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0. Introduection

Let €T0,17 be the space of all continuous and real-valued functiong
on [0, 1], and, for every positive integer « e [N, let II, denote the finite
dimensional subspace of all algebraic bolynomials of degree at most ",
restricted to [0, 1]. We shall consider the Bernstein operators defined by

B, :C [0, 1] 5f— ﬁ f(_;i“)pn.z‘( )€ I,

where p, (0) = Pun{l): =1 and Puil): = q_?')xf (1 — & )" otherwise.
- (3
Denoting by | | the Sup-norm on [0, 1], the classical result of S.N.

Bernstein (1912) asserts that the Bernstein operators are uniformly
approximating in [0, 1], ie., for any fe C[o,1],

(0.1) lim ||f — B,fll = 0.

Furthermore, the B, have the property of simultaneous approxima-
tion, that iy for all elements J in the space €0, 1], 7€ N, of all real-
valued and »-times continuounsly differentiable functions on [0,1], one
has
(0.2) lm | D'(f — B,f)| = o.

N-—>00

Here D is the r-th differential operator. Sometimes D'f will be
denoted by SO, fO by f and, as usual, we identify f with Df and Jo,
Relation (0.2) was first proved in 1930 by T, Chlodovsky (see [18] and
the review of [38] in Zentralblatt fur Mathematik by S, Bernstein) and
independently by S. Wigert [38].

' Defining the first order modulus of smoothness by

@i 0) s =sup {g(w + ) — g(@)|: 2,0 + he [0, 1], k] < &},

it'is a natural problem to find estiimates in terms of ; for thé_ non-
quantitative assertion (0.2). The first such estimate was obtained in 1937
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by T. Popoviciu [27]. The following table shows part of the. history of
estimates of the form
r(r

. — 1Y
03) 10U — BaD)l < durs U 3+ == 1,

for all positive integers 7, all n > ny(r), and with suitable A,.,, Snr and
(7).

Reference Year Ap,y Su,r
1 i
> . Py
T. Popoviciu [27] 1937 1.5 2r(n —1r)y2/n (n —1)
U 1 1 1
—= , )2 %
D.D. Stancu [34] 1960 140 F2r (a4 42— )2 n
14 [nSy + rVn —r] A
G. Moldovan [23, 1966 [1:Sq i F 4
p. 69 J(n + I'Vll —1),
Sy g
3 = (20983]/6 — 47022)/46656
= 0.093785. ..
1 .
R. Martini [20] 1969 1.25 4 r[(:® + 16m) 2 + r—2]/8n| [r + (r2--160)2 J/4n
e 1B g
B 2
1. Badea [5] 1974 i5 + r(n _l.)z n {n —1)
1
2
H.-B. Knoop 1976 1.25 —r/6n n

and
P. Pottinger [14]

For r = 0, inequality (0.3) reduces to
(0.4) If— Bafll < Apg ol fy 3n,0)-

1

11 o 2
A striking result of Sikkema [30] shows that (0.4) holds with Sp,g = M
and A, , = K : = (4306 + 837)/6)/5832 = 1.0898873. . - .. Here, K is the
n, - 4

best constant in front of e(f, n 2). Sikkema’s paper gave Bolujgiqp :ﬂ
one of the many interesting extremal pm_} ﬂ_en_m mn tullzlént_'.;ttlitl; ;ﬁgﬂ t{,)l?) ; :nolf
i heory (see 1. Blaswich’s thesis [6] for a detal ed. verihication.
gg?kpﬁn&?sﬁeiult;s). Tor many other contributions dealing wlﬂjh %eq(?ﬁ;ll:(iaa
of type (0.4), the reader iy referred to the ]3}!)%1(95,,"1‘&]}]1]65 by H. H. Gonska,
J. Meier(-Gonska) and E. L. Stark [11, 12, 56]. ‘

e A ((‘,aure't'ul 10)011 at Knoop's and Pottinger’s proof [14] showgﬂth::;
their method leads to a general estimale analogous to (0.3% .W10‘.11 i
arbitrary 3 > 0, the corresponding coefficient Agy = Ay,(3) being 1
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+ (3n — 2r)/(12n2 - 8%) and ny(r) = max {r + 2, #(r + 1)}. We shall call
this inequality the general I noop-Pottinger inequality.

Another natural question which arises is how smoothness of f® im-
proves the degree of approximation of ( B,f)") towards f®. To our hnowledge,
the first result in this direction is the following by D. D, Stancu [35].
Assuming that f € €¢"+1[0, 17, he showed

O5) 1D (f — Buflo)| < Maron 1O, 80r) -+ -1 1000y 1 =g,

1 1
where 8,, =n 2, M., =1 + o(n, Men, r\n 2, with o(u,w): =

1 1
=u 2[20 4 (u+ 40° — o) 2]/2,
We note that for » = 0, this simplifies fo

1

1
(0.6) If — Buf |l < _i'_ T e, 0T,

first proved by G. G. Lorentz [19]. For other inequalities of the type
(0.6), see the table given in Section 2. We mention here, in particular,
the strong result of F. Schurer and F. W. Steutel [29], namely that (0.5)
1 1
holds with 7 =0, §,,,=n 2, and M, ,= %n 2, Here, 0.25 is the best
1

possible constant in front of » ?; see also the related paper by N. I.
Merlina [22]. The inequality obtained by Schurer and Steutel was ob-
tained using methods applicable only for Bernstein operators. There are
other contributions in which an inequality like (0.6) was derived as a
consequence of a general theorem for positive linear operators. We
mention papers by Gonska, Meier, Mond, Prasad, Sahai, Singh, Varshney
and Vasudevan [8, 21, 24, 28, 32, 37], among others,

