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Let us consider a viscous incompressible fluid around a fixed obsta-
«cle imbedded in the fluid mass. The stream is uniform and slow at far
field, where the velocity #, is constant. Supposing the permanent feature
of the flow, the governing system of equatiens (Naviel_'—.Stokes) is:

o V)il = —Vp + pAi

1) V=0 '
s =0
U — il

Here #(u,, uy, u3) denotes the fluid velocity, p the pressure, u. the
dynamical viscosity coefficient and p the constant density; £ 1is the
impermeable surface of the fixed obstacle.

Let Ox,x,2; be a fixed Cartesian system of axes whose Ox-axis is
parallel to the velocity .

Representing % and p by :

(2) U= 'uo?"_ W p=py+ ep', W, p’

featuring the perturbation quantities due to the presence of the obs;ta;
cle, we are led to the following Stokes approximate system (dropping
the ‘‘primes”’) . ‘ Ml : 1 AR 1T

V=0 "

where v standsforthe kinematical viscosity coefficient; To this system (2),
‘we have to add the adequate boundary condition on () and "condition
connected with the behaviour at infinity namely :

(%) = vy, e ;
(4) Uy(F) = uq(¥) =0, & ex

lim(#@,p)=0 . . r )
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The present paper deals with {h ;
e pr 1t pa als w e method of a hounda . ;
E};Ef fﬂir dffifermmmg the numerical solution of the Stokes{ ;;gtei}im}[?g;
blelln Pwh%}eol?eim ](]Jc?;sk;?i{b; for 511.11 1.1.1.teg]§a.1-1 representation joined to 'thel Pro-
- £ 8 10 get, via the boundag itions integr
cqua.t{ll(‘:urn (ﬁ l_muilhdary, the nfa-in tool of a B.Eryt-ggl?ndil(:i?cf v & integral
-0 Obtain the integral representation, we shall use her
j]f:r_}ental splumons techl{ique, following an i.rle}zb giver;l bgso.Lhe:(]g.r::hgqfunga--
Irstly approached this type of problems [1, 2, 3, 4] - . R0

by a punctual impulse source Placed in the origin of the coordinate

?ﬁl‘fﬁ‘fﬂ}]Dﬁiﬁfﬁf&ﬂ%’ﬁ%ﬁrﬁ?&;’g e syt {1 Impriso sourc, e
V'd=0

VD — vAT = 3°8(7)

lim (%, p) = 0

o0

(5) \

where §(z) — 8(wy) - () - 3(xy) 18 the Dirac’s distribution gi"ven by s

@) = {0 y (@, Loy Zg)# 0
0, (2, Ly, a’a) =0

For the effective determination of the solution of the above System
,

distributionall i S :
given by ally considered, we use: the Fourier transtorm m which is

F(g) = (27) S S S 9(Z) exp (i - z)d7,

—_—2

g being a distribution C-& = g ' iz
» &8 = qw - wn oot r = g .
Oonsequently we get ' e sty d o da o

(6) W@:O
e fi : Ta,p — vie|’d, = 4,

@y, B being the "Fourief transformg ¢ T =1, 3) ané ;
From (6) we obtain : ol =1,5) and i ReEpegtively.

ﬁ:@ﬁﬁ_ipﬂ;&mﬂ

S VT

Usi‘ng now the formulae [1,2]:

M)

Where 7 — me + @ + 2%, we tinally can write

(") p=LZ B rE |
e’ T g T g LS
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The stracture of the solution suggests us the form of the classical
solution of the Stokes system (3)—(-4), under the circumstances of a fixed
obstacle imbedded in the fluid mass. With this remark, assimilaling ihe
surface (X) to a continuous distribution of impulse sources which has an
“a priori” unknown density f(1,, f., I3y we are led to a solution of the
problem (4) of the following tyjc :

