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0. fntroductiol
Let

on 10. 11. real-\'aluecl funs¡¡s¡s
cli'terision If,, denote the finite
lestrictecl of clegree at most ø,

ol)era,t0rs defirrcrl by

8,,:C fo,1l =/* Ë ¡(t)r,,,,( .) e rf,,
¡:O \1L I

Ir'lrere ?,,o0) : ?,,,r(\): :1 ancl 10,,,

Dcnotin.g lrl' ll .ll ihc sup_nonn onljcr.usteirL (IgJZ) asscr,ti that ilrc
approxirnating in CL\, Il, i.e., for a

(0.1) hrn ll/ _ tj,lll:o.

Socr'ófnile de rr!¡llctiort

l)onnl, I. -l)uCA

4+æ

Ilulthermote, t y of simultaneous apploxima_tion, that is for all ce C,.[0, I], r. elN, of all real_valuecl and r-tirnes ;._,"^ 'it *-r,r.' '
has 

. iable functions on l0,Il, one

I]D ITU RÀ 1\c AD E 1\Í IE I R o i\,IÂ NIì
(lalea Victolici, Nr,. 12b, tcl. 650 ?0 S0

79712 Duculc¡ti, lìonrârria

(0.2) hm li DIl _ B,,l)ll :0.
Flet'e D' is the r.th clifferentizr,l operator. gems¿itnes ,D,/ rvill beclenotecl by fct, -f(t)_by .f, and., 

^. ...ort, *,e idc'tif5, / rvith Dqf and.f{ot.Relation (0.2) rvas first provecl in 1930 b¡. I. Cìrloclsvslç, (see [g] anclthe 
'e'ie*' of r3gr in Ze'trarblatt fur ìratirernatil. bJ, s: 'Ber,nstein) 

ancr.independently b¡. S. $rigcrt i3gl.
I)efining the first ordel-rnoclulus of srnoothness b¡,

, 6r(0, ò) : : sup {l g(u I h) - g(u)!: n,n I h,e 10, 11, l/rl < à},
it is a 'at'ral probrem to fi'c' esl,irnates in terms of ., fol 1,he non_q'arrl,ita1,i'e asse.tio'(0,2). The fir.sb s'ch astirnate rvas obtainecr in lgB?



bv T. Popoviciu [2?l' Thc follorving t¿tble s]rol's par'l' of fhe hisl'oly of

est,irnatef of tltc I'ol'tn

Simultanco us Aonroxirnatlon

* (3r¿ -2r)l(72n2.à2) ancl n,o!) : rnax {r ! 2, r'(r' + 1)}. We shall call
l,lris ineclnalily the g en er al l(noop- P ott,in 

ç7 
er in equality .

Another natulal cluestion rvhich arises is horv smool,hness of /{''l i--
proves the clegree of apploxirnation of (8,,f ){'l f'e-1v¿¡¡fls .f(r). To our hno'lvled.ge,
ths first rcsult in this clirection is the following bJ. D. D, Stnncu [35].
Assuming that/e C'+1¡0, 11, he shox'ecl

(0.5) lD'(.f - B,fl(n)l qJlI,,,.<or(.f0'+1), ò2,r) + 1lJÊ('+il(o)¡+ ?'(?'-1)ttft'rtt.
,il t 

2r, 
lrJ llt

wlrere 8n.,,, :'ttr 2 ¡ I'1o,,. - 0 I ç(n, r))q(ø, r) n ", rvith ,p(u,,a); :
_1 _1:rr 2l2a I @ ! 4a2 - u)'112.

\l¡e note that for r :0¡ this simplifies to

(0.6) lll - rr,,lll < ¿ .,r-i .^,$,,,r-I),

firsb provecl by G. G. Lorentz f191. Jlor other inequalities of 1,he type
(0.6), see the table girron in Section 2. \A¡e mcnl,ion he,re, in particular,
the strorrg result of F. Schuror anc1 F. I r. Steutel [29], narnel¡r that (0.5)

Irolcts rvitll r' :0, }u,o :rr-n, ancl ,11,,,0: lrr-i.Iferc, 0.25 js Lne best
+

_L
possil:lo constant in front of r¿ 2 ; sce also 1,hc relatecl parper b¡' ç. t.
Merlirra 1221. T}'e inecluality obtained J¡)' Schurer and" Ste,utel 'qras ob-
tainecl using rnethocls applicable only for Rernstein operators. there are
other cont'ributions in rvhich an inequality like (0.6) 'lvas d.crivecl as a
oonsequence of a general thcorern for posil,ive linear operators. We
rr.ention papels l))' Gonsha, Meier, NIond, Prasacl, Sahai, Singh, \rarshney
and Yasuclevan [8, 27, 2\ 28, 32137], among others.

The first estimates fol sirnultaneous approximat,ion involr.ing 1,he

seconcl ord,er moclulus of smoothness

.r(-f, 8) :: sup{l-f(n -h) -21@) t.f@ */¿)l: n¡n I },e 10,11,

0.1</¿<àl
were pto\¡ec1 b¡' Qsrìska iu [9]. For the spccial case of Belnstein operâ-
tors, it n'as shorñ'n that, Tor' ./'e C'[0,1] ancl n' > rrra,x {r -f2, r(r f 1)},
one has

, C. Ba I. Ilâdcnt FI. IL Gonska

r(r -L(0.3) liD'(/ -- B,.f)ll ( án,'' co'(J{'r' 3''') +
2n,

ll.f(') ll,

for all 1.rosil,ive integers t', all m2 rt'o(r)' arrcl r't'ith suita.ble -4''" 8n'' 'å'nd

noþ)

Yeat An,r ò,,,,
RefeLence

-l- (n + 4re - r')

- r)z ltt

- t')2 ln

I
z

1

n"

(t, -

tr'+ 2 llln

T. PoPoviciu l27l

D.D. Stancu [34]

G. Moldo'r'a¡r [23rp. 6el

R. Nlartini [20]

J. Badca [5

1937 L5 | 2r(tt

7574 1.5 f r(n

1 960 1+ n 212,

1 -l- [nSo ¡ 11¡[ t-t -rl

¡¡n ¡ rlf r-¡,

l': lronrrYu - 4.,o22)t46656

1966

:0.093785...