The first estimates for simulfaneous approximation involving the
second order modulus of smoothness

oulfy 8) 1 = suplflw —h) — 2f(@) + fle +1)|: @w £he[0,1], -~
0<h gd

were proved by Gonska in [9]. For the special case of Bernstein opera-

tors, it was shown that for fe ¢'[0,1] and » > max {r 4 2,r(r 4 1)},

one has

! ! ! 3r(¥

. o i r—1
| DT Buf) | < 325040, 0™ 5) + 7 T, 0,07 F) 4 T ooy
0.7)

and

1 1 '
(0.8) | D(f —Baf) | < c{ey(fO, n 2) 4 o(f,n 2)+ 27O}, 0< i<,
for a suitable constant ¢ = ¢(7).
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The aim of the present paper is to prove new estimates of the fbbox*e
tv]mS. Our paper is 01‘ganigcd in the follox_vmg n}a.nnﬁer. %1 thg_geﬁ; m%sg;
tion, we shall give an v]nlpl’O\‘GlnGﬂt of the gencral Kmnoop-Fo 8¢
inequality for those pal ameters 3,, which behave asymptotically E-LS a 21
In Seclion 2, we prove & Iew estimate for the de_gree of 21.1)1?1“.0):11112.\-‘51011
of continuously differentiable funetions by _‘.(arbltrary) posw.we .hne,%‘\-r
operators, which will be generalized to simultaneous Va‘]:)p’roxnnatmn'm
Section 3 for the case of so-called almost convex operators and' applied
to the special case of Bernstein operators in Section 4, In th'e final Seq:
tion 5 we will ditcuss another method tailored to the spemal .czbse ot
PBerngtein operators thus showing, among others, how inequality (0.7)
can be modified or improved.

1. An Improvement of the General Knoop-Pottinger Inequality

. SO S,
The main result of this section 18 cont@_mec
PHEOREM 1.1. Inequality (0.3) holds with 8> 0 and An,, = Anr(3)

& " 8 (15 sl 2 8 1 )

i i (ans = 1’)) | (51 Ts2m ) 82 — )

i alliﬁo?f n?[ig; {g _>|— (? ,b1(‘3/8g12bit1'arily given, x € [0, 1], and n T + 8
n > 1/3, be fixed, The r-th derivative of a Bernstein polynomial is gwgn
by (see [33])

Zf(r)(gi)pn—ﬂ',i(a))a

n' ¢

(anf)(r)(m) =

L4+
r /n. b_q

U {0}, the Pochhammer symbol (a)y i8 defined Dby (a), 1= HgZbt(e — § ;

Here, an empty product is {aken by definition to be one. Since Y oPm ()
=1, we have

(1.1) | D'(f — B,f) (@)]

'“g(f(")(w) = fOEN ) Preri( @) | Il-(:Lzﬂ A if(")(ii) Do) |-

¢ o a1 :
where £, are points in [0,1] with —< £, < ,and, for ¢ € RandbeNU
. Y

. l 12 =0
r(r —1)
21

r(r — 1) o N .
of the second sum of (1.1) is smaller than T\]f( ). We estimate

But |1 —(n)rlg (see [141), and thus the absolute. value
' : nr

now

Sunla) : = 5 1) — FOL) | Pacrl).
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For -a- real number y, denote by Jy[ the largest integer (strictly)
smaller than y. Then o(h, ie) < (1 + 11[) ok, =) for all nonnegative
reals xand ¢ and all, bounded functions % o [0,1] (see [30]).

Hence,
oy .”_7 L, ) n—7
B2} <3 l(fO, | & —% ) Pacral®) < (O, 8>(1 + Y e — &l

1=0 - 1=0

(1.2)
’ 8A1[ 'pn—r.i(x))'
On the other hand, we have
. 1 DRE S 1 rn —r — 4) 7
G < — ) — < —
n—r n w—7 nn —r) L

and

. ) 1 1 171' ¥

& — S = — > ——

n—r N N —7r n(n —r) n
Thus,
2 T T
(1.3) | &= - <
n—r 7
which implies that, {or all 2 € [0,1], |z — &| <|a — v u i
n—r n

Uring this in (1.2), we get

(1.4) Sp(@) < 0)1(]((,.)47 3) [1 + ‘i‘;(](l &z #.n i ,-' -+ , )8_1[1}72—:'.1(-’”)]’

1
| i

Define now

I(S)::{isoggn—o-,m— i i—]—i>8}. -
7 r n

First we show that

(1.5) Z'](lx a

where the prime indicates that the sum is taken over all ¢ ¢ I(3). We dis-
tinguish two cases.