(%) play, gy a5) =
N 71 I_/l( o Ey ’:-’.)((1 — EL)‘JI‘JIE( 517 9,4 iz)_(!g— ig)'l‘fs( ‘Pf:u__-é.g, 53){'13':;_" E,g)J do
Az ) [ = ¥ o (2 — &) 4 (g — Ey) )12
' 1 (TG, 8, T
U@y, gy @y) = — Jil '”J}__Lff_} de --
8=y 7
b
+ _l_ (lf;;f::’L(:l 5’1 S - (& ‘_._’;_d,;,
8y 73
<

e — S

Where » = ]"/.("‘L'l &) (@ — ) + (5, — &)Y and Q(ay, Wy dy) 18 an
arbilrary point of the fluid domuain, _

We notice that the vanishing condition al fav field of the perturbation
is automatically fulfilled for ¢ very densily f. :

To determine the unknown funetions Ju Jor fay we shall use the appro-
brinte boundary conditions on the surface (X). Preeisely, denoting by
ol £, ES, E9) anfarbitrary point of (X) and understanding by iy, == lim 4

. E wo § . Qj"Qu
and plo, = lim p, we obtain the boundary integral system in the unk-

. 00,
nown f we searched for. This fyslem is singnolar in the point - To avoid
these shorteomings one considers o remisphere X, with vadius e> 0, cen-

teved in @, having its basis in {he plane tangent to X which crosses

r ~ ’ &
along o, understanding now by \\ , the lim 5 5 -+ Jilngg(mul SS = limSS J
E=sl
- d M b

[ g8 g0
5

= P Xeg z L
If we could prove the houndness of the integrand of the second
integral while the measure of 2, tends to zero with ¢, the Cauchy mea-
ning for the above singular integrals 8 -obvious.
With respect to this purpose, let a new system ol coordinates S'(77,
74, ¥3) originated in @, and whose unit veetors 5 and 74 belong to the plane
tangent to X in (), (I'; being also on the crogsing line of this plane wiih
another one parallel {o = o 2,). In fact, for getting the system &’, one
starts from o system S(7, ¥, ,) originated in 2. making o sl rotation
of angle &, around 7, and‘a second rotation of angle 0, around the new
axis of unit vector ¥, defined by the matrices

(o8 g, sind, 0 1 0 0
Co, =10 cos 0, sin 0,

v

Co, =| —sin v, cos ¢
by Sl wy L oeos w0 s _
\oooT 0~ =i 0 —sinG, cos 0,
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cos ¥, sin ¢, 0

cos 0 cos ¢, sin 6,
=8I Uy cos gy cos 0,

Denoting —co8 0, sin ¢,

\ sin 6, sin ¢,

il

=0 = Cy,Cy,, the transformation S’ - S(g

g¥s)
N

E e

is given in fact by

(9) fl — & =F O et Corls + Cy&;
Gp — EE = 012 & - 02252 ‘i“anCs
£y — Ef = Cisll + Co3&s + 055

It (7, 7)) delines th

e fundamental
Nl Lot e | plane of the semisphere I, using,

&) & = csin 0 cos ¢, £} = & sin 0 sin P &= ¢ éos 0

s
(0<0<5,0<@<2n) 4ok
hence det ¢ =1 and de¢ — c? 8in 0 do

According to (9) and
for ¥,, we have v

do.
) and using the parametric 1ep1e§enmt10n

&0

llmSQ Lt cwha do = .
J ,
EE

27

2
= Elllgl S(S efi(e, 0, o) sin 6 40 dyp =0;
g

. ko _) °0) .7 4
ggs gm ENE— 8o by B) g,
= 121};13 S S E—J(c,, , ©)e? 8in 6d 0 do =0
0 9

where
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Finally the boundary integral system becomes

§ SST (B s C"} PR
87tv 7’

—do = —v, 1 =1,2,3

where, obviously, vy = v =0, = [(& — &) 4 (% — &)°

+ (5 — EDI

NUMERICAL APPROACIL

Using the colocation method, one cousmms on the surface X the
triangular elements T}, j =1, N. On each 7; we admit that the {functions
f{t =1,2,3) are constant fmd equal to their »\alueb taken in the corres-
pondmg wewht center ol the posm(m vector &;(j = 1, N). Then system
(10) could be approximated by