19 09 7.25 + t' + 16n)z + r'

-r¡- 
z +'rln

+
I

(tt - t) 2

1976 7.25 - rl6tt n-
I{,-8. I{uooP
and
P. Pottingcr [14]

For r : 0, inequality (0.3) recluces to

(0,4) lll - ß'lll ( -4''o' ô'('f' ò"'o)'

Ä slrilring resull ot Sikkerna [30] shorvs that (0'4) holcls n'ilh 8'¡'':'tr
I
2

a,nù An,o : I( :: (4306 + 83?/6)/5832 :1'0s98873''''' IIere', I( is the

f f [14] shorvs.'that

their melhocl leacls to a genera'I est to (0'3) rvith an

allrilrary 8 ) 0, tir" ä"t"ii-oai"g c A"''(8) being 1 f

ll Dþ,(.f - B,,/) ll < 3.25 <r r(J{'), n

{0.7)

and.

(0.8) lntç¡ -B.l)llç c{cor(Jt'), n' ')* o'r(l,n ")+ m-1¡¡;t'rll}, 0< j(,',
for a srritable constant c : c(t'),



5,+ Sinnltalcous r\pploxinratior'r

' ò-1[ '2,-,,,(r)

'o

C. Badca, L Raclca, FI. II. Gonsl<a
4

,I]tcrilrrof ttre]Jr,('ScI|1 l,'a])('].is 1ol;lor'cnC\.cStilllâlcsr'¡I l'lrc abore

tr,,"*lôîil'i,^r;': i- ä;à;ì;;;É;fi,' ri'" toilo'uir.'g rr'ìannor" ril tlto rtexb scc-

iÌi;"," ö'^*Ïrìir-"gü" an ìmplo-ernc,Ìt oI thã ge¡cral Knoop-Pott'inger

'hich lleharrc âs-Yrnltotìcaily as n'-1' '

'tc Tor the clegree of approxitnation
ons by (ar'bitrary) posifivc linear
to sirnultaneolls approximation in

rnost convex ollerâtols ancl appliecl

totlrospecialcaseofBernsteinopelatolsinSectionl''"t,lrefinalSec-
tion õ rve NiIl oisco,ss anol,her metliocl tailorecl to tre special case of

Ber.nstein oper.ators thus sho\,itrg, arnong othcr'qr hon' jnequality (0'7)

calt bc rnoclifiecl or jlnprovecl'

l.Arrlrrrproverrrt.rrtoftlrcGerrcralKnoolt'Pottirrgerlnccltlalif,y
The main result of lhis scctiorL-is containecl in

'lr'or'nr 
Li:'T,; 

'r;;;;;;i 
(03j n-itii tuith 8 ) 0 uttd' An.,: /"''(8)

. ( ,,_lo.t!7_-Ltr ---l-l-1*I-1 ^, \6u-121"-¡ 32(tr'-r)'¿)\f l' - r'(riò - t'¡r \v-

fur ctll lÌ, > rìrax {r' f 8, 1'/ò}'- ..
Proof. Lel, à > 0 bc dl'l¡itralil¡' gircn' re [0' 1l' 

'arrt1 
tr' >' r | 0'

,rr rii,"il*'rîö¿. í.1'",'-ilrclcrjral;r:eãl'a i.rnsicírt 
'ol.vuontial 

is gi*en
'by (see f38l)

( qù\, "-'
(x,,/)t')(¿') : o; !-/(')(8,)?,,-",'(a)'

, i . i+r .f ß--.

s,lrele fr arc poitrls in f0,1 | rvitli ]-<1,<î' atrd' fot' rr e [R arulbe [frl u

u {0}, ltrc }ochltnrtrnter s¡'rubol (rr')¡ is ¿ciil'ctt bJ'(dþ:: lå-ä(t¿ - 9)'

rlerc, *n crnpLy prä,iìì;;i-iåii",irr.) tlit'inition 1o bc õtte' Sirrcc Iiio,'''(t'):
: 1r lvc ltâve

(1.1) | D',(l - B"l) @)l

't-f \ {(r)/F \\4 ./o,\ I -f I1-' !Ù I . | 
'î1fl'l(8,) p,,-'''(ø) l.

<I'l'{1t'11n, -yt'r(E-))?,,-,',(n)l +lr-' 
", 

t' t 
þ--1"

"",,i -!ùI=r'(r'-l)(see [14]), ancl th's ttre al¡solute 'aluo
ltr ' 2tt' 

- r(t' - 1),, 
"

of the seconcl surn of (1'1) is srnaller Lhan't-! - 
!) ll/(')ll' \l¡e estimate

ñn,,.(r), :"í¡1i')(ar) -,/(')( (,)l 1t,-',r(n)'
i:o

, xìor,â reâI nulnber' .y, clenote bl' ]yl the largesl, integ-cr (strictly)
srnaller ihan y. Then or(/r, ).e) ç (1 + li.t) or(/i,, e) for all nortregative
reâls )i alrl s ancl ail boundccl fulrctions /¿ on [0,1] (see fllOl).

