——— o(e, ) o+ 5 SF, where 5 — _©
— K

o then the elements
1—x

of the sequence (i,,)ngo generated by (1.6 ) are contarned to the set 8%,

ol E) <8 Jor every n — 0,1,..., where ()

by (1.2), and the solution 7 of equat

abe proved the followj

ng theorem :
mapping 1 verifies the J,

w2, U8 the sequence generated
won (1.1) belongs to the set

8§ = {('0 GEIP(-%', 51)§ P(Eoy 51) i 8}'

Condition (1.5) imposed to the mapping 7% qpes not lead to {he
conelusion thay the sequence (Eu}”;u is convergent; that is why if we
Suppose that the element £, which approximates the solution & of (1.1)
i determined with g condition of t{he form ;

(1.7) P(E'H-l’ ‘En)§7)

where »> 0 i j given real humber, thep 1 cannot be chosen arbitr
small. In [7] it i3 shown that, if 4~ <&

bumber »’ e [N such that inequa,

arﬂy

i » then there exists g natura]

lity (1.7) is fulfilled for every n>p’.

-
i
o
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2 c | d
e b ] i l f

tion (L.7), then the following inequality holds :

¥ 2tafny
(18) P(wi E_vH—l) g‘l %

it ari solution of
Another situation which often. oceurs tl{laiéllilnll;lllliecl]}lcﬁﬁle T
; ive 1 imations is th : M 1
Wt ¢ successive approxim : 1 nbers 7 and
egql)m’tlo?)z l()))mis periodic, that is, there exist two natural hur
¢
( npZo
#' such that :

(1.9) | S B

n>n"". In this case the error estimation is given by the folloy
for every n>n"". ‘ o |
. Kt 7 "heorem
s 1;11?019 w13 1f the mapping T fulfils the Ifyzj)qflzeiesqt ;'l];m% She(olw9 |
1.1 a}zghw?j@;ize ei;;nﬁms of the sequence (E,,)"go verify the eq :
=) ) .

then for every a> u" the following inequality holds :

€
p(\’f, &n) § e =

(1.10) T

i, e il attemmpt o oo met o CSPO%ed i the provio of
;J,SPE‘f;?l];:\—g:ulg:];lﬂ;;:f;i@hod for the solution of a system of two equa
L P
118:1‘ %Wt? ;;lmi;lﬁngz},leb‘(lmieg—l-a},_pr;;d .}:'2 : 4 — X, which appear in the
1'0i10wi11g system of equations :

wy = I\(2), a,),
241! .
( ) Py = 1’12(66‘1, "02)‘

; i B3~
In order to solve system (2.1), we shall adopt the following Gaus
Seidel-type method :

o™ = Bz, ™),

(2.2) 2P = By (gD, 2", m=0,1,...; (&, 2" e X
B \(n))
i LOILV nee of the sequences (af Jo=o

4, 5, 6] we studied the converge : : h=o
and (ig”)[; ?éen]erated by (2.2) with the assumptloﬁ ‘loha;b ;}:: ;'a%putg;f
;’n andzlf’;‘ ;foulfil Lipschitz-type conditions on the whole D

1
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for the numerical solution of system (2.1) we consider, as previously,
the approached mappings F;* and F,*, and impose theni to Verify condi-
tions of type (L.5) on the whole space 4, then such conditions can
restriet, considerably their sphere of applicability, especially “when the
space X is unbounded. For Lhis reason it becomes hecessary to study the
convergence of the sequences (.B‘,”?)u.;.&. and.. ( .-r.‘d,”)u;n with the hypothesis
that the mappings By and F, fulfi] Lipschitz-type conditions on a sel D =
= Dy x D,, where Dyc X, and Dy = X, are hounded sets.

v Consider two sequences of real numbers, .(f,,}nzo and (g,), >, Whose
termsifulfil the conditions ' ' &

fn§u/nf1 .}L 23‘(’1""17
(2.3)
gn§afn +' bgnr—l;‘% = 17 2? - )

where «, B, a, b. are nonnegative real numbers, -while f,= 0 and 9,20
for every n'= 0,1, ...

We associate to inequalities (2.3) the following system of equations
with the unknowns % and p -

« -+ Bh = kh,
(2.4) :
ak 4+ b= Lh.