102 & 1 1 &7, (& — 2 (5 — 5
oy fu\ = do AL S ‘ EIE, P
Sy ,glfj . S 0 [ gis ]gl [fli SS (),0)3
Ty Nz G :
Ei— E° 7fJ =y :‘) o ( :: :t: £y — Zn) Ly mea
e L ER
7, 1

(=1, 3)(fu = [ul%) etc.).
. Making (Cm >7 ss) — (Em Zogs E;)[) =1 l\v we get

r

'\
2, 11.f1.7 —'T }J I}ufz.? { Z Cﬂf';] =

j=1

N N - & EAl |
(12) Ay Dufu+ ¥ Bofy ¥, Fufo = 0
: =1 7=1 R

N S N L
Z Gilfﬂ + Z Ifi.if?.’ -+ "1 Afj-fﬂ =0
IR g Iiﬂl )

=1
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where
we geb
. 1 1 C(F. . = ya —_— .. P =
4% 3 8:::55) 49 E}_ SB LELRJ ! do By — B = 5 — B+ regy(0), (B =1,3, 1,2 = 1, )
g i oy 7y -k
’ fi | and
B (G — g, - ¢ ' T T T
e | B LG B YY) 1 7, = Yart 4 2br + ¢,
8wy 73 Ce
iy where PR
J_ v - T Ca £) 3 .
Ny 5_3_75‘55(:1 Qh)g & \Egl) deo i b= (B} — &) -5, (0) -+ (&5 — &u)
TN 7 ; .
A ! (16) ex,(0) + (&Y — Ea)en,(0)
) I : 7 o\2 ) Yo 2
(13) J D= B, O = (&) — & + (8 — &) + (8 — &)
w I .
Y 1 1 ' ) % o | 3 =ac— 0> 0
Lw‘ Y S—« do - ._J:_ SS f%g T Gy Y e i A ) |
67:\;2‘1 S STWT i da = 28,dxdn, = 28; rdrd6 and S; is the surface of the triangle
s :
- i - 2 Tj? j = 17 N-
Iy = (&= Soll&s — &) ds Hence
8mv 7 b 5
7 ( = E
J : 5
S5 . v
Gur = O”’]f” =¥ i3 Ay = ;SJ" S L,(0)d0 4 Tj)(faﬁ‘) — &y)* g Iz( )do +
Yy TN .
: J P
IIJ S ;1_7 S . (1 - —l-§ (-—Eg_ _:—%E‘:L)% 1(' ] T
8wy R 8ty 3 o = =
i % ¥ g .
e : Sl eonao - 2 eonao
e P * e ‘ﬁ:\. . 1
(r=="V (% — 812+ (2, — BT 1 (& — 2,1 45 ' dmy )
lhe 'beVe SyHtem containyg 3N equations with 3N unknowns : n
j‘“, @ —. j . 1 N’ . B OS. 2
: | 128 0 gy S e, (0),(0)a0
BETERMINATION OF THE CORPFICIENTS of THE SYSTEM dry 0
. < (A7 =
1% Case i, , (17) z
o ff}il; E,;D P 1’,;3) respectively be the position vectors of the verti- B — S QY — E(ED — &) S ()0 +
0 o ! i o1 <3 i -2
tation ¢ wangle 7. We introduce on T; the parametric represen- T dmy o
' Z
(14) 'C:; :’.4?;‘.” Ly (;?2) _ H]) (5 7t ; 2
% T Ay )+ (B — En _
y , S + 2y a) | etotnan +
With 2y, 2, € [0,1] taken under then from 3y =7reos 0, A, — 9 gin 0, i J
T 14
0<9<570<7'<P’ PZI/(COSG—-{—SJ'DO). =
N Denoting by . S, (B — Eyy) & e (0),(0)d0
(15) il 0) = (T — £)) cos 0 - (B8 — E)sin 0,k — 1,8 47: 2
|
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the coefficients I, I,, I, I, being given by

