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1. hrlr0tluct,ior¡

, rr [1] a hicrzrl'grlL ui conr e-xilr- of func,¡ions is i;r.or.cd rvriich lve.ha'c trnllspos.il irr lJ I.l'ul'ourì\i'\itr ,i scrlrrr,rl.c¡ irrrI i'. f;3 I 1,or, 7r, q oot.r-exitv olì scqucnces. Jlut t,his hirr.alr1ry ¡is¿1lrn ilil,-ri"¡f"t,,,o,11u, lineartransforrnations that presclr.es thc
chat'actcrrizatio¡,i of s¡gh 1r,a¡sfo'.r
concrete e-xarn1;lc in the cA¡ì{. i)
examples in the cir-¡l(ì 2 : q. \\
[5] with the help oJl ¿i- mea-,sule
norv _to ?,p-cotì\r(t_\itr. s,hich x,c c¿ll
can l.le cleclucecl Îrorn ordin¿ìrv corìr¡
lre gir.e Jrelt¡ clilect ploofs.

2. A ìricral'ch¡, s¡ p-convcxil,y ol saqtronces

Fol a r.cal serlucncc er : (r,)nro s.e consicler the _¡r_clifTcrcLtces (ofolrlrrl' tu'¡r) tlr,i'iircrl llr' :

(t'¿(¡') : rt+z - 2p . :cr*, 1- ?r,¡',.
Tlrc scr,¡ucnce V i > 0. ,-lllLis is ¿ì gonet.a_lizatiorr ojl th
aiso rt,,iinca-.c; .i,io'1,ñ,lu"itå,[i#,.î lîn:scrluence n.i:-r

t|rr(r) : (u,*"lpn*, - "o)le -l- ?) -
(",' *t.1tr,"'' - t'r,)l(i l- 1) > a, ,J ì > 0

ûr ?)-frrqiet'¿tcldit,ir.c il' :

rtr,¡(t) : î¿¡! -,1tÍ,t:¡ 
.-- 

17Li t:, | ¡si1-ino2 0, V i,j> 0.
\Ire shall rit¡noil,]ll^il;,:,gi, a,lrri,V,, thc scts of ?r_coî)\.ox, 2_starshap_ccl rcspectir.cl¡. p-suiÌ''i'additi\1o s'cqtrór,ccs. I_.,el, us'c'irsirler. also 1,hc setr;I l ca];1r' 7r-srr.¡rcllrlriii.ir c scquorrcri ,

l,lr1, --. {r,;; ctr,,1(.ì¡ 2 r¡, V i,; g; .

1'he fi|st form ori the iriel'¿l'eìr¡- of 1r-conr-c-rit-,. isi l,c1;reseiltctl ì:¡, ¿¡ufollorving chain of inclusìoils :

(i) .f{r, - ,5'i; - B, ç l{,r,,.
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we clon't, prove it, norv because tYe sha,Il give stlonger Iesult,s in what'

follorvs.

3. A measuls 6f' o.)-gs¡¡\roxity

as ne have clone in l5] lor the case ? :1r lve cleline the folo'wing

meastll'es :

(a) of p-convexit¡', ùY :

hn,(n) : rìì'irì' {tn,*)l?t*', 0 < i < n' - 2}

('b) of p-stalshaPec-lness, bY :

sfin(t:) :rnin {2' dor(n), 0 < r,< n - 2}

(c) of -p-supelaclclitivü,¡', i.ry :

so,(n): nrin {cro¡¡(u)f ijQtr+i, 0 1i, i, i + j < 
'¿}

(d) of n'eakly 2-supelaclc-litivity, by :

wrn(n) : lìrin {ao¡@)f ipi+r, 0<t< r¿}'

IlnulrÀ 1. (a) If the sequence r is reptresetúet\' by :

¡ * nP]ïfr' 
EYer-v sequerrce n rna,rr be rcpresentecl ìr¡' (2) ancl so, for

1r

,
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clo¡@):

itt,clusiotts:
(6)

(:i - tlb >'pr
ko"@)

(i-l- 1) (i + 2) I(i-1)
i i-2 i+2

rvhich gives the first part of (5). But thc sequence ø nìa)r be also reJjl,e_sentecl by (B) ancl so :

ctoti(,r) - ?i+r 
Io_Ï-,-, 

br -f i_:å_, r-] ) trtÌ+rijsfi;,(t)

n'hich gives the seconcl.inc_qualil¡- from (5). The last one is oJtyio¡sRemark, 1. 'J'he defined-rneañur.rs per.rnit trre consicre,lation of thefollouring classes of scqlences :

I(p,,n : {r; lto,,@) > a}

Sä", :|a; s[ln)2 u]

Bs,on : {*; snrr(r) ) c4

lV p,r,, : {u 1 u;o,,(r) 2 ø1r.

ondi'g -conditions are fulfillccl fo. auy ?a _\\,e t,eno'nce

:Hif ):Hiìlå,,í'¿¿,"i,fu g,i,lî,ü';oÏ?ä,î".;f;ìf-'"'",ä.]