}{ence,
1t-/ f t,-,

8,,,(r)( [oi,(/{'r, l*,-2,ì)p,-,,,(,r) ( crr(.f('), ¡)ll + lJle, - ['1.
t0

(t.2)

On the other ltancl, we hf[t'c
i ìr 

'n I i-ll i r(tt, - i'-i) - I'
l:1 )

r?, - t' 1L ta - 
't' n(tt, - r) 1L

ancl :

,. - 
i >Þi

t 1' IL 't't, - t' n(tt' - r) n

Tìru"qr

(1.3) L

l<'
.1'
l/
l\ ,,

r^. x | | 1'

l;L -- l-r -'11, 
- 1' jI,

ò -1lPr-r,r(ø)

tù -r IL

rvlrich implics that, fol al| t:e 10,11, lr - [nl < ln - -x I +4.
11, - ]', 'tù

Usin.q this in (1.2), l'e get

(1.-1) S,,"(a;) { c"r(l(''\ tl[t + fl(
lJefine norv

r(à): :
Filst lye shos- that

{;'t*; < rr, - 1', . - ;j + f r¡}

(1.5)

whcle the plirne indicates that the sum is l,ahen or-er all ? é1(8). \\'e clis-
tin.e;uish ts-o cases.

Cctse L \,\re assunre r > 0. Then, for all i É/(S),rl,e have O <( t, -
8-1 < 1 ancl thus all terrns of I' zùre zero

T']
,l' 1,lt --- l+-

IL - 1' 'tL

3-t['rlr-r,r(fl) < o

,1,

m-r .;)

Cuse 2. \\re assurne r:0. IT n * ifn, lor any ,i df(8), all tenns of
}'are again zero, anrl (1.5) is verifiecl rvith ecluality. If ç: jln, willn



7 Sinnrlta ntous Approximatiorr

Combining these re¡ults ìÌ.ith the ccluality

n6

7
6

c. I. Llaclca, IL Il. Consha

jÉr( à),t,lterr.alltermsof tr,excepl, llral,rvhiclrcol'Ìe'qpolldsto j aÏrJí,ero,

SO

tr' : )01. p,,,¡(jlr¿) : - P"lUln') <0'

Thus (1,5) is allt'a)'s true' Al4rlying (1'5) in (1'4)' rve obLain

,Su,,(ø) < .r(./('), à) (1 f o(ò))'

u'here

o(ò) : : t"ll l¡ -J-l +f-lò-1f '1"-','(e')'
- L) ,\,'" n._f tt, )

rvhere the doul¡le prime indicatcs that the sumrnatìon is taken o\¡€ì' all

i e /(à). \{re rna-v s'rite

(1.6) o(8) < åtr" l. - ^L^lp,-'''(n) * ;uI "pu-'','(r\'
à - 'n-I'

\,\re nos, estimate B1:: {_I" 1. -:, 
-r.l 

I¡,'-,,,(n)'ßcc¿-t'usc 'n'-rÞ0

and n,8 - r ) 0, fol r' e I( ò) \r'e ha't'c

n(n, - r') à - (rr, --r)r
li - (tr. - r)nl >

T (n, -r')5(rz8 
.-r)5

Ixí
< _,_____ __---_ ,l_r r_,,a(fr\,- ò(rr, - r')6(rr,ò - r)"

itn - nt,n)'Pn'Jn\ lor m > 1 and' s ) o

¡;-0

t(ru-r')6(n,ù-r)5

it follorvs l,hat

(1.?) ñu,,(a;) * lt + (- ,-:+ \u r"-''^@) 
1 ,¡,(-f(,), ò).L'-\-y"='à-Ð )'1"-"'

thus, in crder to arlir,e at the clesired ilequality, il, is sufficienl, to prove
lhat

(1.8) Lr,,.n(r\ < 
1; ='trt3 G4 32nt, 32nt,2

lot,nr i:'tù - r)- 9.Ii; is lllorvn (sec f,orettz lL9, p. 14]) tllrat T,,,,'(a):
: l, Tn",1(n) : 0, alìcl f',,,,, satisfies the follorving recurrelìce rclation :

?*,,r'(r): x,(1 - r')[(D1 ?,,,,)(n) | ttt,s'1',,,,_1@)] (n e [0,1]).
Using these cqualities, rve rlecluce by loutine cornputal,ions tliat

''' ?,,,r(e:) :'n'¡u(\ - #Xl - 2n) {7ant,u(\ - n) - I2n2(l - n)' +I}
ancl

?,,,u(n):168ørøa(1 - n)4 * (15r¿3 -LTontz - 36nt)n3(7 - ,n)B +
| (2õru,2 - 6m,)rn2(I - n)'! nt,n(\ - u).

Tbns ?,,,,u : gm,ø. ú, tvherc

g,,r,(n):168tnna { (75nr,3 -130m2 - 36nt)n3 ! (2Bm} - 6nr,).