T1,(0) = S 4ra, -U—:-——[/ap 4+2bp +c¢ —

Va}l + 2b, +¢ 2a

_b_u1 b4 ap+)ap® -+ 20p f ¢

ala b+ Vae

\ rdr Ve bp +c
12(0) == > == e ==
(ar? + 2br+c)¥? 3 Vag® -+ 20 c
[4] i :
(18)- .
\ | p? 2 b
Iy(0) = A LAY
(ar® - 2br- 0)3/2 ceVa p? -+ 2bp + ¢ a @
( 2d b2 — e+ b
o=\ Vet
(ar® + 2br-¢)3/® a'BVa T pr + ¢
bl/c 4__1 V (ap2 —'|—pr+ ¢)fap 4+ 3
L a3 afa 4+ Vac

Case © = j (the integrals become blll'?ulfl"l)
Let us denote by P,(EP), P, (a"’], Pyl ”‘) the vertices of triangle

T, and let us divide the triangle 7' }in ,subtriangles” T377), Ty, 1970,
where T¢V is the subtriangle GP,P,, G heing the \\elghi u,utm for T}
We introduee on 1 the 1)'\1’1;[[[81;11('&.1 representation £ -y A4 (B —

—E)n + (BR — E)ny, with 2, 2, precised above.

Denoting
Xy = (B — &)eos 0 4 (4% — &) sin 0
(19) Yy = (59 — Ey) cos 0 4 (B = Ly)sin 6

Zyy = (E — Ey) eos 0 -+ () — &) sin 0

we get [ Xh+Vh+Zh=R,,.
It 892 is equml with 111@ area of th Lllanr)le GP,P, we have Sy —

'_'_‘Sj,(lf,/———-'S ardo.

For A;; we now use the 10110wmg splitting
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Ay = A2 4 AGY 4 4B ang

ents, where :

10
e e Y

analogously for the other coeffici-

)
U
5(12) ‘SJ'
mp— 5|
J
0

ey —dr ds
127y £7,
'{ "2' o .
0(1 ) ‘ éj_ _ "‘Klg(ﬁQ}L{l2L®> dr a4
12%v sz(o)
0 0 ¢
mon S, S rd0 (e ay(  dr av
127y } ) R, (0) Lo
[¢

2 o 2 p
TIu) . _fgf_ g g_‘_i? as J,*S S?‘;?'r’z(@.)
> 127y N l R:
0

(LY
The global action of the fluid on the obstacle,
Using  the formula (1] B —

(=29 4 prot @i x n)da, where %
2
denotes the normal unit vector in g point of 3 2, we can get directly the
general resultant of the fluid on the obstacle,
The drag and Lilg coefficients may be computed with the

e formmulige -
R
O, = <

» O P
= .72 '. R v O
‘ 9 lOT 01 9 pl u.].
where 1 is a characteristic length associated to our problem i

2 ' s K :
Cp =—= Sg(—pwl + (ot @ X w))ds and
p¥sl®
J;
analogously for (.

11 Boundary clement techniques 177
Denoting & = rot @, we rewrite
Op === p;s e ;- v .
: 101’ )-' ,,1
N ) 1 "
¥ [cagl, Hatit - gy W4 Dode |,
J=i J oJ i
-‘J_f Jj
where

= . Oty 2
oy = () = (—_ 1 }(:.a‘)?

().ir’u O»Ul

(_"}i‘::f . ﬁﬁ)(‘g’,)
(9} e f} s

gy = (’3:1( Ei)

By diseretisation one gets

1,(6)d0 +

-~
&
&
o
Il
ol
=
=
b=
w
-_:'—._‘
L
|
v
&
5
g
Cl—r}lul 1

g (0)d0 FSS ((M(D)dﬂ”.

