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1. flttxluefiorr
rn this lraper 1\¡e consider a nonrinear progrâ,rnming p'orrrcm withsy e pseuc1o_conca\re objective tunôt-lon ancl con_Ì¡e s problem l[inch [5] g.ave optimalit¡, conclitionsof sõrnc ctuality prôpðriles. 

-'-- '

rnethocl, pr,escntecl in 16] for 1,ho ord
ri.ill be c-rtendecl to thc s)¡mrnetric

2. Ðcfinitiols ¿rnd ¡rrclirninaries
In this section wc 'will bricflr' surnmalize sorne basic clefinitions ancl

frmctions. Beysn¿ this, some
seuclo ancl c1uási-c,oo"n t'ä 1óo"-
es of functions are generaily
. Iìor fru'ther cletails s,e referto il{inch [5]._ \rarious properties of the usuat pseirdo ãno cluasr-coircaì,e-

ß: l,;:":11" l_ld qyliggni.cr) differentiabte func'tion,s ii^"à frn"" fr*¡;;i"ãr)y ,lylarìgasalian fll], Martos i4l, arnong others.
Filst rve recall that for a real function .f' of one leal r-ariable, thesymrnetric clerival,ive of ,f at r is clcfinvcl as :

f'(u) : l,g tft, + h,) - Í(n - tt))12h,

proviclerl tlris limib exists (see, e.g. i5l).
This iclea *'as extended ìry Minch [5] to fu'ctions of several va_riables,
pe.finition,2.1_(!f l)-L¡et r be L,n elernent á inIl" ancllet.f : A - J?. If ther,e exisl,s a linear op to R,cailed the sr.m.ret'ic clerir.al,ir.e of / at ø, sucir small'l¡ ín Il"

Í(n * lt) - Í(u - tt) :2J'@)h { u,(n,h)llhll.
q - c, 378tr



2 il Syrnrnetríc Irscudo-Coucevc Plog.ramuringJigan 115
774

-(ø)'

I'tinch[ir]shos'sthat''/.issyltruei'ric:rllyrliffer:entiablez¡"tnin-'l'
trt"" ijiä-*""ttï,titt'it' -^raclieli is oT the fortn :

/,(r;) : (D'.f(lt ) c1), . ' ', D"Ï (t:; e")\,

tvhr:l'crtr.,cnistitclllttlìÎllrlsisfttl'Ji"ltrtlDt'l('r;Jr)tlt'trolelllcs'1'ttt-
nrct'ic tlr*i'tl'r",,\li'*'i",:"iíì' ;í'i i'','ii'n-'ti"'tLiu" li liri IÙ")' lhat is:

r.-cxl,'it,,¡ri11 r)c a,ssur'cr[ t]rar $-.¡rscur]o-cor^'cxit¡, (o' s-t1ra.si:con\jc-
;hc dclinil,ion dornain of, üilc jftaãtion

s- cluasi-concar.e ) .

s a syrnmotr.ic
hokls....
ca,uri¡ 'then, .f is

o nt e û ( r¡u u s i._ tt on oa,,u e) th e a, f .,i s.|þ _ f m s i _

( cl.,i,f 
. f er en ti abl e q.u cc s i_nt o tt ot ott i ct) t l r, ctt, J,

#+:f-" asserrions of rhose sratecl in
i\cxl; r'c ir-ive"¡o111g usclïl propettics of thc s.l.rrunct¡ica,lly c1¡asian cl ltseu dr)-co tìr'cx fulct,ions.
?Rolosrl'roN 2.4. Let.f be ct, sttntnt,etticu,tty cr,ifferentict,bre aqtr col,ritt,ttort¡

.f rurct'iort. I.f f is an, s-qttísi-r,orrrí*. Íiurctior,"otn"h ,orrl-òï stthset ß of A,lltr'tr t is quusí-cont,t,¡.c¡ît ll .

ProoJ. I'et n', x" lset*,o points in .lJ sr.Lch that,f(r,) < .f(n,,) ancl let :
gft) ::.f(r(t)), n(1,) : tr' f (L - t)n,,, for all f in [0,1],

Suppose thcr.e exisl,s l, in (0,1) such thal, :

s(t')> e(o) : f@"),

i,'1'"ï ïîìl i Ì,î", r :rïi ;T"î""1 í; 
- 

h',1l" : su.p 1. But frsrn 1,he
interval 1 is nn' ollcn sot.
tlnb :(2.2) re") < .f(u,,).