(i+1) (i+2) Ê,

T¡r¡or¿n¡l 1. tr r¡r e'Det'u ? ) 0, n Þ 2 øttd, cr, real, t¿ctld, th,e .follozuint

(2)

then:

(b) -I/ u is giuen, bY :

(3)

tlten :

(c) # r is giaen bu :

(4) c'7 :

then,:

from (3) :

ancl from (4) also :

(5)

a

r¿:\(i-i1_L)pt-ib¡
j:0

ko*@):min {bolP', 2< i< rz}.

b¡-(d-L)pubo

s'f*(n): rnin{2b¿, 2 < i< ø}.

I(.onu c Slou - Slroo c ly¡,nu

d,r,r(n) : b4z

ueq(n) : bu+y

I-,prrr¡r¡ 2. lor eaerll seqalence o, eaerll P ) 0 and' nÞ 2, we h¿t'ae:

lcn,,(n)< sä"(ø) ç s'lø) 4 rurn(n)'

Rentarla. z- rrcL us consicrer also trre fororving crasses of seq¡ences:,
KI : {ø; crr(u): 0, V i>- O}

,Säo: {æ; clndn):0, V i> 0}

ñå : {n; øoo¡(n) : 0, V i, j> 0}
lvop : {n ; ør,¡(rn) : 0, V i> 0}
Z, : {r; J a,b e R, ro: Itt ((Li + 0), V i> 0}.

#åîJ;Tma 1 r¡'e cleduce that r{1,: gfo : Zn. Atso Z, c Sl - W}
co¿(a) : úe¡+t¡(a) - 1t . ør,r,{n)

'we cleduce lilfl ..11$, thus :

I(3 : Sðo : S3 : I,f/; .- Zr.

4. Invariant tr¿rnsfolrnations

In f5l are indicatecl all 1,he rv_eighf sequences (r:(ar)¿>orvhich clefinea tr,ansforrnaúior T, of scqueuccs ní f"@i: (1,)0"0, ì"'Íí&",
(7) x¡:(a,ono+. .lctø1)f@of ...*ø¿)

1

r, : iltu Ðj:7

T ?t-lbti i,pr-tbr- (i -L)pobo

wr,,(r) : nìin {bo*rligu*t, 1 < i< ø}'

Pror.tf .I'r'om (2) rvo lrave :

cer(n) : bi¡z
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wilh 1,hcì llt'opelb)¡ that it, Illcsor\ros thc classcs- 1l1r Ñfr rS, ol'll''t. In [2]
arrcl i6] ,it,, ô^tt iountl chaiactcriznf,ions of such trlansforinatious (eYen of
rìror.c'si,.t,r,al t¡-pe) rvhich p.ese'r-es thc p-con'exity, but no c,ram¡lle is

hnol-tr. One rcason lna,)¡ ltô ttrat thcre is no t'r'ansforirnation ol t¡'pe (7)'

A rìror.c gcnclal trans{cllnratiolr tna}' be, givcl b¡' a tliangular
rnatrix A : (u,¡')¡.j<r putting lI',a(n) : (-{¡);20 r'ltcle :

,Y.¡: ¡¿ro;¡1u + '. . -l ct¡rrr.

lrulllu¿\. 3. I.f tlte lrutsf onttu,tíon, 'l',o,.1n'esorues one of tlt,e sets I{o,
Sl, S, oi' ïï', tlt,ett, it prcserres ulso thc s.et 2,,'

Proo,f .I1, fol exanpie, ?'., ptcsc-'i'es ,Iir, thcltr for cYery 3) e rtP t K,
uie h?ìr¡e :

t'r¿(?n(L e:)) : !cr,(T.¡('t))2 0, V i> 0

tlra| js '1'.¡(a) e I{3 : ZD'