In [6] we showed that it % P, a, b verify the relations :

(2.5)
(1= ) —b) —ap > 0,

b> 0, a >0,

then thesystem (2.4) has the real solutions (4, I,), t=1, 2. for which

0 <hk; <1, 1 = 1,2, and one of these solutions has both components

positive. Let h, >0 and ky> 0 be the solution with both components

positive; then the elements of the sequences ( fw)yz, and (gﬂ)n20 verify

the relations ;

, foSohy=tkp-t,

(2.6)
JuShRY, no=1, 2,...,

- b
“vhel'e 0= ]n_a,x {afﬂ_{_ Bgu’ af]. _J}_ .Q() }.
1 _‘_T_ e
If we write p, = hk;, then one sees immediately that p, is one of
the raots. of the equation BRGNS b ' il

@Rt 5y P — (b + Bo - a)p F- ba — 0.

Let d,> 0 be a real number ¢

1

(2.8)

>

verify the relations 8,2D, and S, D,

With the above
THEOREM 2.1, T [ the mappings F, and Ty fulfil the

(1y). eo(d (g, 1)y 1’71(3727 EY

S = {5‘ & 4Y1’Pl(m; m?)§dl/(1 — P}

— T Py
= {z€ X, | py(o

specifications we can

Error Estimation

’

’ m.'o) §dlhl/(1 o pl)}r

T

hosen such that the sets :

state the following theorem -

conditions -

er(@, ¥g) +- B paaryy Ya);

Pz(Fz(“'la ), 1”2(%) Y))Sa pr(y, Z3) 4 b P2 (1, Y2),

Jor-every (wy,9,), (,, 4,) e D;

(ii,). the numbers o B, @ b
j (iiiy). the elewsrreis @it and afV of the sequences (§™)
rated by (2.2) verify the condilions p, (", "< d,, a2,

then the Jollowing " properties hold :

(Jo). the sequences (")

1 (ol
>"mzd (a

=

)azogenerated by (2.2

fuifil conditions (2.5);

nz

o (@) - gene-
(1
730) € dihy,

) are convergent ;

(Jda)- of we write @ = lim 2" and Ty = lim o™, then (T4, T) € § =

N—>00

=8, X 8,, and (&1, ) is the UnLGUe

nto the set S;

2

1 —-+00

solution of the system

(Jdjs)- the Jollowing inequalities hold :

(2.9)

Proof. From (iiiy) follows o
and with the hypothesis (i),

Pl o) S apy(af, 2) 4 B pa(

eu( %y, @) g

oo,y 2V )

e 8, and 2
we have ;

_dp} .
1—p ’
_hpt
1 —p,

= dy(a + Bhy) = 1215

pe(25%; ) Sapy (22, &) 1

(2.1) contained

€ Sy With this, with (2.2),

2, 20) < ady + gk, —

Pz(xzmy @'50))§adlp1 -+ bdlhl =

= adyhk, + bdh, — dyly(aky -+ b) — dypyhy.

Using the above inequalities and the hypo

eu(@f?, 20) € py(a®

P2(2, 20’) S py(w

(2)
2

» @) - py (gl

‘ d
? a"lm) + Pl(w§1)7 xg») § dl “f" dﬁ)l § ; Ty
— Py

y 259) € dipihy - dih; g

thesis (iiiy), we have :

1
’

d,h,

— P
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Fromsthese inequalities it follows that o? e 8 and 2P e S,.

uppose now that g Y - ey :

n /EH) 3 Hll}af; @i’ € 8y, 2 e 8, for every ¢+=1, 2,... %k, and

pr(@?, @ )§dﬂh 3 Pz(wé1)7 mghl)) s pitiford =1,2 k. Usi

these hypotheses, and (i,) toeether with o deduce) T
» and (1;) together with (2.2), we deduce : '

*+1) (X 4 C— 3
pu(z**D, x{") < “Pl(x{])a xih V) + ﬁpz(wéh, wé]i—l)) g

SApy~ (o - Bhy) = dypt.

Analogously, and taking also into account the above inequality

we deduce :;
E+1) o (k )
po(@’ ), @ ) S dhypt.

a4 -zlé):n the above ineoﬁ@alities it easily results that z(*+) e 8, and

~ The previously PI’o?ed relations inducti o
that the following Telations Talg and the induction principle show

(+1
Py #V) S dypt,

(n-+1
Pulaf ™, o) S By,

(n ?
ziW e 8y, aM e §,, for every n e .