On the o1;hcr hancl, tr,c shall shox, thai, ø is a consba,nt funcbion on-

,{:,'t]Ì.j:'.1.I?l_-n:}:. 
¿ in rj ir.e.have Í(q,) 1,ll¡.n1li) a"cr ¡ti,\" .i(Øi;t:-fiìcri;l)t: (tcltuìlìolr 2.8 of s_t¡ unsi_eonvcxil¡,, it l,oÌIou.s : "

- 0 Þ (n' - n(t)) .f,(n(t)) : (1 - t)(r, - n,,) l,(r(t)),and

" 0 ) (r" - æ(t))/"(r(i)) : -t(a' - $").f'(n(t)\.
îìrerefolc, .fòr any t in I, lve ha,r,e :

{t'ft) : (n, _ n,,)f'(n(t)) :0
ant1, l-r¡. llroposition 2:2, it results that g is consta't on I, i;e., $(t): c,tor an)' .t in I. îþen, it follou's : : , :(2.3) 

l¡y, øttl : c > l(r,). ,

l<t"

f( rr -'r - [(.u -th)tii )
D'îlr; /,) : l'lt -L

i-lirc¿lt r-lilue 1llol;er'1'5 o1. tÌlcl r:¡'m-

.f tte ct' ct¡tt'tríntt¡ttLs 1ntI sr¡nznt'ctrilllt1

,rä"i't.i t¡l tt ¡toitt! : itt' -Å' 'l-he t'r'
'ìï',,'iì,i¿i,tt' ,ì í"''L c" t'u'ttltt'itterL itù

lt' thrt"l" :

(z.r ¡ J"(rr')(ru - v) < f(n) -'f(v) < J'1ti')(n - tt)'

As an ob'io's c'ollilotlucllce of lÌrollositìo* 2'1 ' 
rve. 1ta'e :

Irr¿oPosrrro x 2.2 Let u t)e l( t"eu:,."ou,iinLtoxLs stnn,nr-et'ricctlltl d'i.fJ'eren'tia.-

bte futtc:tiot., otr &1ù"uirrí'i,ri,",:ì,,i' i." i.¡ ;l;(^ : o, 'iîr ttll n itt' I' tltetr' g rs

uttllsl tt¡¿1, ct'l¿ f..""'"""-frii.¡. llllte conclusitln utrt be ea's.ilr

The follon'ing deÍinition gencra

Ðef'it'r,ítirn 2'2' (ùiinch li)\ ]'et

i,'n A. 'Iií,' .l'ttttctitttr' f is uriitt ltt !tt' stl ttt

,tl,,",,iuà,0- trrl.""r; þoilit, i'cs¡tc"l Io Iì) i.l J is

for uLI r itt' I,i 
f,@,)(tn -- u,) 2 0 inrplí,r:s Î(t') >- f(r').

f(,r) < .f(ø') impiics tirat 'l'@')(r - ¿'') < 0'

T]refunci,ion'/iss-cluasi_conlrcxolt'lifil,iss-cluasi-convexateach-
point of ;1. Atsq iì,-'iì,,îöil*J i- *.r"r*i"*""o" if 

--l is s-quasi-corn.ex'

ll
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But (2.2) and (2.3) sho\Ys 1,ha1, a is not a continnous fïlìction olì
[0,1 ], rv]rich contladicts 1,]re assurnptions. 1'his entls the proof.

Pnoposrrrou 2."Ð I.f .f is s-pseutlo-conaen antl oan't/itr,uorLs olx & tionïeff
subsel, I) oJ A, tÌtrn J is qrt,asi-cott'ue'¿; ott ÍJ.

Proof.LeL n', n" be l,'tt'o points in 3 sucht l\nt,f(n') E.f(r"). S¡rn-
pose the,r'e exists ø8 in the interval (n', e:") such that l@*) >.f(ø").'Ihen
since .f is continuous there exists

ão : ['c)' | (1 - t')*",, 0 < ¿' <1,
such lJrat

.f (c:o\ -- rnax {.f(r) | :n e læ' , n"l}.
l'her.eforc,'l:y s-pseur.lo-cont,c-rit¡'of ./, because.f(o') < i('no) it follows

that
(n'-ro),f"(no)<0,

so, tr,e h&ve
(2.4) (I - t')(n' - ,])")./'(øo) < 0.