o +i)8—1[  Pusa(®) <O
n—7r n

Case 1. We assuine r > . Then, for all 4 ¢ I(3), we have 0 <( | —
1.,

w4

)8—1 <1 and thus all terms of %, are zero.
n—r Y

A Case 2. We assume r = 0. It o # ¢/n for any ¢ ¢ 1(3), all terms of
5. are again zero, and (1.5) is verified with equality. If » = j/n with
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j ¢ I(3), then all terms of Y.’ except that which corresponds to j are zero,
80
2 f = ]0[ ' pu.j(j/n) - _/p‘”.]'(j//n) < 0

Thus (1.5) is always true. Applying (1.5 ) in (1.4), we obtain
Surlz) < (nl(f(’), 3) (X o(3)),

where

0 r
P ’e- _ i N 8-1[ P (a,)
8)‘2 J(lw = n) 1se 9
where the double prime indicates that the summation is taken over all
i e I(3). We may write
1

v TS (),
(16) 6(8) < —8— Z \.’ﬁ e g l pn—!r.i(m) + ’)TBZ pn—v.z(a/)

(). Because w—r > 0

We now estimate 8;:= Téz” l
and nd — r > 0, for i€ I(3) we have
n(n — 1) 3 —( (n—ry

i — (0 — )a =

which implies

i —M) > 1.
((n — ) (nd — 1)

Hence .
510 — (1 — ™)\
SR S Wl Uk (e P 0
YRS —1) T (=) (nd — 1)
5
< ?,_,_11,————- /- e(w)
S(n-— r)¥(nd — 1)
where
Tm s(.’I/‘) = i (@ — ’mx)s:pm.i(w) for m > 1 and s > 0
i=0

Using the inequality
i — (n — 1)z

>1
(n — 7)5(nd —1)° ’

we may estimate S,: = J—E " Pyar() i @ similar fashion to obtin
L n3

rnd
S — 7)(nd — 1)

S, < o Tn—r.(i(”)-

7/ Simultaneons Approximalion 7

Combining these resmlts with the equality

nd 4 ris . ( " 6
Sn — r)%(nd — r)° 3w — P)¥(nd — )® A — )(nd — ?‘)) ?
it follows that

1.7 Sua) < |1 4 )‘*, T—r.s() ] ™, 3).
( ) Ax) < [ g ( V_n —r(nd — 1) (n — 7)3 o (f¢, 3)

Thus, in arder to arrive at the desired inequality, it is suificient to prove
that

(1.8) _1—17 (i <1:) 15 1
m3 64 32m 32m2

form: =n — 7> 9. It is known (seec Loventz [19, p.14]) that 7, (x) =
=1, Tpala) = 0 and 7T, . satisfies the following recurrence relation :

Pogil®) = a(l — 2){(D* T, () + m8 Ty ()} (€ [0,1]).
Using these equalities, we deduce by routine computations that
Thsz) =ma@d — x)(1 — 2x) {10mx(l — &) — 122%1 — z)? +1}
and
Tiglw) = 168’ma:4(1 — @)t 4 (1hm3 — 130m? — 36m)a3(l — z)3 -
4 (25m? — 6m)a®(l — ) 4 ma(l — x).
Thus e = Ome° t, Where
Om,g(#) = 168mat -+ (15m3 — 130m2 — 36m)a® + (25m?2 — 6m)-
-x? -+ ma

and #(#) = x(1’ — x). Since x is in [0,1], the function ¢ hasas its range
the interval [0,1/4]. Tn order to prove (1.8), we consider the function '
U :f0,1/4] = R given by

bult) = =1 gl = 2 (15 — 2 AL
n

m? m m?2
25 6 1
—l— ('—‘—— QLQ—I—_—z’LL.
Its first derivative is

) :ﬂfu‘* + 3 (15 ww 150,u 3;6)1&2 + 2 (39 — i)u + L%
m

m m? m m?2 m?
130 36 1 .

Because m > 9, we have 15 — — >— and U is a third-degree
m N 9
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polynomial in with positive coefficients for m > 9. H ence gy, i8 nere-
asing on [0, 1/4], and we deduce _
15 18 "0
bulu) < 4u1/4) :@  32m  32m?
Thus (1.7) and Theorem 1.1 are proved. )

Remarks 1.2. G) If & = 8, behaves asymptotically as # *, 1.6, if
; i s, for » tending to infini-

ir nt = en lim,.nd2, = 1. Hence, for n _  infin
l_u ﬂ”f])lmuﬂ Sg'trfiaci’hsthle—i—(3-;‘&-—"_2:*.:3/ (liLan”'S';f,_,.) wh1.c11 appear 1_r_1f-b tlu; tgm&e;gﬁ
L2 (’}0 tinger -inequa,lity tend to 1.25, while ~l_.]m cunﬁt icie h'i‘i o
L S e n 1 to 1+ iB]Gt_i — 79/64 = 1234375 << 1.25. Thus Thec

e end : 25, 1T} if
'I‘hemll‘.'ll}[1 ii '1&11 improvement of the eeneral Knoop-Pottinger inequality
rem 1. & ; e g

for these 3,.,- .
(ii) We also note that, in ce_rta'
Pottinger tend from below to their 1Ii

in cases, the coeffieiel'ltstof Knoop-

mit, while the coefficients given bly

. — 1) 2.