By virtue of the last relations we ded .
following inequalities hold : © deduce that for every n,s e IN the

d 7
pl(x{n+3)’ {I){”)) § 121 ;
1-—p,

n
Pol @+, &M ﬁlh_lpl
1—p

from which, taking into account the fact that 0 it
<p; <1, it follows
the sequence (@{"),>, and (@8"),>, are fundamm}é;:ngal.7 i 20
Using this remark and the completeness of the ¢
) _ 11 y spaces X X
1t results that lim ™ = &, and lim z{" = 7, do exist,pand the1 fgl]llgwi}lzt;
5

n-+00 7100

ipequalities hold :
- d n
pu(Zy, @) € 151 ’
1 —p,

Pa(@y mg")) S ‘M.
1—p

7 Error Estimation
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One deduces easily that #, and &, form the solution. of the system
(21) and Z; € 8, @y € 8,.

The uniqueness of the solution (&, Z,) in § = 8§, X 8, is verified
by reductio ad absurdum, taking into account the fact that '

Ba e

0 <<————
(I —a)(i —b)

1

Consider now two. mappings, Fy:D — A, and F}: D - X,

where D) = D, X D,. Suppose that the mappings I, Iy Ff, I'f  verify
the relations

Y/

pr(Fy(uy v), Fi(u, 0)) § 3y,

(2.1K)

oa(Fy(t, ©), F¥(u, ) € 8,

for every (u, v) € D, wheve ;> 0, 3,> 0 are given numbers,
In order to solve the system (2.1), consider now the approximate

procedure :
e = (R, B,
(248
>, /,// Eéuﬂ) - F:f:( E:u—l—l)’ E::(am)r whetre E%U) — .’l‘im, Eém = a.éo);
n=0,1....

"‘Vrrite o 1 4
85, - (1~ b3,

YT S —b) —ap

(2:13)
(2 A2/ "8 (U= @), el

> T (L~ a)(1 —b) —ap’

and consider the sets:

; LY - J d
At = {”f" e Xy pulm, 2”) S d+ - I - o 01} 4
i : 1—p . .
(2:14)
(243 7 8 = { v e X, opla, 2™ € dhy + -i-f?l-iL- + oz} :

The following theorein holds : )
TuworEM 2.2, [f the hypotheses of Theorem 2.1 and the additional
conditions : (2.10) 4
(i5). the wmappings Iy, Iy, FE, LF fulfil relations (241);
(iiy). SF<.Dy, SfcD,
are verified, then for every real numbers e, and c, which verify the relations
e > 20,5, > 20, there exists a nedisral wumber n’ e IN such that for every
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> n' the inequalitics pr( D) Emy & and py(Eg+n g )< &, hold, qnd
the additional propertws hold, too - .

(Js)- E® e 8F, £ ¢ SE for every n — 057t}
(Jis)- the followw(/ tnequalities hold -

pa( E57) 4") = pa(FE(E[P, ED), Fy(al”, D)) €

Soual?, EP) -+ by(abt, 570 £ 3,

8 7 Starting from the above relations, we deduce immediately :

e Blaey + be,) - e (1 — c
_— o1(E,. C:il+l)) < i_i% g i . 8 et L
giy)# (I —a)l — b) — ag 2 200" P&, ") Sdipyt 4+ 0,

&
. o (216)
Po(dy, ESD) ¢ a(as];:,f;,ﬂ‘szh— ?)‘«:2(1 — %) Ly 2 Ao ) e2( 88y ) Sdyhypt ! F - 0y,
e (- )l —2) g B g I

from which one easily obtains :
Jor every n> n’ y where (3, %,) is the Solition of - System (2.1).