3 — 1, N).
Analogously one determines wy;, ey, (j = 1,
(,gmcmmg the normal unit vector ealculated in the weight; (9]1161)
@ F“’)X ;:2 ED
- _(E} (
of the triangle 7', it has the expression % = n(E;)-

Then, for k=1, 2, 3, we have

Sy

1_

SS nida = [(Ep — EM) x (B — &y, gg? drdo

Ty
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From (9), (10) and (7),
Pi = 2n(0yf); + Usafas + Caslar) +

7
LA o
3% - | (a0 +
k=11=1 ()
o
" 2 i
Heomoaolr 1 2.5 g,
: [ k=1
[ Sgl . A15(0) drd ¢ - Sl . Aa(0) drdo -
LJJr Riy(6) v B3(0)
0 0
%a
1 td
+§ S*- - —{Xfl(e)— drdd |,
3 r v (0) J
Ie)
It it takes into consideration that l)l"g&: Inp, “PI"™ being
,

. . . O .
the symbol for the finite parb in the Hadarmard meaning sense.
Generalization

An immediats extension of the above method can be done in the
case of the presence of a set of g fixed obstacles (n > 2) in the fluid
mass. We suppose again that the fluid i viseous, incompressible, having
& slow uniform flow with the velos Uy V, at far field. We shall consider
only the case of two obstacles whose boundaries are denoted by ()
and (), respectively. Using the same Stokes approximation, the éystel.‘ln
and the appropriate boundary condition will now be

[ divii = ¢

gradp — vA% = 0

(21) ul(aj) = ‘Vov uz({_v) = 153("7”:) =0,7e 2
(@) = —V, uy(%) = (@) = 0,7 e X,

lim(#, p) = 0.

Obviously, % and p are here dimensional quantities associated with
the involved perturbation.
As in the first part, we shall asgimilate the surfaces (Z;) and (=)

with "two"?:continuous impulse sources distributions of intensity = (f,

? REBues g

Jos f;)aﬁﬁ”j = (41, 92, 95) respectively, replacing thus the presence of the

13
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obstacles in the fluid by that of sources distribution. Using (8) we look
again for the solution of system (2.1) under the form :

1

Ao

—_—

112)°

(23)

)

2

Pyy gy 25) T:l_

9i( &y &, 5.13}(-1‘1 —E1) g E1y Eay ol — &) 104l &y Eay Eo)(@s— &)

1 (L1 s B Bl By B o) @ ) (B, B B y—Bo)
SS (@ — &) + (3, — L)t -+ (g — E5)2]32

™

5

do

Wi( @y oy 5) = ——

%, b

A,

[(&3 — &) 4 (o, — Ep)2 + (g — &5)%]%
L (jeten,

i
Y

where 1 = [(# — £ 4 (5, — &) + (@, — L)

The densities f and ¢ “a priori” unknown will be determined by

Inlfilling the boundary conditions (2.1).

Precisely, we impose again that a point Q(wy, 2, 23), belonging to

the fluid domain, does tend to a boundary point @(E!, £L &) 621 or to
Qi(Ely B &) e X, respectively. When ¢ — Q) e I, only the integrals on
ecome singular, while the integrals on %, can be directly computed.
Analogously, when @ — (2 the integrals on I, become singular. Following
then the same procedure as in the first part, by using (11) and (2.2) we
get

1 ,ngi(aly £2sEs) d 1
" -

= gg (8 — B)(E — B) (&, ks 4

8mv 8mv 73
pSHt |
LG8 Es) qoq 2L (B — BE 8- G(E. 8y Ey)
+8ﬁVSS_-IT — dc_i_STsVSS r3 9
374 pot
= a| T"Yrio
1 ({(fiBys &y Eo) 1 (€ — 8)(E— 8- T&, &, &)
87% F ”“%Tﬁj doy
2N Xy
1ot (ot g V(= B — 8 g8 B &)
Ten SS T Aot ) RE °
z, PN
N Vigy

Vgy t=1

where v;, = {0, 5 K18
H - <
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We denoted the position vectors of the points

(&1, &, &) (&%, &, &%) by gtll and Eé; 1’(3%1)00'[1\-’01}'.
Also » = V(& —ED* 4 (6 — & ) 4 (&, —EL? and
P=VE — BT (L8 (& — 8P

We shall approximate (as belore the surfaces X, and X, by a set of
triangular elements 7(j = 1, N) and Gx(k = 1, ), respectively, and we
admit that the functions fi, f;, f; are defined and constant on these ele-
ments, respectively, their values being equal to those taken by the func-
tions in the weight center of the corresponding triangle.