verge from above. Indeed, for the case 8, r=(n — 1) ;

RN Y. _ A .

which is the parameter chosen by Popovieit, -LT .(:mttm\;T}fI:;i‘i $ﬂ(§enﬂv

2 1.25 for » tending to infinity, and for i nily

e e veatp 2 ) (3?1 l— 2r)/12n* < 1/4. On the other hand, Theo-
1

Theorem 1.1 comn

large 7 we have (n — 7

i e —¢) 2, the coefficients
rem 1.1 gives, in the case 8, = (n — 1) %,

s . —— ]
64 32(n — 1) 32(n — 1)?

ir limit for 7 ve may write
which tend from above to their limit for r # 0. Indeed, w Y .

1 15 A
Ap((n — ) ) —1 —15/64 = w,(n) {E—E — vln) — 1:,.(1@)/u,.(n)},

where

0
n
i (0) 1 = (—_-——n - 1‘Vn -—1‘ ) -1,

15 T 1 .
32(n — 7)?

. = = g =g |
%) 32(n — 1)
Then, forr > 1, we have u,(n) > 0 and v,(n)
n from Theorem 1.1, and

() — 9.

ima(n) = lim v,(n) = lim
};1}){30[“1(") H—>00 '1( N=—>00 ’M,.(%)

> 0 for all possible values of

9: -~ Stinultaneous Approximation 9

." O s ' 1
Thus, for » > 1 and sufficiently large n, we have g P
>1 -+ 15/64. @@

2. A New Estimate for the Degree of Approximation of Continuously
Differentiable Functions by Positive Linear Operators

In their 1976 paper [14], Knoop and Pottinger proved estimates
for simultaneous approximation not only for Bernstein polynomials, but
for so-ealled almost convex operators. Their proof is hased upon the nse
of & guantitative Korovkin-type theorem for the approximation of func-
tions fe Ola, b] involving the first order modulus of smoothness, applied
to what may be called an r-th order Kantorovié moditication of the opera-
tors L, defillled by Qu=Qu): =DoL,ol, where (If)(a): —

B P g\

— S % i[))—f'f( Hd¢ is an r-fold antiderivative of fon a compaet interval

I3 W = L]

(@, b]of the real axis. Here and in the next section we shall work with fune-
tions.defined on [a,b] instead of the unit interval ; O"[a,b], w(f, -), I,
[ -ll, and other comimon notation will have the same meaning as those
defined earlier for [0,1]. For the special case of Bernstein operators
Ly =B, (a=0,b=1), Q,41) are the usual Kantorovidé operators, while
Quys(2) are Nagel’s [25] Kantorovié operators of second order. This a pproach
was further nsed in certain problems of simultaneous approximation by
H. H. Gonska [9], H-B, Knoop — P. Pattinger [15], 1. Altomare — 1.
Raga [1] and C. Badea [4], among others.

In order to arrive at estimates similar to (0.5) for almost-convex
operators, we need an estimate for the degree of approximation of conti-
nuously differentiable functions by positive linear operators. Hstimates
of this type were proven by DeVore L7, Th. 2.3] and Gonska [8, p.73f]
We prove here a new general theorem, one of whose major advantages
being that the upper bound now involves two free positive parameters
rather than only one, : . - T

THEOREM 2.1. Let L :([ a,b] — Cla, b] be a linear positive operator,
and f e C'a, b). Then for all z € [a, b] and all hye > 0, there holds

| [(f — If)()]
<Uf @) 1 Deo, @) < 1]+ ] | T(e; — @, a)]

g i {6 ) ) 4 1T - 0, 020 0 }

B (1 + ﬁ) oif, ©).

Here, ﬂf denotes the i-th 'moo!u;omfdl, ela): =al, i > 0.
Proof. The inequality clearly holds for L = 0, s0 let L s 0. First
observe that :

(f = Zi)a) | < @] Lew @) = 1] + [ L(f, @) — Lew, @) Jia)

?
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i ] ) . = A« ”'(;’U)-
Next we use Theorem 4.4 in [10] with A(f, @): I{ey, @) f g

leads to 1A M

IGe) — Hlow o)~ < 2D 2 (15

o — o )| Mo — o) ),
Ao e .
' — w|, 4 2 - L(| 6, — x|, ©) 0
e ional € .ofor the veader
inition and properties of the functional !.1, we 1(;fc; t() _
T dj%frl:)llill(f)ﬁheorem 3.1 therein, we know that fo1 n.n] y(t i :
i O(f 5 1, tyy o) < £+ {min (1, ) |70 210, 11
2 4 ;
(e .oy, m-
2

- max
m "

. ‘ l b ] * Ot' S
] isti s i i O l(f? )

H(H'e = “ l 18 |I](} (5|Ia|'80‘-el ]Sl,]c i_”“cl,]()“ Ol A l al ‘l (O] (i(}“ (]

- /{.[ ] = ) 7

HL J fr . oY e by
the least concave majorant of o(f,) 8 ¥

a1, Y M =By 2 0
- ! N e Xy = 1, Z)‘z 4 ? }
(7, W =wp Fvc ol B n B L 2h B

(h> 0).