P?'oof We show L}nt 1he I(’]dtl()llh (]3)\ lold. Indeed, by (212) ang (&m) x(‘”) o (E®, xU”) + pul@™, 2 d, 4- - 1—[‘ 0y
(2I1) it ye sults : A 2y A ‘ 2 1 —p; '
g2 0z 1 (o) 0) ' L &
(@1 EY) = o, (1 (0, g b FFER, £y s, oy d,h
177y 0 i)
! ? HMIgPi ) it (n) reNn < Em “' - 2 ;_7_;%0)) Sdlb'l a4 R ;
since we asstmed le = £ anqg 2 = EO, ol %) 22) S ool &, ) 4+ ol = 1 —p
Taklno nto au’ounb the h ypothesis (iliy) of Theorem 2.1, we shall
have Eee 8%
! thatis; £(":e 8§ and .£-e S5 s
PR a  d, s tb ve resulty it follovs
Pl(g( 270) < p £V s &1 )+ OJ(J" ’J(O))\ 1 Jl <dl—r 1 ‘"J‘ 0, }*Ioﬂl Lh(, X O [
— P
3 . FT ) - i 1— sn)  w(r-1) 12
. 212 | AT S S e, 6D) BB, EETY) 4 28,
since from (2.13) it 1‘0110\% 8 < 0. Prom the last inequality it follows. S e Lo
t(l) ES* ’ . 1) g Em  gu-by. 28 ,
. E@aD  Eony < o EED ) Do 37y 6y V)4 2 2y,
Ana]ooomslv we have : Pl 5070 ") S pu BD, ) Peal &7, &
) : e TN lion the inequalities :
2, EQ AN T Fr(EM ¢ from whic e deduces immediately Ly induction the i
a7y %) S oo Faal?, 20), W(ep, £0)) < from which one de
: ) e (MA-D Sy < g gyn—1 on
€% +a p(E, V) - by (5, ") § 3, + ady, 206 P &Y, & )\\?@"pl‘ | e
o . = 1l B ' £ ('%']7) RS LT (9]
from which, taking into account (iiiy), it follows gD E"")%ti? hypi =t - 20,
) 8 . 2/ ! apr v, oPalGe, 1
£40 ') 5 A ' 16 ) 20.. then ther
Pa( &Y, 2$) g pa( E5V, &) pPalg”, 1§0) € 3 + ad, - dyhy, From relations (2.19) it follows Ilmt. if e; > 20, and ¢, ’4{}3, l..ln_-z:] il_}.l_"m
; ' exists a T!rtLHldl numper . [N sueh Lh;ﬂ for m>xn' the  relations
but one ean easily verify that 3 o ad; Oy, and hence : pr( E{HD, EMYE o and Pv(mj S ey hohl lnd]iwh “”w] ‘ltmn(”\];:i?'
i . : 2 w N s (2.182) can be a]uppv( when the distance bet-
1111  iterative procedure (2 =
£ (0) hyd '\\e(%n two suceessive iterations becomes smaller than a given number.
) ]
Pl &% 13%) S Myd, - oy _ Suppose that ¢, and ¢, were chosen such that for n> n' the inequa-
_'pl . ' lities g, (£, EM)<e, and py( £, r””)<n are verified. Then, for > w,
therefore £ ¢ &, L ol we have:, . 2 endi ' Bl b
Suppose now tlmt &‘" D eS and c“’“” eb* for an n/ﬂ Then we, Pl i - :
have : ., : Py B ) K (@ E) + Beald, BY) + 3,
(E_,(”) a;(n)) Jol ,0 (Zp*( E(” D &(n l)) (.2?“‘ 1) ‘1¢::~1))) § . »-. -

“Pl(w(" 1), E‘"“”) + BP (r(u—l), Enr 1)) ﬂf_ 31’ 0a(Tay r’1l+1))\apl( 15 R Doy (T Ty, B ). = B b
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from which it oS - . i
Ve 1t follows : If we put in Theorem 2.1 X, — R X, = R™, « = ||M,|, B = ||IM,],

@& = ||Msll, b = [|M,], where (he above norms are of the samo kind and
are every time considered on the ietries corresponding spaces, - then
as a consequence of this theorem, we can state the following theorem :

1 — “)91(931, ‘E(Z"H))§°‘51 S ﬁpz(@; agn) "y 31y

(1 —b) p,(z,, BV)She, + apy(z,, ) - 3,

Namely : 27 THEOREM 3.1 If the inequalities:

Pa(Zy, £ 1) S f’_(f‘_ﬁ_—f—_ﬁsi)_t b_(l_h «)e, )

(1 = @)Lt p) s af i o’ L] A= Ml - WAL 3250 <2,

. ey . (3.4)
il msing this incquality we have (U — I = 130> g, o)

oy, BP0 g _.BL“_€1_+__5 &) 4 a(l — b)e, g hold, then the sysiem (3.1) kas only one solution 7 — (%, 7) € R* x IR~ which

i = 1 —g )"1 ey b_) __GF_— + ot 18 obtatned as limit of the sequences (%), >, and (v,) 5 , generated by the ite-
, — aB 9 > =

! rative procedure (3.3).