Llr rrr¡t 4. lJ ihe trent's.frtrnuliott 'f'o git;en by 'I"(n): ('Y¿);>07

uli ere :

-{, : (n¡øo l- cr,'rt:r+' f n'o;1,)/(i f 1)

1)t'6?t't'es lltn set Zo iltctt, i Q, : t¡rr17t '

Prtlo.f . ll ,],"(/1)) c 111,11'lrer,c zlr'o t,lrc i'cal trtrrti.bct.tj }L1 IJ| C and' D
such tltttl, ;

(s) 'irtulti|- ... 1- &¿-r'p: (¿ -j- 1),u¿('{i' 1- 1})

and

(9) ttu¡ti -l- . + ct,-r¡t -l ø¡ : (i -l- 1)p'(Ci i- Ð)'

Ifor.'i:0:¡trrl rl : 1 i{. folloii-s I

,I - 1¡l2t 13 - 0¡ g - (cr'¡ - a,fl)|2P, l) : (!t¡

artcl T,¡r' 'i - 2 :

{l'I - 0al)i &z: &o?2'

Subtlaol,irg (8) florn (9) u'c ¡¡ef :

a¡--(to']¡i(i, -f )+ orpi-7('i-2)-l- '' + (L¡-2'12 -ûo(i-l-I)(t -2)1tr12

r,liiclr g^ivcF,t L-¡)' urllt,bt¡Lnatical incluction i ü, : ¡1¡¡t '

.ilìrisl'esulísl-rgi]tst$t'oconsiclel'alìL(11'egciler'tìrlctìsc'
,l-tttroni¡lt Z.'it *e [rLiti,s.fttrntrtíio'it, '1',0 qí''Lten' t'¡u 'J',t(rv) = (X¡)¡'"''

w'itlt, ;

(10) ,\-, --- (u,,Jti,,rr,, l- rr''7'ri'1rltr -l- "' ¡ arr¿)f(u'u * "' -l- øt)

?n'esert(s tlta :¡tt 'Å,,, tÌren' íltcrr:"ís ¿r' 'u > Ð str't:l¡' Ll¿at :
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PrtoJ ' \\'e rnusl, filcr trre n'rnl¡e's :r ancÌ -B su.ch trral, :

(12) (iu, * (i,- 1)ø¿_, * ... _l_ ar)

i ' i:'l: ((z:(Lr((Lo{a')l2cto
ancl putl,ing (r : c,: ú¿0 \\'e hale. (11) for i < 2. Ir¡o¡r (12) r,c clecluct :

4 5

cli : \t Qa - It:(a I l))u¡li
' À:0

r,ltich givcs r,elzi,tion (11)for c.r,er¡. i. Iìor,tliis oue uincluction ancl the rclaiion
secl the rnal,heruat,ical

ì'l å('l') :( a1-il7
i, ¡

(14)

(15)

tutcl
(16)

(17 )

Renullt,3.'l,aking in (10) ø¿ as given ì.r-v (11), it becornes:

(r3) \; r; :"I. (, * rr- r)r,,-'*, I ( i 
r).

)|¡itins ll 
=, 

(-1'î)o>o : a,(u) rye ca'n, consider ilre folrot,ilg nìcasuÌ.es(rlr ?)-ntcan) of scquenccs : .

L3"@) : A;e,(X'), sli,(r) : sÈo(Xo), si,@) : sr,(X,.), wÅ,(n) : uno(X,).
Trrnonnu 3..It)c¡r ctny sequ,e?L(j€ ü: (ro),roctr,r,il øny 0 ( o <t,t r,oe Ì¿ctae.the follouirto relctlions :

' lt,nn(r) < (1 -F Z'lu)A'fi,,(r) < (1 + 2lu)1tfl,(n) < sf,,(n)lp2
sl"@){g!2ltt)sf}i(ø) < (1 _l 2la)sffl(n)

u,n(u) < (1 + 2lu)wl,(u) < (1 _l_ 2luþoi.(n).
I'rooJ. (i) Let ø be given by (2) antl .Iu by :

X'i = É tz - i 1- l.)pt-iht:, i> o.j:0

'f'hen frorn (18) we havc also :

(18) ,,:u! i xy - r,J-xl, ,:U ,tL

ancl so :