Also, the inequalil,-t' .f(n") <./(,r0) irnplies thal,

(2.5) (fi" - uo) Í'@') : - t'(u' - c") -f'(øo) < 0.

But (2.4) contlatlicts (2.5). Thercfore.f is cluasicont'ex ott -R.

4
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'l'hen, b¡' ¿"lit ttton 2.2, n'e conclucle tht¡t there is ru) n" in X strch
úhat
(3.2) .f(n") > l@').

Ot'herwise, from (3.2) by definitiorr 2.2, il follon's that

.1'"@')(n" -n'))0,
rvlrich contraclicts the optirnalitv of u' for P(n').

thnonnu S.2 I'et I hc s-clucesi-cottre:¡; untl co¡ttin,tlouts o'n X u,ncl J'@')
ú nonàero uector. IJ n! is optima,I for I?(n') tlteu, r' is optint,al.,for P.

Proo.f .IÍ-tL ¡¡'" be a point ir-r -ll. llirsl, rvc considel that :

(u" - n')f'(n'))0.
lhis i.rri lics /(ø") 2.f(n'), for othernise if /(r") <.1@'), then by

s-quasiconvexll,y it follos's that :

(x," - ø')f(ø') <0,
n'hich is a contracliction.

Nolv, \'e consider the seconcl ca,se rvhcn :

(u" - r')J'@') :9.
Assume T,lmt' J@") <,f(n').'Jìhen, l¡J'the continuity of /, tire point

ø" is ilt the interior of the convcx st¡t :

]3' : {n e Xi [@) <./(r')].
The convexity of lh.e sct B' follol's frorn proposition 2.4.

Nor.r' 
'by s-cluasi-conr-exity of ./ it rc'sults 1,hat :

(u - n')-/"(r') < 0, \'henet.el r is it:. B'.

Thelcfole, (n - u')Í'(u') : 0, is a supporting hype,rplane lor -/l'. But
since (ø" - n')J'þi'):0 al, the interior poini; n" of f3', this means that
this suppor,ting hype4rlane separates points of ß', rvhich is impossible.
îhns /(rr,") > J'(u') in tlre seconrl case. Ifcnce, n' is optirnal for P.

ì{ow, \\,e present a conr'else lcsult of 'llheorern 3.2 rvjth sonro attdí-
tional assumptions.

Tlrnor,Bu 3.3. Let f be s-qua'si-ttzont¡tonic atail cou,t'í,nuoLts orL,\' cutcl
tet.f'(n') o, tlonzero uector. T'lt.ctt' a' is opttintul .for P if ancl only if u' is
optimcøl for P(a').

Proot. Suppose ø' is optimal for' -P ancl ø' is nol, optimal for P(c;').
This implics thal, there is n" in. -l such that :

l'(n')n' 2 f"(r')n".
Bul,, sincc / is s-cluasi-conczì,r'e, the inecluality :

l'(r')(*" - n') < 0 irnplies Í(n") <J@'),
u'hiclr contraclicts thc liact t];'aL n' is optimal for P.

'Ihe sesoncl palt of the l,ht'.oli'm follou's by theorern 3.2.

I

3. 'fhe extelsion of Korl¿uteli-Iìv¿lrls optilnality conilitions

Let/Ì:e an arbitrar]'ol¡jcctirre funcl,ion clefinetl on the open subset
A o1. R ancl let,Y be a collYex norternl;ty subset of á. l'hen q'e consicler
the maxirnization problern :

l'. rttax {/(r) | ,u e .\}.

1r.s it is clone. e.g. bl' I(oltarleli anc-[ Evans [2 l, rve rvill relate
pro'blern Þ, uncìer tl." -*,*son,ptiotr o1'.s).rnme1,lic, djllfererltiabilit¡r r-rf- /,
to a linear âpproxinration al, a point n' in X of that, llloblem, narnely :

P(n'). max [.f'(r') tl n e X).

'Ihe foìlon'ing result leprescnts alt cxtension of the similar property
giverr by fiorta,neÈ and Er-añs [2] fo¡ pse¡clo-concâ\¡e plogr'2ùrnming.

Tr¡nOnr¡u 3.L. Let ,f be u, s-,pseu,d,o-conccct:e u"n(I continu,ott,s Ju,nctiott'.
Th,e't1, n' in, X is oltt'i,nt,atfo:t' P i.f aid, ott't,u'i.f ';c'is oYttiut'alJor P(n')'

Proof.I¡ilst let ø'be optimal lor P. 'Ihen .f(n')>.:f(n) for all neX¡
'whic¡ b)' 

"s-pst¡'clo-conca'iti of ./ (see, defi'ition 2.2) irnplies :

Í'(n')n' ) ,f'(n')r, for all ;tr € 'Y.