Tt thus follows that I, @) — Deq @ ()]

< L(e— ol ) {mma, (-1 + 70, 11(8)
14t Do — o ) _)}a,_( Iy

S ( "2k (e — xl, @)

where lL_((:-] ~ﬁ1_ﬁ;)—‘-

" e — el @ 1 aill

— t,, we immediately derive from this that

— 1,

Because min (1, f)

(2.1) < | Ile, — &5 a) -

L((el - $)27 x) }éi(fy, h).
L e
2

¥ q e D s t! tl

&)1(][’, ke) < (L + k) wl(fly e)
This implies that, for
or arbitrary k, ¢ > 0. This nrfp :
ipoalr? 1(}? (I:.Z .1§)r is bounded from above by

e L mac] D e — ol @) 4 1 e — @ D)1
| L{e, — @ m)l-nfu+—2-maa{n(m oy @)

Mo = AL (14 o o)

h €

any h,e > 0 the right-hand
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Note that in this last quantity
concludes the proof. ‘
The following corollary is useful for (some
COROLLARY 2.2. Under the as

the numbers %, ¢> 0 are independent. This

) applications.

sumptions of Theorem 2.1, we have the
Jollowing :
(i) [(f — L))
@) egy @) =11+ 1 f' || Lie, — 5 @)]
1 Lie, — a)?, 2
+3ma-x {VL((el — a)* @)Y Lleo, ) 4 | 1fe, — z; )|, '(—Bl-jl—u-)}x

x (145 )otr, o

(1) of L reproduces the monomials €

if and e, then the inequality of
(1) stmplifies to

|~ Lf)o)| < max{ /I =7, 3, e o) } X
L3

X (1 + Lﬁ) e oy (f", e).

Proof. (i) follows from the Cauchy-Schwarz inequality and (ii) is

immediate.
Remark 2.3. Consider mequality (2.1). If I is a Bernstein-
rator, i.e., one has I(e, ) = gz for ¢ — 0,1, the estimate then r

[(f — Lf)(#)| <

type ope-
ecads

8o | =

mexl (e, al; o) M} 2
(2

X &(f'y b), b > 0.

s R :V:@’ @=0,0=1,1 =B, (nth Berns-

N 1y
tein operator), f(z) = (m i) ?) » and using a result from the proof of
Theorem 4.5 in the paper of Gonska and Meier [13], we get

[(f — Baf)z)] < % max{ Bul| e—a| ; ), Vm(l = T)} &(f,, Vma — a:))

i N

—r— .Vo?(l — x).wl(f, Vﬁ = 93))
2 n ! n
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e

I ' and all 1 - efualiby
which is sharp in the sense that for all z € [0,1] and all n'e N, eq
Y 1 :
' i 3 in the context of
huldsi’-ofm-p using the inequality (;Jj-_ LlTh(;Oilelg’iz('} 91& ltllliﬁwgi‘rh:ﬁm =
lore. usilg b 3 e treal the Tollo g exal e whiore the
: aneous approximation, we _ AL nplec e et
Sm;fiiljm]t;}? %mj ]e'};tinmte for the Bernstein operators B, is disens
2 T ot ate : rnsbel .
%her 'a?['.d compared to various earlier 1051111%'. 5. s s
Baeample 2.4. For the Bernstein operators Ln, O
Hapample 4.%.
B.(ey ») —1 =70

Bn(el — % CU) T 0’

Bn(‘l €1 -

I

Bn((el - ;'/J>2, .1)) / ;

1 ?(1_—_)_) tor a€ (0, 1) yields
(1) ChOOSng z = V;, and :V——,ﬂ—’” I ) H

(2.2) |(f — Bu) (@) )
< ;1/: Vol =@ - (L4 Vel —a) (f W)
291

< s (f’ L) Ly
= —li= " &y 1 I I
8V I caad by obher authors
[ imrroves a number of estimates oblained by ot e 30 oL,
Inequality (2.2) improves a number oL ¢ atos oDl e O & Theorem
though p'siirl.l\' not ag a consequencs of a _s:t-._m-_ld--ofé_; Other estimates are
2.1. In particular, it is better than inquality (0.b). :
inelnded in the following partial survey :

Constant instead

e e

et
e
=3
.

Reference of 3/8
T T T 5 11/16
Li Ven'Tin [17] B D% LN
s N T 3/4
0
Mond and 198
Vasudevan [24] . . - SRR
T | 982 35/64
Varshney and 1982 -
Singh [Eii__ SR B, [l
V== 982 5/8
Singh and 1 -
Varshney [32] 11 | ==
Gonsiea (5] 1983 S
onska 1 I S|
é : Cond 1984 69/128
sahal & -
Prasad [28] c N JAER . = o === -
B o 084 5/8
singh [31] e =
1986 34
Meier [21] 0
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All these inequalities are weaker than the insquality of Schurer and
Steutel mentioned in the introduction. However, it has yet to be noted
that the Schurer-Steutel msthod of proof was tailored to the particular

case of Bernsbtein operators, whereas our estimate is the consequence
of a much more general result.