From (2.3) we get

Lor (1 1y ¥ e U
e s\ —d N ——do+
8wy 55::1 o SS P N Sy fZi j]j.s e i
TJ' r
¥ £l sl
T} . ]
3 a3 1 M
s gg (& — BN 3)"“J 3 g
2.4) - : 'n i &
. ¥
1 l ar Ce' L ay 5l 1
2 TY =1 t’l‘h-
oeivye Ba __F] = ],
+J2'~\S (B — B — 8 g gg( =BG — 8, J:
o e © oy
G, k
— vy i=1,2,3

for every (El, &}, &) e X,

and, analogously,

il e 1 1 ¢ (8 — ED(E, i)
=y fu\ = dot — 33 { 1, e 5
Sch]if'lf SS 7 { Sn\zjll[fjg 33 do
’1']- l'j
Hygg (&= 8= 8 o gy G Bl = By ],
Tj 7
(2.4) )”J gt’SS“dGJFE}my Ju[gg(ii — E{)fig - E%)dGJr
v i 5 ; ) 73
HMgS(E,—a)(Eg b kit gg<z,~a%3<3&3 D -
r r
7 7y
= — Vi

‘¢ =1,2,3, for every (£}, £, £} e Z,.
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By fis and g, we denoted J{g;) and g(%%) respectively, ¢ =1, 2, 3;

j—l,AT 7\/—1,41[
B;‘[arking now in (2.4), (&), &, &)= (¥, &% &), § =1, N and

(&, &, &) = (&, &, &5, 1 =1, M, we gel the linear algebraic Sys-
fem \Vlth 3(N + M) equations fmd S(N + M ) unknowns

1— A\_" i G_L—}—— N - (;;az_ ‘.'l-s )(El E’ ) d
T (R

8wy T p v T i
i Ty
= A EAYE 1% = YR 4 &S
( S —&1\)(C,_—~ 2?) | (11*—: )(Q — Qa5
‘I—fmSS : p 2 dc”?f:}f\ LS,Q 3 =d +
'I'j T)' )
: i NG G
(rz 5) B + Y I % == + _ioe . S Gis 1 Sis do-L
8y kéjl i . 87y kll1 G 7'3 i
e

1 & - & (s, BiE
Y (RN )
i=1 $ s

875‘/,1 7 81\.‘)! = /}:
(-
By — E1F T =
(& gg_,) dow= —£a,, ¢ =1, 305 =1,
P
respectively
e (B 3 (B — )& — &
1 ] de 4 i it NS l‘dc_}
87‘?‘)]71‘/‘! S ;1 T81 ‘)J»ll:fugg ”;'?
J T
O (& — B3 )& — &) (& — &8 — &)
gy, 58 s iaﬂ—fw%g )'(3 i) 4ot
7 l ™ 1
1 ¥ 1 Il (& — EF)(E —EFF)
2.5y 1 4+ — A Sdot — Vg ) do +
( O) 1 8WV/§1 ; % 7 SNV[%] . 7“'}5_ l
Ty Gk’
13 (L — B — B e
+ =%, = e 2 do+— ¥
Sty 4oy Jor SS 7 By k}:l i
Gy
_ £
%S(gt & 2(&3 &31)(16_ /0107 %:1’5, lzl,ﬂf
1.8
\ @, i

where 7, = [(& — EIF)? 4 (8, — )2 +(8, — &ifype
and 7, = [(& — Ef)* + (& — G 4 (& — &P

Gamc, 3647



182 T. Petrila and M. Kohr 16

The coetficients of systems (2.5)" and (2.5)"" are determined analo-
gously with the coefficients of system (12). Tor j = s, the integrals in
(2.5) on T become singular and, for J =1, the integrals in (2.5) on Gy
become singular.

Some extensions of the above procedure, as well as some numeri-
cal results related to the topic, will be developed in a next paper.
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