This shorvs tinaÍ n'is optimtr'l for P(ø')'
Convcrrsely r l<"t' 'r' Ìre optimal fot P(n'), i.e., l,here is no ¿¡;" in X

such that :

(3.1) Í'(n')n" > l'(n')*'.

I
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,l.he al¡r;olithrn bclot'ellviszlgLls 1,o find a sequcnce of 1;oints in J)
convet'ging (finil,cl¡. or inlinilcl¡,) t,o a, point, 'l' 

j¡ il for s'hich'Iheorern 3.3
Ìrolcls. This is tlonr¡ lrv soh'irg,^ ce,r'ta,in line¿r'iz,erl ura-rirnization problertrs"

Liue¡rriz¿rl,iol a lgolil Irnr

Stclt /. Choosc ¿u0 e -\ arLcl tnhe'i :0.
Step 2. Solve the linealizod tìtzllitìliz,ation ploìlleur:

1?(øt')' Irind

(5.1) si:rrtâ'\{-f'(r-,t) n:re)-t\.
Le1, ri'1 l.lc the optinzll solution oÍi P(a¿).
tstep :). çi) lf l"(ø¿)t:i 1s¿, tlten go to Step 2rr'ith (¿ + 1) in.qt'eac1

of r,.
(ji) If .,f'(n')a' : s¿i thcn stop. 13¡' îheorem 3.3, t:i is atr optimal

solul,ion ïor P.

6. Collerqcnctr propertics

\{¡e rvill state a genelal con\/et'gence propert.v (1'heolem 6.2 lleiori')
for the linearization algoril,hm. Ältcr that, n'c l'ill givt¡ sufficieni, con-
clitions for finite con\/elgence of this algorithrn.

Tnnon¡lrt 6.7 Let .f be an, s-tlueis,intortotottic tntcl cont'in'u.ous Junct.ion'.
Tlten ult,enerer cotttlitiort' (i) o.f Btep 3 h,olds, r,uc h,Luue .f(ri'tr) > Í(uo).

ProoJ.lù'orn conclition (i) of Sbcp 3, otrc gets:

./"( rr¿)rr,¿+1 ),[' (ni) ri,
\r'lrence, b1- îìreoren +.2, ili follorvs .f(uu*') > l@n).

\\re preSent no\\r 2L ger-rer.al conr¡ergence itropert¡., n4rich iu the infi-
nite c,aso, tras gir.en b¡' f i**l-, f6] (theorern 6).

lrliontrtrr 6.2 Let .f be tta s-quusitn,onr¡tr¡ttic cottt'itauous Juttc:Liort, ae-
rifyi,ng atleast one oJ the rtonrlil,ir¡n's (tt) or (b) ft'ortt'Iheorern 4.1, cuttllet 'Y
be u; r:losed ltou,nded, se.t. Theh on'e o,l' [h,e JolLowitlg sitncttions 'ltol,ds 

:

(i) I.f conditict'n, (ü) ,front, Btep 3 is ,fulfilled.fol' some í, therr li,tianrizn--
tíon, atgor,[iltttt, st.olts u.fter u finit,e n,untber oj iterut'iorr,s rttttl ¡ti ís u,tr, r'1ttiníu[
soL'tt|ion .f or proble'nt P.

(ii) # condition' (ü) .fronr, Btep 3 tlitl tt'c¡t h,ctlil for u,n'y i, u,n,il tttctrer,tter

J' is co (ii)otLtilt'uotts ftur,ctir.ttt, (i.e. J is ccttt'littttottsltl tlí,,fferen'tictbLe), th,ett, erertl
tíntit ltoitr,t n' o.f th,e sequelt,ae (nr) is tt'tr' o'¡ttíntal sol,utiott' o"f tlrc probl'ent' P
cttt,cl :

l@') :tirn Í(,¿:t):nrax{./(r) :re .l}.