(ii) The choices & — %V”(l_n_”) and h — VF(IT"L), ze(0,1),
Jead to

1 = B < - ) S (i, Lo =) <

311 p 1
5 4 Vﬁ 0)1(_] 1 4]/5)
The latter two inequalities-are better than two eorresponding results of
G. Anastagsiou (seo [2, Cor. 2.34] and [3, Cor. 2.27 ). ’

The observations made in Example 2.4 lead to

Problem 2.5
Can one improve the estimate of Theorem 2.1 in such a fashion that,
when applied to Bernstein operators, onc obtains the result of Schurer and
Steutel ?

It is interesting to note that for som»> spacial points # in [0, 17, we
may use the inequality of Theorem 2.1 to obtain the result of Schurer and
Steutel, Indeed, let ¢ be an avbitrary positive number and let x be a
point in (0,1) such that x(1 — x) < ¢% Then, for the choices ¢ = n*1/2 and
h = cx(l — z)n "2 we have

hl ! 7 -~ %N - I 1
T Vx(J ‘ a), w1 x) M (1 — ») o WL
n nh dfw

nh

Therefore, Theoram 2.1 for Barnsiein operators implies

: ( 1 (1l — ) o "Ti N )
1= B @) < (g + gy ) ol 0 ) <
(2.3)
¢+ 1 :

< 202’/;l “on(f’, ,n_z).
Since the above ineguality also holds for » = 0, 1, w2 have (2.3) for all
@ with (1 — ) < ¢ 2% In particular, for ¢ = 2 we obtain again (2.2),
sinee in this case all points in [0, 1] satisty x(l — x) < 1/4. Choosing

¢ =1 +1/3; the constant Gziodl becomss 1/4. Hemnce the cstimate of

Theorem 2.1 for Bernstein operators coincides with Schurer’s and Steu-

s 2—Vs . .
tel’s result provided w» satisfies (1l — z) < —-2V—O, i.e., if 2 belongs to



14 C. Badea, 1. Badea, H. H. Gonska 14

{0 * V.‘ZVE . 3] U e VZVE —3 ,11- Inequality (2.3) also says
pemm g e 2

that if z is close to one of the endpoints of [0,1], then we may have a
better constant than 0.25. For instance, for ¢ = 4, we got
1

5 >
| = Baf)@) | < 5oy /s 0

for all we[O, ﬁ—zﬁ]u[‘f—;ﬁ, '1].

3. Degree of Simultaneous Approximation of C™** Funetions by
Almost Convex Operators

) jion w 3 al r ; from Section 2 to

In the present section we apply the general result ‘
simultaneous? approximation by so-called a-lmgfjt OOE}ng{ (%})emtogs].)ﬁglgé
or ¢ > 1. an operator L: V— C[e, d], [¢, d] = [a,b], V & SUDS] ;
?{a: b;], is cal]_elil almaost convex of’ord,m' r — 1, if the following holds :
Let : -
ot — ffe Qla,b]: (%o - -y @3 f]> 0for any mo,m1<...<a,§e][a, 1},
'Eig[a'?] &y {]J:] bei[né am]n 1[—1;(1){ or(’lerlt’iivided difference of f; then there exist
P ;, 0 intégers i;, 1 < j < p, satisfying 0<i,< ... <ip, <7, such that

e\ Htn) M HTao) V tanics 7 € K
j=1
Here, the empty intersection (M=1 -
entire gubspace 'V.l . i
» main result 18 ag 10LOWS. .
C(L‘)lur;‘,OIEEM 31. Let reN and the operator L:C"[a, b]— C Lci d] be
almost convex of order v — 1. If L(Il,_,) Uy, then for all fe O a, bl
z e [e, d] and any by, € > 0 there holds

| DU(IF — ()]
< )] -] %M (e @) — 1| - [FO - [ vr,u(@) |

..) is taken by definition to be the

1 2
+ :‘% ‘lnajx{ﬂ,.’l,(w) 0 V%DrL(er; @) =+ Yr.L(m) l, B : Br.L(m)}

here,
-1

1
Yo,ul®) = D'L( by B m),

2
Bru(w) = DrL(——Z—— S T ETY
" (r+ 2)! (r 4 !

1
-w-er+1+‘—"w2‘6r I8 B
7T
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Proof. Let @ := D"o Lo1, bean r-th order Kantorovié modifi
‘ ' ' v 1t | ica-
tion of L. Since L is almost convex of order ¢ — 1, it follows that @ is a
po%t}x}efhn;ar 8perator. The assumption IL(II,.,) ., implies QD7f =
=D"Lffor fe C"[a, b]. We now apply Corollary 2.2 (i) to O to obtain &
any g e Cla, b], h,’ ¢ > 0 that ) % 5o chia Sor

[ — Q@) < [g@) [ 1Qewy ®) — 1|+ 1g’ [ |Qe, — w5 )

1
Ty 111&X{VQ((61 — @)% w)Q(e, @) + [Qley — w; )|, %Q((El — 2)?, m)}

(1 —I-%)wl(g', c).