.nz I ntn

and t(n): n(1 - r). Since ¿p is in [0,1], the function I hasasits range
tlre inte,r:val f0,1/4]. fn older to provc (1.8), rve consirlcl the funcl,ion
rf,, : f0,1 l4l - [R gi\.erì by

ú^(tt):L,r,*u(,,): ]#,,'+ (rt -# tf*)* *
)- (22- 9ì,,, + lr.
' \ ,,, ,,r')'" ' ,'tr'^'

Xts first clerivatir¡c is

m

'rvhich imPlies

I{enca

nl
(n,-r)(mà-r)

i, - (tL -r)nl >1.

lr5 n, - r)nl6
,,r(n\?-(

/S1

rr'herc

Tur,r(n) : :

Using the inequalit-v
m$ i-( n - r)nl6 )1r
(n, -r)6(rr,ò -r)6

tf,l)(¿¿) :91r,'n t ( 130 36tí) ---- 11?, nt 2 ff-#)"++u2+2
\\,e mâ,y estimal,e ,S2 : : åX " ?u.r,¿(fi) in a simil'"-¡r tashion to ol¡[u'it't

rn6 / -^\
s, " u* _;fu _ ,.¡ 'f',-,,o(n\

Because m)9, rve ha,ve tO -# - i*r! an¿,1,,î) is a thircl-clegree



r)ôl*norltiâI i' r¿ s,ith posilive cocffiCients for"r > 9. Tlenoe Qrn is incre-

ãiii"rg- on 10, 1/4'1, antl' ì\'e clcdtrcc

l5
Q,,(ru) (,þ,,(1/+) : ß+-

,i

Thus (1.?) ancl Thaorem 1.1 ate plovecl' I

R'elnarks 1'2. (i) If 8:8,,,,. behât,es as¡'rrrptoticall)'as ir, 2, i'o., if

fot thesc ò,,,r.

(ii) \\'c nlso lroLc tìtaÜ, irr.cellaiu ciÙScs' Llrc cocl.ticicttls ol. [(noo1t-

pol,l,ingcr te,r.f tro,,iilufoitj ío L¡cir li¡riû, u'tíita tlre cocfficients g^it'cn by

ll'lreorern 1.1 conve,r'ge frorn âl¡o.l'e' lncleecl' - T'

$,hicìr is the paÏa-et-er choscn 1l)' I'oloviciu' r)

(3'n, - 2r)ll2rt'2 tend to 1.25 ior rr' tending to 1¡r

i^"gu ,, rve have (n, - r) (3r¿ - 2r)11-2n'2 <Il o-

rem 1.1 gives, in i,he câse 8,,,,' - (tt - r¡-t' the coeffioients

.9 Sirnultaneous Apploxinration

Thns, fo,- r Þ 1ancl sufficien
I

tly large ,¿, \\re har.e;ln,r((n - r)-r12>1 + 15/64. m

2' A Neu'Estìrnate for the l)ecree of Ä.pploxirnation of Co¡ti¡uolsly
D iff crentia hl e l-urr e1 ior s b y" tsrsir ive'ü"l*^õpî.ntn*,

oop and pottinger provecl estinates

l9t, h) 2f the real axis. Ilele ancl in t re next section r-¡e shall ¡,orhrvith lnnc-tions clefinecl on [ø,b] insteail of t
ll .lj, ancl other comrnon notatic¡n

fn orrlc¡r' to tes similar to (0.5) fol almost_conf¡ex
operatols, \ye nee the clegree of a1¡tioxirnation of conti_ngo¡r¡lr clifferc''{, }' lrositi'e lineai'oper,ators. lìstimates
of tiiis t¡rpe *'ere lrrovcn ìry Devor,ô |ti, îh. 2,Bl a'cliì:ãnsm [s, rr.:fsij-we p'or.e here a rìe\\' gcncrâl theoreü, one of ïnor"-rrrã;-, å¿iårit^G
beirrg thal, lhe upllct' bountl nou, i voh.es tl.o free l..ositive pararnete.s
rather tha4 snly ens.

tunonp¡t 2.1. Let L :Clu,bl - CLa, bl ltc ø lj¡eat. positiae ope:ra,tor,
ct,trcl J e C1la, bl. Ihcn fr.r àtt c:'e fa, ttl ortd, all lt,,e > 0, tlie,re holcls

lff - L.f)(u)l

I
I C. Badca,

u,,'(tr,)

15._ 1

32m, 32m2

,IL

I. Badca, Itr.' II: Gonska
0

A.,,,,'((m-r)'):1+ m- 11, - ',l' )"

lL' li - 
I 

-ì.f,A - BrAù - r) - 32(,, - ,f )'
which bencl from al¡ove to their limit for r # 0'Incleed' l\re rnâ-Y rvrite

An,,((n, - rl-i¡ -r -15lô4 :utþt) {H -T"(rz) - t'(ø)/u'(n')}'

'$'hcre

15 1

a,.(tz,) : : g2(r, _ r) + r* - r.¡r'

Then, lor r )-1, tt'e ltat'e u,'(tt') >> 0 ancl u'(n) ) 0 for allpossillle values of

rl lrom Theorem 1,1, and'

Ii1ry,.(rr') :l,lj1',1'¡ :t5ffi: o

,, 
,L 

,o"" 
{r,,r, - 

nl, e)I -l lL(et - n,ü)1,

'lÙ

r+-
e

6lÍ',.).

I'lr

n,-r[ -1,1't, - I' f,(e, - u)2

h,

', fi)

Eere, a1 denote_s tlte i.llt, tnonr;tnial, e.(u):: rt, i > 0.
ProoJ. The inecluality cleariy holcls for i - O, so leb L + O. Firsl,,

obscrvc thaL

lff - Lfl(et) I < l/(ø)llL(eo, ü) -rl+lL(Í, n) _L(eo, æ).Í(e,)1.