Proof . 'I'he proof is sirnila,r to that of 'llheorem 6 flom [6].
In the finite case u'e ltat'e the follo'lying rcsult.
1-unonp¡r 6.3 Lcl f u be c(,r1, s-(fLL(Lsitnonotonic ctttil contíttttous "f'tur,ction

aeri.fuing u,[ Lectsl, one oJ tlt,e conil,it,iorts (cr) 9r (b) Jrom, Th,eot'ent, 4.1 ctttd let
,\ tte r.t, closcd, Ltotntdetl set. Assunt.e ulsr¡ lh,ere ec:isls u, Jin,'i,te set 'l'c- 'Yt
sucÌt, tltcct :

(6.1) rnax {/(ø) : t: e I} =: rrì.ax {,f@) , u e X'}.

The theorcrns 3.1 -3,3 suggest that ma,xirniz,ing an s-pseirclOriiionol,o-
nic ol an s-quasi-monotonic function on 2ù convex set -f is ecltLilalent
to rnarirnizing ccrtain lineal functions on 'll.

4. 'I'hc ease of ttollcotì\rcx cortslraint sct i': : ' ' :'

ì(ol" in the ploblem ? l'e rvill cousid.el that the constraint set

-]J is a clósecl bouñdecl (generall¡' nolìcotìYe-\) subset of the conl'ox set
A of I1,".

\ì/e assooiai,e to ? thc followirig opl.irnization problem n'itll: ìcoll\rex

feasible set :

P1. Fincl ¡S' : nlax {T@)l n e co(X)}'

u'hc e co(,Y) dlcnotes the convcx lrull of the sct ,Y.
iret S be l,hcr 6p¡ip¿I r-¿-¡luc of problem P. \Ve have the follorving

resu.lt. , .

îuronnu 4.L 4 .f is cnt s-quu,si-co,"uen (or s-þseud"o-conaen) à,it'tl con'-

tinrtr.¡¿s J'tttr,ctir,ttt, ott, tlte conl)an set A ancL X 'is cc closed"bou'nd'ed' non,ent'ptty

sy,bset, if A, ttrut B : ¡S'. Mot'eoaer, n' i,t¿ X is cttt opttittt'ul soltt'liort' ctf P
,if und onty i,J it is an' oTttim,al soltt'tiott o.f Pl. ' :

" Proôf.-Thc theofcm is an ol¡r'iouslJ' consequencc of prollosition 2'3
(or 2.4) and. of Thcorem 1 in liì1.' ño.v n e s,ill clerive an optirnally conclition for P in the case of
noncoll\rex constraint set. i ,

Tnnonnirr 4.2 Bupltose tlrc assnntption,s o.f 'th,eot'ent, 4.1 hold,. A,sst,tme'i'tt'
adcli,tion tlt,ctt eitlter one^of tlt,e concl"it'iotts is 'uerifietl:

(i) ,/ is s-pseud,o-concccue on' A 
1

(ií¡''.¡ rs s:-qttctsi-cottcu'Da on' A' at¿d' f'(n') is (t, nonzel'o aectt¡r for a

on'try if it is optima'l Jor th'e optinziza-
iott, P(u').
n optirnal solution for -lD if and
Illom theorems 3.1 or' 3.2, n' ts

optimal for P1 if antl only if it is optimal lor the lincarizecl ploblem :

PI(n' ). max{./"(ø')ø | ø e co(,I)}.

Ilut theoreln 4.1 implics agai¡ 1, rat' ro' is opl,irnal for' ?1(r') if ancl

onh' if r' is optimal for P(n'\." 
Theorern^4.2 belou' foilorvs cliractl;' from s-quasiconr.e-rit)' clefinition.
l.¡nonn r 4.3 Il f is ctn s-tluasi-r:on,ren cotttinuou,s ,funttirtit' on, tlte

co\l,t:efi sct lL cnt'cl i,f n'', n" ctl'e lwc¡ cl,ent'ett'ts oJ tl stLclt' t'hu't ;

(4.1) l'(*')n' <,f'(n')n",
then, f(u') 1,f@").

\,\¡e nrention that a, l'etsiorì of tliis theolem Nas usecl itt [6].

5. Linc¿rrization proeedure

Thcore¡rs 4.1 ancl 4.2 suggesl, that rnaximizing an s-cprasimonol,onic
functiol on a closec-l bounded"s-ôt ,l is equivalent 1,o rnarimizing certain
linear functions on X. ; : '

I

i

I
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i
I
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Btelt 3 lrcIds, tlt'en, th'c lin'esl'izutiott'

ble set ,T,
since / is an
tion / leache

?. Conclusions

strainl,s).
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