Now, for fe (" [a,b]c (“[a, b], putting ¢ =D'f and usi " —
— DPLf yiclds | D'(Lf — f)(z)] 8§ =DJ and using QD'f =

< @)1 Qleyy, @) — 1] [ F DY Qley, — &, 2)]

1
g max {V@ (e — @)% @)Qeos @) + 1 Qle, — @5 o)),

!

In order to express @ in terms of L, we use the followin

which ean be derived from [147: gset ol equalities

1
Qe ; @) = T (ersw)

- 1 1
( by — e ? ] f 4 —_— —_— . .
g(el & H w) ‘[” I ( (‘r + 1)! e"“‘l 7‘! & 6"7 ‘/’v) = Y"-L(w)!
2 ™

Qle, — @2)%; o) = D"L( -2~ 8 .,
1 (T —I‘ 1)' & C"""l +

2
(7‘ + 2)! ("'-(—2 R

+ LRy e ; ac) = B ().

7!

Substituting the right hand expressions for tho

the inequality of Theorem 3.1. se ivolving @ yields

4. Application to Bernstein Operators

In the present section we discuss the result we obtain
operators using the general inequality from Scetion 3.7
stein operators are almost convex follow
a8 given in Lorentz [19, p. 12].

for Bern‘étein
he fact that Bern-
s from the representation of D’ B,f



16 C. Badea, I. Badca, T. H. Gonska 16

In [9, p. 429], it was noted that in this case we have

A 8o ) e
f,‘! . . . nr_
L. oBe, o) -1 |01
N 2n

7!

»
<—, nz7r4 1.
20 A T

. 1

D’Bn(————— Cry1 — L. & Cpy m)
A I Y OO T <pp TR

Furthermore, it wag shown in [14] that for = > max {r 4+ 2,2(r + 1)},

‘one has
3n — 2r

2 2 1
————m-e,.,kl—l—~w2-6r;a))< r
- Pl 12n2

D*B,,.(—— €
"L 2)t (r 41)!
Substituting this into the inequality from Theorem 3.1 shows that for
n > maxir 4 2, r(r -+ 1)}, there -holds :
| D'(Buf — f)(@)]
M =1) Gy
eamnt o Fig] L

1 3n —2r 1 1 3n —2r CRY ey )
1 r L Ot &Y L (r+1) .
+ 5 111&)({V——12”2 -+ 2??,’ W 190t }(1 —[— = )wl(f, ) E).

| | 1 3n — 21 / VB% — 2y T

'e now choose ¢ = 7—— and h = ——— 2= ] Note
‘We now choose ¢ T — wnd h Ton? ( Ton? - 2“) Not
that, because # > » - 2, we have h > 0. This leads to the inequality

| D'(B,f — f)(a)]

ooy T — 1) SO Vgn.”— o, 7 (
< 'f( (w)| - o + ”f( . ” 2?1/_‘_?{ 1202 Tzﬂ} 1 _}_

(4.1) <) -

Ly
+ V=7 h) ) (f"*” ; VT—T)

where 7 has the above form. For this value of h, the factor in front of

1
oy (f(rﬂ); ;?:) may be \VI‘itth in the following way :
1 3n —2r —— 3n —2r 1
E(Viﬁr+%+w“”_ﬁFJW””'n_T
e i_(V(Sn — 2r)(n —7) i Vn—ro n (n—Br —2r) ) __ 1
2 12n2 2n 12n? n—r

1( 3n® . 1 i 3 7 1
sl =+ —=1 =) = <[> =
2 12nz+ 2fn E 4) Vo =7 <(8 = 4Yn ) Yo —

17 i
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Thus, e
J_D"(Bn;f — =) |
<i-]f")(a?)‘-l M_H o4 s o I e
(4.2) e .2 ’f | an T ('8 3 4. Vﬁ) ¥

1 1
e {r+1) —
n— 7y @y (fJ ’ V’?:_7 )
3 14 -

Becs ol -
ecause (P r(r 4 1) >‘ 7%, we have r/fn < 1, s0 that = =<2
s 4Yn>8"

The above proof of (4.2) j i .
<) 18 valid for » i i
We see that (4.2) holds for s > O.1 s ot iy O

Tn ord : ! |
order to compare ( 4.1) with an estimate by Singh, Varshney and

Trasad d o
msad. [33, p. 296],. and Stancu’s inequality (0.5), we how choos
5, and .5), ose

1 I
€ = 7= and 7 .
Vn I as above. In thig case, the factor in front of o, (fT+D e)
h

in (4.1) becomes

1 (VE?:‘; .
il gee—at — 3n — 2
2 12n* +2n+ V- 1902 ) <

1(3 1 .
< Lt ry 3 1 r
2\ 4 Vn+2n)_8': .