Next n'e rrse Thoorern 4'4 in t10l u'iLh á(J' tr) : : I'(co' n\'J{n\' This

leads to r rr t^ ,,,r

lL(Ï,*) - L(eo, n)'lr'J\l < zil r'l1 ' c) 
[t ' 

t't'ffi'

I{ere 7[0. 1.] is 1,hc clrar.acteristic,f.unct'iorr oÍ |0,1], ancl õ.(J,, .) tlcnotes

the loasi; concar\¡c t"^.|;;;i of co,('f"')' ¡4ivcn by

I'
<ir(.f', l,) - *.lfr1!1,'or(.f', h'¿)zlt'n nl' ¡,r":r' in'L't: lÙ¡ 

^'" 
o 

Ì
(l¿ > 0)'

Ib tlrns Tollows that 
lL$, n) - L(co, n).f(n)l

< 't (l ct - nl' ru) 
{rnin(l' 

f') ' li-f'll + x[0' 1](L)

Note t'hat in rhis last quantity ilre nurnl¡ers rr, e) 0 ar,e i'clepencrent. Thisconclutles the proof.
'''he liollowing.coro[ary is usefur for, (sorne) apprications.
Lronolr,¡n¡r 2.2. (Jndet; ¡,rt,e assu,nrlttiotts of ii;;;;--"2.1, we rtcrue thefollo+ning :

(i) tu _ u)@)t
< l/(r)l.lL(eo, sr) _rl + ll/,ll.lt(er_ n; ùl

Sinrultancous Approxiutaliol

L((e, - u) L(eo, r) * lL(e, - n; ü)1,

t0

, I¿).

f1

++'"""{

11
C. Il'ìdca' I. 13nd I'I. II. Gonsl<¡câ'

tr0

I L(e, - a', r:) I 
,

I'(let - nl, æ)

{or l,hc definition antt propcr.f ic¡ ,1j 
efor the I'caclcr
/¿)0r

i" ¡ïof From Tltcolctn 3'1 tlret'crn' 
,,, .- 

O(/ , t, tt, fr) ( f ' {rnin

.,rrorf I * rr' +ì' ó(.f', Ir)l''"'""\ z h. )

, ß)'

" (t + *).,,r,, ., ,

. (iil .f L reprodttces tlt,e rnonomials eo an,cl er, th,etr,(i) s,i,nzgli,Jies to

l(J- Lfl(u)l =+*r"{ (et - n) n),

Because rnin (1 , tt): tt rvo irnmccliately dorivtl flotn this thal'

l-t(.f, e:) - L(e¡, ø)f(r)l

' (' * *)' '^t" '''
irrr_n¿P#å{. 

(i) follorvs f*om the Ca.cJr¡-Sch*,a'z incq,alil,y anct (ii) is
Re'¡na,rk' 2.3. oonsider ineqrrarity (2.r). rf /, is a Jler'stein-t¡,pc ope-rator', j;4., ono Ìrr.ns L(eu,, u) : ol tor i': 0,í, thc "rlii"ái" lien 

'ea¿s
l$-t,Í)(,r)l 1 t< -t ,"**{ {L|e., - *l; r),4PI 

"

IVlalring t,he chojct¡s , :V
X õt(l', lt), h ) 0.

,A -eì--n, ' (, : 01 b : I, f, : 3,, (+t-1"1t ]lerns_

tein ope'ator), fl*) : (. - +)', anct usi'ga result fiom the pr.oof of
Theorerlr 4.5 in 1,he papel of Gonsha and Meier [13], rvc get

l(.i - B,f)(t)f 
" å. '"*"{ 8,,(l e,-rl; n),

. lllâ,x

rryhcre

(2.1)

1-_- nttìY
2

We next

for atbitrarY fu

partr; ot (2'1) is

lL(e, - n, n)l

2 tt'' I'(le, - xl, n\ ))t"t1" 
u'¡'

L((e, - ffi)z, fi')

L(( n)
- 

ry¡ìr

\¿

n(\ - n)
ta

lr,(r',,
L(le, - nl, s))

- r, ø)l
tr:

( ltr(r, - ru ; n:)l ' llf'll

I-r L(lo, - nl, n) * lL(e, - m, n)l'
|t, lo*t'

use l(orleiðult's inoctrualit¡' [16]' which sLates l'hat

ör(J', l,re) < (1 -l- h) ' tot(J', e)

" ) 0. il'his irnplics lhal', lor an¡' lt''e '- 0 l'he rigirt-hand'

'1ioúrt,l"d fronr zlbot'c bY

:t, [ryP ^,?', If+Ã)
L(let - nl, n) -f lt'(e, - n', n\l '

It1+-
e

or(f ', e)'
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s'hich is shalp in the senso l1Ìzì'l' fol all 
't 

€ [0t1] zr'rrcl zr'11 1? e [N' eqrlaiily

lheorein 2'1 in of

L,he follou'irlg €rxâ 1'he

"* ;i,;;'^i;r; -a,, lut
ICSrli1,S,
ollerâLors 8,,, olte itiìs

Bu(eo,r) -1:Û'
fi,,(at - n, m) :0, : t.t.' '

I),(ler- nl;')*l¡

¡u(1 - ¿) 1or, r e (0, 1), ¡ic1c1s
n

(2.2) l(f - R,/Xø)i

= )V; V,a - ,)