(fg) ce,t(n) : b¿t.z = (1 -i- (1t f D)lu)bi," - i,pb!.,r.1u.
This gi'ves, step by step :

bi

,

I

Ð (i(1 * rlu) - i *¡i,t)rtFru';
,.:0

t-1 (i -2) (i-I)b¡

(11 )

t¿lt er e

(" : 11n
(
(
t;fr,-1

i
vi>-0

i >;1(;l:(:)-;(;l) Lt, br

pt u*i i,
*rI

j-2 (u*i)...(u-f j)pt
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thus, for ri ç ra :

b':
It,rrr(nl :

(v) I-,et -.U, bo g'iven as in (B) b¡,:

(20) '.Yy : ¿p, f, b! - (i - 1)poht.
j =.1

llhen as in (lB) x.e havc :

1)"
+2

IL --..tu+x
n(i - 2)I

:ü(" i:; 
r)r'o"{*): 

"*t'ln'(n'¡
(u-li,)...(u1.2)

r,lp, :?(1 + i,lu,)t¡'l l_,t(1 + 1 1",) i t)i + G_ r;(r f rltt))bft
anrl so ; t:t
co,(xllpu''" : (ø f 2X1 + (i, t Z)lu,)tt:\r_i(L+(Zí!:]\ln)tt!,y! i,(i_L)tftlu.
Tahing it for 0 < ?: < ,u, u,c gct :

(i'+2)(r + (î; l- 2)lu,)bi,," - ?(1 + (2i, t z.)lu,)b,!.ri i,(i. _Llb,llzt:
: (i J- 2X1 + (i, { z)/t)h,,., _ ri(L + (2i + i3)lo)fi*1+ i(i _ r)bilu

1,hrrs, b¡. ¡tral.ltcllra,bical indncl,ioll :

anrl ltence, b.1' f,emma 1, $,e ìrave tho lirst inequality from (14).
(ii) Taking' (17) for o and u, (I9) givos :

('n#)ur.' -'i,"" : (' .T) bi," - tT.u,.,

and so, b¡' matherrratical incluction :

!,- :4!_!_l t tL t,'í*
pi+z u('u*i+2) I¡u*'

-f{cnce, fol r, ( tt - 2:

q í11

* (r¿-p) "- I
'ú ;7"

i, .(.i - r\ b';

(a]_i,+2)...(ølj)pr
,.v u(ru!i+2\oiiz:

tt(a { i,+ Z) 1t ¡(i
ù (.i -1)b'rr, , t ltt,+i1-2 ,

U t 
t, l, a ¿ *, -

(u' - nt¡'ir.

À(
D+i-r

j-2 )) 
ot"''' : (a{-d{2) (u -i r)

b'í

(t,-l-i+2)...(,u!_z)

- 
a(u' * 2\ 

Á.i,*(r)
tt(a ! 2)

rvl¡icl¡ gir.cs ns in lii),l.hc sç¿s¡¡.6 incqualiL.v t¡om (15)(vi) f f r is gir.cn tiy (a) and ,{,{ t¡v j-'

thus oìrtaining tho seconcl inequality frorn (J 4).
(iii) Taking o instead of t¿ in (18), rn'e har.o for ¿ < ru :

tt,,(rc) : (t lu)(bi*,lpt.,) + (:Ë, f¡ - Ut,;b') ((d + r.Xd + zD.

I{ence :

do,(r)ln', (t¡r, + ï r¡ - r)/((i + 1) (i + z))ì Ig,(*) : (rlu j- rl2)k'0,@)
\ ;.': )

that is the last inctlualit¡' frorn (14).
(i\,) It ø is given by (3), then (18) givos :

I'r
i' 

¿ - -

we har.e as in (1g) :

,, : (r * tàbi +'í
ancl so, so for r, ) 1 :

2 p'-tti I ipi-t6u - (,i - r)büp,

bipt-i 1- pi-t¡ 1+-1-
u )ar 

+ (' -'(' + L))un,

{2x)
ri,nd

a,r¡,(n) : b,nL: ((1 J- g l_ I)lu.¡b,in, _ @ílu,)bi

x,ítp, :#,8_n-(" f i))É (
tu,l-.j -l

;o.t-)
lt¡ - lto

'tLx.-_1
t,t !L

ctr:rr(n) - bz : g { Zlu)b,;.
T3y lnathelntical inclucl,ion ii; follows flrat :

thus ílürl

b7

Li': "' ü"+"î-'
u, 1-,i ¡!,

thus, using Irernrna 1 :

(r: - 1) jp'-t
b¡

t1r¿( .\'") * ub¡+¿ 
)

u -l-'t +l
u ¿.1-r

Ej-2
tt.j-j-L

j-2
(u,]_i)...(u,:_'j)