Thus, for » » 1,

Ry | DB — f)(a)|

< [ T 1) g I J _ :
< ()] T+]’f( 1)”2in+(§]/“:11_z +4%)'®1(f(r+1); _VIT)

Using (2.2), (4.3) holds also for ¢ — 0. We riote that the fact
CLOY

1 (V3n — 2 P
—_ e <Y . ~ 3n — 2
T\ g g+ I 2 )

1

which appears in froﬁt t | ( (r+1) ;
oL o, fr+1) Vﬁ) 18, for % > 422 smaller-

than the correg i i
ponding quantity figuring it .
X : _ g 1 [33, p. 2 '
Semark’ al_)phes to the factor in. front of | f“*g’ I ’all)ld 26]' oy an@lOgm}S-
tancu’y mequality (0.5), | s

2 — ¢, 3784
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5. A Special Method for Bernstein Operators

Our last results for Bernstein operators. were obtained using the
general estimate of Theorem 3.1. However, there is a different way for
the special case of these operators which may lead to better results.

We first prove an inequality which enables us to use known estima-
tes of |g(z) — Brg(2)| for purposes of simultaneous approximation. .

TrEoREM 5.1. For all fe C[0,1], 8, >0 and all n > r which
satisfy n = r[8y,, We have

| D(f — B..f) ()]
(5.1)
< 10) — Basd (@] + 07, Be) +

an
Proof. First, observe that
| D — Baf)(@) | < f2(@) — (Buoif (@) ] 4 |(Barf (@) —(Baf)" (@) |-
On the other hand, using the same notation as in Section 1, we have

|(Baaef ")) — (Baf )" (@)

:. Z?;&fw)(i/(,ﬂ — 7)) Prars(®) — —(%37‘ Z?_:(;f(r)( ENDu—r{@) I

| mm ] -

S

nr

— (% :7) ]p.w.s(@’)
3

<l1 y" \ 10+ Yz °1(f’ ‘Ez 7

( 1 - _(%_l') Z?:—(;f(f)( £) Pu—ral®)

) * Pror.(®).

' Yy plr — 1 X .
Using the inequalities |1 — )y ' < L{’—-—) and | &,— : < L, we
n* 2n n—9 W .
get
| (Buoef (@) — (Baf)"(2)]
r(r —1 . r k nomt 7 —
< ’(—274) Hf“) “ +- °~‘1(f( ), Bu,r) (J- + Z i:o]’; | 'Pn—r.z‘(m) ) .
Yor n > /3., we have 0 < . 8;1 < 1 which shows that all terms of
0 - . -

{he above sum are zero. This completes the proof.

The occurrence of t
estimates for |g(z) — Ba-g(®

; . i r
Theorem 5.1 should be chosen as small as possible,i.e., 8,,= —.

s

he term | f®(z) — (Ba-f")(@)| permits us to use
)| with g = f. 1t is also clear that 3, in

We give

19 i
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here 0 i
two examples, The first one is an improvement w
F >

‘m) in inequality (4.2).

COROLLARY 5.2
B Aads 9.2, Let rme IN,wzr 41, and feC*[017]. Then

ith respect to the

factor in front of o (f("“)
1 ’

5 I 7.( —1 5
I D(f B.f)ll < 7T@)”f(r) | 4 in ”f(r+1) | -

1
P e ] I r —\1
4V/n,__1,,(’01(f(+1)’ Vn_,r).
Py is £
roof. This follows from the result of Schurer and Steutel namely
’
172(0) = (Baerf)(2) | < Lo —
(@) < g == o (J«m), ’ )’

n—r

and g The ¢ = — Vv
from Theorem 51 for the choice 8,, r ia  the
ot

. N ! 4
o (f"’, *-) <y,
n n

inequality

We note that for » — ' i
it e WL Steutelo.’ the inequality of Corollary 5.2 reduces to the

1 g 0 ol i g
[i r -

COROLLARY 5.3. Let » -
Higs 0.3. Let ryn € IN', w2741, Then we have Jor all f € C*[0,1]
b

I Dr(f — an) fl<1.63- Wy (f(r)’ _an_ ;) + (f(r)7 L) +

n
Py — 1)
+ N T ()

. T 1/
Proof. From Theorem 5.1 we first have
I = BT = Bucd - (12, L) 3 70 =20y o

n 2n i

" . N

0 estimate the first term of the right hand side we use the recent

result A1t ) y
of R. Piltdnea (see [26]), stating that for an g€ C[0,1] one has
!

19 — Bago)) <172 ( i

15 @209 77—;) < 1.63 o, (g, ﬁ)

Using this in the upper b r
of tho soroln pp‘ qund of | D'(f — B,f)|| leaves us with the claim

R ri - . il . ‘
emark 5.4. The inequality in Corrollary 5.3 appears to be quite an

;;1321;63}312% ﬁ})od.i)ﬁ;ggion :)f inequality (0.7) with respect to the factors i
o, nd || Df||. However, it is our impression that an ej{tendéﬁ
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analysis of Piltinea’s (and other) work is needed in order to determine
whether further improvements in regard to estimates on simultaneous
approximation can be achieved. : , =

" . We therefore stress (again) the fact that all estimates in this gection
depend on good (or very good) estimates for the approximation of arbi-
trary continuous functions, which is true in partieular for the inequality
of Corollary 5.3. At the time of this writing, the authors of this note are
well aware of further work done by I3 Piltinea on the second order
modulus problem in connection with Bernstein polynomials, but have
not been able to verify his results complefely. We have therefore chosen to
use his result from [26] when formulating Corollary 5.3. 0
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