Àll these inequalities are rv¿aher 1,han l,he ine qualit¡' of Schurer ancl
Sioutel rnertionecl in the inùrod.uction. Flowever, it has- yeb to Lrc nol,ecl
1,hat tire Schurer-Sbeutel rn:bhtil of proot was tiilorecl tó the partioular
case of :Bernsbein oller¿ìtot's, n'hercâs oul estimlte is the cotìsequonco
df a rnuch rnoro gerera,l result

(ii) rrro ctroiccs , : ,V1+ anct i¿ :]/¡l=r .u e (0, r ),

lead to

tu - R,,Í)(¿')r ( . +lt,lE=Ð. ^,(t" ; /r---- Ð) <

Vtr

1 1Lr-ffi
Tire latter. two inequalibies are ìreLi,cr than trvo c.rrlciiponcling results of
G. Anastassiou (sec 12, Crr'. 2.3tr] antl [3, C.li. 2.2i l),

'Ihe obset'l'ations mad,e in "Exarnple 2.4 lead. to
Problen¡ 2.5

Can one implor.e the estimate of Theclcin 2.1 in lruch a frasìrion that,
rvhen appliecl to Bernstein operators, on3 obt,a,inii ihe rosult of Sch¿rer a¡ci
Steutel ?

I1, is iLrielesf,ing to note that for scrnt ii;oacizr,l points n in 10,1], rr,e
n1à1r lss ihe incclualit¡' s¡'I'heorem 2.I Lo olttain the r,esult of Schúrci'ancl
stcrLtel, rndeed, iet c be an albitrar¡. posil,ive numbel and. let n be a
lroint in (0,1) such that Ø(7 - n) 4 r:2. flhen, fol the choices e : r?'1l2 ând.
lt, : cn(L - ri:)tt, -il2, \r'e h:\rre

:r:(1 - t')

3
+

.,(
'I

(i) Cì'Loosing e : Ilr:r, 
antl lt':

(ùt {r'
1.

-,l ,,(1 +

f'.r,itrcd,
lesrLiù
.t). o

'""'{il
n(i - r)

IL

L-m) ì ø(1 -ø) 1

I - -- -¡¡;-: ¿t[t,
ßcIct atce

\t'CtU'

1 958

1980

1 982

1982

1 983

1 984

1fJ 84

198û

(ìclsIaut ir-istc¿rd

of3iB

77!76

314

35164

5/B

69i 128

t¿l¡

Thelefole, lhecr¿in 2,1 üLtt' B:r'nsb:iLr opelatols inrplies

l(J - ß,i)('r)l< l.+ + !(t - r) \ -r '
\ 2cV il, rV "-- ) 

'o'(f" tt ') <
(?.3)

ú+1 _1
< %'V* 'ao'(J" tt' ")'

Since the above ineclualit-rr also holds for.¿u - 0, 1,.va have (2.8) for all
ø rvith n(l - a;) ç c-2. In p;r,rticular., for. c: Z w¿ olttain ag¿iu (2.2).
sinco in bhis cr,se all points in [0, 1] satisty r(,1 - ø) ç l/al Choosing

c:1 -l- [5; tjne constant '# beccin:s 1/4. t{ence the estimate of
Theorem 2.1- for Barnstein operators ccincides rvith Sohulerts and steu-

tel's rosull, provitlecl ,r sa,l,isfios t(l - ù <2-f,L, i.e., if ø belongs to

Li Ycn"l'ir [17]

N,Iond arld
\tasnrter'¿rn [24]

1rar.(lul ù)' an cl

Singh [37i

Singìr aud
ValshncY J;I

Gouslia IB]

Sahai atrd
Plasad [28]

Singh [31|

Nleier [21]

a/Ò

5i8

314
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1+ 2[5 -B ,1 IneclualitY (2.3) also saYs

2

Proof.Lot Q::f)toLoI,
tion of -t. Since tr is almost convo
positivc linoar opelator. The ass

- D' t,"[ for' / e C,lu,, lt l. V\b nou.
any geCLln,b'), lt,,e )0ühaf
l(s - Qu){n)l < ls(#)llQ@, n) *Ll t lls'll.lQG, - ã)) ùl
+ -\, **{yo@ t le(e, - n; n)t, f,q1i,, 

_ &),, ,)}

(t * *)''(s" ")'

Ntrrv-, Ttx ! ç-c',.iL?tb)' ci.''.1t,.årl, putting g :D'l ancl using eD,Í:: D,Ll yictrts I Dgl _.t)@)l -' '

< l"f('\¿,)l.lQGo, ù -t l+ ll-f(.*l)11.lQþ, _ $, n)l

Si rnrrl lancous 1\pproxintûiion

et - n)2; nojn)'flQGr-e) n)l¡

n4 15
tr4 15

U

\u'-r,@,; #) + l^¡,,,.(n)1,

that if æ is close to one of the enclpoilts of [0'1]t then u'e maY have a

bel,ter constant than 0.25. For instancc, forc: 4, s'e gel,

5

for all r e 0

l$ - B,l)(ùl< Bz1n 
a'(f'' n' 2)

+1"[¿1tr,,1
l

I

i

i

l

I

l

I

3. Degrec of Simult¿rneorrs Approxilnation of C'+1 Fr¡uel'ions hy

Almost Convox OPerators

result from Scctiou 2 t'o
convex oPerators. Ilele,

î,1 Tf l',l.'3-:åï'ilåä -" T

Lå'o" : {ï.'-c!-!tï; liil 
""ä"í'ådJ,ã"å 

åï,31å#%îi; ;;"Í ff"î'tÍ;llli[,ì,' ro)l) bei'g ?Yi'] îi'Si,i'il,tä ' Z';,"*..ãr' t¡*ii)o i"ide'ä"* i;; 1<i4Ft sat'isrving0<li<"'