(u, t 2)
tr,|_itZ

b'i 2[ bi ri-l

+1üI
J:2

(i -2) 0-r¡ancl so, Iol' r.< n -2: (i, - t¡,p' nr, l- i. (i - t¡pt
u(i - 2)t

(u' I i,)

t j - t
;o

2drr(x") 2
,1,1, i-1

E--/)
/r:0

I
\
ø l-/rrJ-l

It ))'t,,,: ffi,i.r*l
(uÍi)

wo*(n)(tt,1-2) tttit2
d l

i-l
r
)--tj:z (- ))(u 1- i). (u, I 2)

u'hioh gives bhe filst inequality frorn (,15) rvhich g.ives the first inoqualiúy frorn (16).
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(r.ii) 'Ialcing' (20) fol r¿ and ¿', \ye Ììâ.\.e fr:6rn:(21) I IìtjITljI', I] NC.TJS
(1 + (i I l)lu)b,i.1 -.(1tilu)bï : Í + (i + r)lt)tî,, _ eti,lr>)tti,

arrrl
;.> t

1' Brrtclrncr', A. rì1. atltl OsLl'o$', lj., ,Sontc luncLioncLassest,clalccllottte classof
, 1203 _12 t5.

ct uitrg ntrtl rit,lrtmsfornrutiotrs, IJliv, llcograd.

altd -I'o a ([ c r', G h., On p,q_(:onlc:ts?.qLletLccs,
7 -1íJ0.ot' se(lucnccs, ¡\n:rl. Nurnó1.. 1'ìróor.. -{pprox, Ig

5. Toadcr', Glt., tl ¡ycneral lüetrttt:ltlJ ol cottLtcxilg oI scqrLcnccs,,,tj.ìl)c;-]Jolyai,,U.iv,
Plcplint- I (1986), ô1 -70.6. 'I' o a d c r', G h ., Disctcte conuexilg ¿o.nrs, 

^ìral, 
Numór'. fhóor. r\p¡rr.ox. r7 (19gg), Gr¡ -72,

So, sterp ì.ri' stcp, ri.c gct for ø < i¿

a(u f- i\0í:-ftLtt'¡'I
1r(?r ì- ?)

u(u-r i-1

T.j:2

(i-1) ....ip!'t
'lL

R¿cciuerl 1,II.1gg2 l)c p at' I n t ett L rt f À IrLl hcnrtt i cs
'l' ¿clt ttictLl U rLiuet'sitg

ll( ) - 3.1 () 0 CI Ltj - Ii a ¡toco.

t:(u -u)(i,-2) ! i-1

E
j --2

D+-.i -r;")tr(irfi) . .(uï2)
gel,ting the last incqr-iality flour (16).

t1['B 1,ur

'ì:li:i',' LlI" ll' ,,
conor,r,Anv r. Ilor cL^et'!r 1t>0, ;tÏ' , ar,, tr,2 D a,ntr. ((, reeLj.¿0e h&Do

the .follozuin,q incltts,[ons :

J( p n n c f, I " I( t,,u ¡, u.t, r, c-,11, I(. 7,,o ¡ rr¡,,,
n

SÈ,or^,rr r- IItt Sìj,op,tçt¡,1r c lLÐ r\+ ,apz j.(1.),nnnn
8lr,op",¡.,fi![u 81r,op"y1rr¡,n MD Se,pptt 1u)¡tnnn

' 

W .p,s p", ¡¿ c- )lI 1L W p, a p, t 1i t¡, r, c M ol,lr 
p, t t¡,, I ç,),.n.

\Ylrere lþt) : ul(u, -l 2).
conor,r,Anv 2. r'er et)er!/ p )>" a cuntl 0<,u< u Loe h(L,t)e rlrc inchrsiott,s:

I(n c ill-,ffe c_ llpl(t, c Bf; c M"S* - l{,Så*nnn
^9, .tll"Bp l[,Sennn
lÙ', c- .X["\V.!c M'IY.p.

Ren¡ørlc,5. -Arnong the,se sets obher incLusicns ma¡r ¡.llso exist. Ti.orexample ¡1 t4l ft is pi'ovecl th¿rr fo. p:1 ,"¿ u,_:i"fnirrìär, 
"o;õrpo;,];to the arithmetic ru,ean) :

K, c M|KT c B{ c B, c Jl4lff - 1tr1,.S1.