- We present further ( i : fr Theor 2 ' y Z,8) el g T

. ‘ther down an application of . Also from Theorem 2.1 one deduces that (%, ) e §;, X N,, where

i N . . d ' ation of T} , D) i ’ 1 29
this PUrpose, consider the e Svsten}l; of Theorem 271, For _ _
A A

(31) 8] s < dl 1 & -5 s N < dlhl ’

® = Adx b, Si=iueR | e — UNIES 1——'137 and S, ={veR IH@_@O”N\\ 1_@_

1

Where b7 c [R* 4 « 4 (R g
: ) #,(R), and 27 ¢ R~ 4 i iti i slisd @/
- orfer 0 solve systen (31, o shall 5o d, 18 a positive number for which ey — uollSd;, and o, — 2ol € dihy,
R. Varen in [9] : A 23 e N R ] : . y ' 1 JPE
g o) | by = inky, while (ky, k;) is the solution with positive components of the
ccompose the matrix A into four blocks STESILRF equations

a method exposed by

of matrices :

My, (R), Mye M, (R), Myed,  (R), M, €My (R), M| - M, e = Rk,
RO . . (3.5)
Wwhere 1< <on, The matrix 4 will then have the form ; M4k -+ M, = hk.
7 i}[[1 I -3[2 i Let now ﬂ[;k € v{l.‘\-,.s([R% KM;‘ e'/.{ts,n—x([R)) M.‘;" € "‘Il_ﬁ—s,s(m) and Mas ‘€
A== — € My ieu-o(R) be four matrices for whiech :
M, 1M, .
WM, — M¥|€e,d = 1,2,3,4, > 0,
Write 2 — (u) and b = (b’) i I i
< - with 17 ¢ * . I T 0§ ’ T . ! .
v b )’ CER’ VMeRpTeR y O eRrs, and let b'* e R*, b"'* ¢ R™ for which we also have o' — d'*} <<e and

67 — &% <<e. Thus, if we consider instead of the procedure (3.3) the

With these notations approximate procedure :

system (3.1) will aequire the form -

U == JP[I W -+ ﬂ[gq)_ - b’,

(3.2) (3.6)
0= M 4 Mo - p7, 89 = MFEM 4 MrEs-» + b =1,2,...,
In order to solve the svstem (- : 2
int er to solve the system (3.2), we apply the Gauss-Seidel method, B = uy, £9 — g,
U= Myt o Mop . 3 g il b 2 !
(3.3) l Wi+ Myt + b, and put into (3.3) u, =, v, = §,, where §, is the null vector from R* and

62 18 the null veetor from R"%, it results w#; = &' and ¢, == b+ Mb, and

PV, = _M U, - 7 | o s N . . . - N
) ath o+ Myt + b7, (9 25) € R® X R, § we may eonsider dy = max {||b"[|, ||b"||/A}. .

s &

I
=z
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If we write :

I (u, v) = M + M, 4 b,
Folu, v) = Mar - Mo+ b7,
F¥(u, v) = Mu -+ My 4 b'¥,
15w, v) = Miw + Mro 1 prE,

and take into account the above hypotheses, we shall hasve:.
(3. 7)

and if 1 —¢ »MB,‘ b — iy

1 a)(l T b) == a@ —~ > 0, then, denoting

P 2— 9 . -
(Lt tmr)

t follows from (3.7) thats e KR L g

17,2, v) i BF; )| S 8,005 = 1, 2

? ?

‘ot (- G« Tx  Qx
fmﬂ (, v) e ST X S, SF . and bomn the, sets:

S = {wc Is | el €

] 2yt ) |
bwyﬁ&R“WWK

where ;

h=d
by N G S

(1~@u_m~aﬁ

Taking all this into acon b

. all this to ¢ nt, if ~>2m(L\ i

suit'h' L]rartJ for » >, |}§“‘“I,J =B <8, LBU 61‘ ;Zth:::l“ég‘l'?e {‘;:’l
3 [ L] g :

where (& )z, and ’f'” ) >, are Ule sequenoeb ae;mmiv"l“hy ;m'

appmxmmtm proc mlmv (3.(‘) b

nmuv—iyvmamw+ww+»izhi

sba A el

E'(rl)

ans of 1he.

Using the conclusions of Theorem 2.2, the following error estima-~
tions hold :

1 —a)l —b) —ab 2

WfEWW§é[“+“B+b—WL41}
(

15— BV €

['a@—f-bﬁ +a—ab 1 -|
L — ) —b) —ap 2]

where, as we already specified, o« = {|M,l, 8= |[I,[, &= [}
b = ||M,.
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