,.(äurr,")t-"' trlo,u{Ìr/ irnplies LJ e tþ'a1'

) is takcn ì:y clefinition to'be t'he

e oÐeratot' L:C'ltt', bl' C'lc' d) bo

,.) å fl,.r, tlt'en 'for ult Í e C')rl-&) bfl
s

lD'(LÍ - /Xr) I

" 11ar(r) l.l +D'L (e,, a) - 1l + ll.f('*')ll ' l"¡,,r.(ø) I

f, rtu^ - c)),' 
",1 (t " +) <or(.r('-r) ; u).

rn orcleÏ to,o-tpress e intorms of -t, .lve rrsc the f'llowiùgscl of equnlitieswhich can be clcrived fiom ll4l :

Qþo; nl : T.r'" (e,;n)

Qk, - #; n) : Lî¡, 1l
(r'+ 1)l cr+l - :o;'e''1 u

Q(e,t - c,)2; n) : D.L 22
(r' + ,) I 

cr+z - (r!lX ' cb' e,+t *

tnå,x,1t2

n)^¡, 
"(

(t * *)c,,.(/r'*1); "¡,

v,r@):D'L(T*|¡ €,+t - l.'n'u', ")'

þ?,o@) : D,r,( (t+ñ a,+z - ,;ñ' &' €r+t* h "' ' ', , *)'

* ,!, 
*'' ,,; .): oídø.

substitutiue brre rigrrt hand ex¡rrcssiorrs fo* trrose i'vol'ing Ç yicldsthc inerluality of Thcorõrn 3.1.

4. Applioation to Ber.nstein Operators
rn the present secbion wo di¡lcuss the lesurl, rve obtain for Bernstein

operators using the gonelal ineclualit¡r florn Section B. The t..irirriîå"*
sbein oporal,ors are almost con\¡e-K follorss fiom the r"pr"snol*tioir of p,Bol
as given. in l¡or.entz [1g, p. 1Z].

1* ;'max{o',,t','I
1
h þ?,"(n)

h,ere,
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Thus,

(4.2)

Thus,forr>I,

(4.3)

A pploxirnalion

ú)l

+;* V,; s'i#r)

ID'(B"l - Í)(n)t

, Sintultaneous
xi

rþ"-7)
2tt'

Stt, - 2r
12iLz

Substituting this into thc ineqlality frorn theolem S.l sh.ou's that for
n2 max{r ! 2, r(r + 1)}' thcre holcls :

1D'(B"l -.fXø) i

(4.1) < l;t')(r) l. rþ^-_ L\ 
¡¡:u-t¡. fi 

I

fn [9, p.4291, it was noted. that in this case l'e have

! D,B,rçer,,¡ : {þ < r,r'! ti'

lL'''u"'e'¡ ,n)-t l"

3n,-2t' r 1
-L- -- r

72n2 ' 2n' h, l(t * 
1).,1¡."*',; 

'¡
1

tlrat, because m>, r -l 2, r'ê har.e l¡ ) 0. This leacls to the inequality

lD'(B,l - /Xø)l

< ifo,("), 
r'(r=-! + ¡fl,*,) ¡fi,++lV+# #,1(, n

¡ll n --r. r),, (/,,*,,, ffi¡,
whero i¿ has the above folrn. Iìor this valuc. of li, thc faotor in front of

/1ì
., 

þo'u , -f;- ) -r" l¡e rvritten in the following "!vay :

Vtt_i.p"_?) W= ,#

<l-f(')(,')l 'W+ilrÊ(î+l) tt.fi+( å. ;ñ,)

lD'(8"1 - Í)(r)l

1
ln'n,( ---1-- (r+t - 

L . *.c,, rl I * a, tt,2 t' | 7..:l \ (rf 1)! r! ll 2n'

tr'urthermore, it 'was shorvn in l14l th¡t for' ,?> rnax {r 12, r'(r f 1)},
one has

n'n"(ffi €,+z #il a' €rr,* I,.*'' 0,, *)

Beca,use n>r(r +l)> 12, \\,e have rlll;,çJ, so that B _L_r.__ó
Tl¡c alrove ploof of @.2) is vali. for 8 ' a '[d \ I '

ì'\¡e ñee t';nat (4.2) holds for r> 0. 
: r> 7 only, 5o¡, incluclirig (2.2),

rn order to co'rpare (4.1) rvitrr an estirnate roy si'gh, rrarsrrney anclPrasacl [33, p' 2s61: 
""à sí^i.îuu1ìou.lrrtitv (0.5), \\,e nolv choose

" 
: 

v; and' h as a'¡ol'e' ru trris case, tìre factor in front of orr(;Ê(.+il, s)in (a.1) becomes

-T'4n
1

-V,,
* ''ì- 3
' 2nl- s

+1)
,

1
2

.+(

1?, - 1'

31

3n -2r
12n'z

lnax,1
'2

3tt - 2t" ,t'
___ -I __L

l2t¿2 t 2tt t

+ ltn

_ 1 tlt6n=tõþr-t) , Vn-r.r , (n _ r)(Btt, - zr) \ _ 1

-''\l-Af-- 2,, r 12rrz ).V*_,

"+ff'*+fi.+) #- -(* * ^î)d-

< l,r,)(ø) t !Y;! + it.r(,*,) u #,+(+ È + 4+). ^,þr*,,, #)i, ,using (2'2), (4'B) horcrs arso for r'- 0. \4¡e note ¿rar, thc facto.

1 llfsn= k r,lY "ffi + ía+[" Y;;!)
whichappealsinfi | 1\ront of t,(/'"nt', 

Td is, for n > t,r tz¡ smaler.
than the co'responding quantity figuring,i: 

.!p3, p. 296j. a' analogous
Ë",##,-"J:fi,TîJiåålï"" i' r";;îor ri¡r'+ïi¡¡';-;-;; ar ra*orã in
2 - c,3?Bi

I

2
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5. A Special Flethod for Bernstein O¡rerntors

Oru lasl, r,esults for Bernsl,ei]ì opel'a,tors l\'ouo olltained using the^-- --"a- 
3.1. Hoxôvol" tlìere is a clitferent $'a'y fol

rl to l¡eÍ;ter l'esulfs.
s to use knorvn ostima'-

us approxilïåtion.
O artd, nll n>r wh'iali

lD'(l - 'B,,.f) (n;)l
(5.1)

< l.f(,)(ø) - ßu-,.f(,')(n)l + n,r(.f,'), Du,,) * '#li/"r'fl.

Proof ' First, observe thal;

ID,6-t],.i')@)I<l/"'(") -(B"-"f(')(n)I+I(rJ',-,'/'')(¿')-(8"/)('ì('Ð)l'
on lhe othcr hancl, using the same notatiorr as in scction 1, s'e have

l(B,.,lk))(m) - (8,'-f)")(r) I

I

- 
I 
I î:iÏ")Gl(t, - r')\ 1tu-,,i(r) * S f '!-; l$''(E')tt'-''{n\I

- 
I 
(, - +) E;'--;r"', E) q¡u-,,,(n) 

I 
* 

I tr:i[l''te'r -

-r''(å)]r"''t"'r 
I

here trvo exarnpres. 1'rre fir,st one is an impro'cr'e't *iflr respect to the
factor in fronr ot ,r(¡0.*r, ,-f#) m iouqo* Ijty (4.2).

,rurnolfuorr,Âr,Y 5.2. Let r,ir, e ¡,'n,Þ r i 7¡ and f e c,+t10,71. Slten

llD,ç - B^l)il < lçlllll,,,11 + a ¡¡¡r,*rr ¡¡ a

+4#;..'('"*, #7) '

Proof . This fororvs fronr the resurt of schure' ancr steuter, 
'arnely

LT"'@) - (B*-,'.ù)(æ)i< +#,,(/o*,,, T#),
ancl from theorem 5.1 for the choice òn,, : a via flre inecluality

., (/,,,, ; ) 
. L¡¡t,*,t 

¡.

ality of Corollar,y 5.2 recluces to th¡,,

ates invoh'ing the secontl orcler

t.l1 . lfh,etr, toe h,aue for att J e C, [0,1 ]

IlD,u _ B,fll < 1.68 . ^,(t,,,, V+=)+ .o,(/o,, +) *
+\!'#lt/(,,'.

Proof . fùorn Theorem 5.1 we filst havo

llD,(l - -rt,,.f)ll< ll/'- B^_,(Í,)ll+ 
^r(¡v>,\

.l 1 - 
(r¿)'

,t1,, I

I'

ll/'Ðtt + Xi-J'.(/n', l r'-,,-,.1)

(r¿)'' vç!iusing the irrequalil,ies

get
'ntl

1'

ll/o) ll.l(8,-,'f"')(u) - (8,/)'')(a') I

.,+ll/(Ð ¡ + ,o,(.f(,), u,,,,, (, + xï:íl*' tttr'rr'-,,,(') 
).

F'or r¿ 2 i'18,,,, tyc have O a+'à;,1< 1 rvhich shorvs t'trab all torrns of

l,hc abovc suln aïe zero. Tltis completes the proof'. ' .

Ttrc occurroo"ã^ãi t'hc tcrrn Î.ftl'(,1 - f ë"--'l':')(r) | pcnnitn-us. t-o ule

pstirnatos fo,, Ig(æ) : ti,*,g(ili *ittt' g : fi'' ' Ii is also clear that à''' irt

Theo'em lí.1 sho'itl be chosen as srnall as possiblo' i'e'' 8'',^ - t; 'We give

'r'o estimate the first telm of the riglt hand side we use ilre recentresnlf of Iù. pältã,nea (see ¡ZO1¡, staìing that for any g e Cl',Il one has

l (g - ß,u)@)¡¡ç 1 Jx . ^,(s,t'r) - 1.63 .o, (r,+)
y*-_*ri tXTJtlÏ: uppff lround or.ll D,(f _ B,Í)ll lear.es us rvfth rhc ctajm

R'emark ¡.¿. 'rne inequality in con'o'rary,5.3 appea,r,s to be quite aninteresting rnodificatio" ,f iilqüurit" io.zl with respõct to the factors inrront or ^,$e), ') and ilD'flr.H;';ñ;í, ì'ñ;ilä;dffiå üat anextencrc<l

+
't?,
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l

h is neeclad in orcler to 'cletei'rnine
a,ïcl to esl,ima'tcs on sinlrì11'2ìtlcous

that all
for thc
in palt

riting. Llic aui,hors of this note a e
tt. tji¡ltXnc,a otr Lhc secontl ortler
Rernstein Pol¡r¡e-i"ls, but have

tr. \Ye har-e therefore chosan to
Ccrollai'¡' 5.3. ¡

I
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