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AIJPLICATION OF THE F.ÍTZ VARIATIONAL I{ETHOD
FOR THE PROBLEM OF HIìAT CONDUCTION THROUGH

NON-CONVEX THICK PLATIiS

CR IS'f INA BRÃDIÌÂNU, DOINA I]TìT\DEANLT
(Cluj-Napoca)

1. Í'oltnr¡lation of bortndary pr:oblom iu lhc o¡tso o[ hoat, translor
ilr a hornogenoorrs ând isottopic plntc of thiehness l¿

\4re assurno th¿t a plato, thab has the avcrago secùion in tlre Ony
plå,ìre and 1,ho {acos in tho planos z : L /r,/2, bouridecl b¡' thc oontour Iì,
is heated (or coolecl). 1¡'or e¡xatnplo, an ambierìt Tluid atorurcl tho plate iÉ
lroated Lo the tornporatures 00 on 1-, 0rotr s:ltl? au.d 0n on z : -h12.The tctnporature T(n, ?/, ø) of the plato, that takos u¡r tho dornaiu ÇI3),
satisfios thc oquation

(1.1) ò,1!' (m, tJ¡ z) :0, (m, y, ø\ e {2Bl

ancl the boundnr¡' conclitions of thc¡ third-hilrcl

(1.2) x!!+ q.lTo - oo) : o on f
ðtr

(1.3) x!! -f o.(7',. - 0r) :0 t¡n (Br) : z :1
0zz

(1.4) ¡4' - a"(L'z - 0¿) :0 on (,S¿) , , : -!-âz-2
rvhele lt is tho therrnal conduoLir.ity, a is lhc coefficiont of l,he c.cluvective
lreat exchanp¡o',u'ith tho outer fluid,'Io, 1'r, ?', ,aro liho tôhiþtíi+áläiios ot
N, Sr, Sr. .Iho unknown functions aro

I : I(,üt 3¡, a) in C)(s), I'o : 1'(*, y, z) o'il I',

,1 1t
h,

ntUt 
1 ),r',:r(n,r,- ']u)

By determining thcse functions, the problcin of hoaL conductiorr'througìr
tho plate is solved : thc disl,ribul,ion of ternperaturos,rin tho plate ancl tho
calculaúion of hoat transfol r¡'ithin bho plato, on tho facos Sr, B, and
boundary l.

(a) Rad,ucti,o,tt' lo ttoo-d,in¡ensional problems. 'f'lte Helmltoltø equation.
IL is assumed that the tomperaturo in tho plato I'arios linearly with r.es-



z

(1.15)

(1.16)
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pecir to its i,hickness, accolcling to the relation t3l' [4]

'f'(n, !1, ø) : to(n, Y) | rt(u,Y) ø (1.5)

ns. lVc furt rer estal¡lish t'heil ecpra-

lty ø' antl then is integratecl n'itlr

- A2l i,nz + A2l a!f) |

l12

^ \ r(t, Y,z)ae r (å)ii',,,:' '
-h12

rvhere'(1.fi) is taken into account: tho lrocedule is the same fot p :1'
antl wc obtailt

À:. 0(ol, -F. 2) (T, - Tr),i* to, : 0r) : o
:.:;::: :.-/¿3 ll."

îhe calculations aJrove justify t re folklrvin¡¡,^ exllressions

| "[' '' n "ll"

(1.6) .oQ, lt):; \ 
1'(t', lt¡:)tle, "¡(r, rr) ;,; \ 

'l'('r'lt' e)r dz

-trr, 
j'l,

On the ol,ber hand, b¡ prLttin g ø:];'atirl ':+in 
(1'5)' orre get's'

(1.?) ro - 1r',* 1'r) and' ;' : I t'!" - T')

Thc heat conduclion in 1,!9 plate o(9ì is reprcsentecl b5' thc follorvin,g

tliircl-kilrd ¡o"o¿ufii'ii*-1,tãt tornt* for cq'ntions of ilclnrholIz type rn

trvo-dimensional form

(1.8) (r) À.0 -- ,; (., - L+!u) : o i" e'

"o * o(to - 0o) :0 olt f(= åO)
an

^ 6(o7r4-J)i..-o(0r-0') l:o inO(n) Arr - --¡-- L-' - -{¡ z J

.' â\{ ot1 :o on l''
an

(b) Operøtot',t,ctl form,ululíon. Jì¡': usi.ug

for: (I) , u(n¡.!) == ro(n,y) - 00, tl == 2 
] , f (0,-lH)2o

It,

(1.10)

for' (II) : tr(;r,y) : - t^ .,\ ^ - 
Of oh t]) {at\frtU)¡Ç:- 

* ,l-

these problems are ieducecl to the follorving Nreu,ton 'bounrlnr:$. :\râlue
pro):lom for the Hchnholtz equation rvitì lespõct to z¿ : u(n,t,u):

(1.11) L,u,._-+At¿, lclta:.f(r,y), (u,y)ee :: i ,

6o(0, - 0r)

(1.11 a.¡ (n,y) e 2Q

(1.13',)

'f'lt,e
tt,u e D(iL
fullctions
aiso used)

(1.14) (Au,, c)¡" : ct(u,, u) | I,¿(u,, a),, u,r e D(A)
rvliero -ûhc irrtcgr:al biline¿i,r functional u(.u,, n:) ancl the bounclaly l,er.ru ?!lravc fhc cr¡r'cssioris

The Ifilbert funclamental space is introrltccrl lf(O) : Lz(f,)) ancl
nc recluce (1.11) to an operatorial ecluation o1 t,he form itJ, lT)"'
(l-.12) Au,:f,f eII: Zr(O)

rvlrere Ure linear differcntjal operator : D(A) c. Lr(e) - trr(e) is definetl
b¡'lhc clornain of clefinition D(,4)ancl e cxpr.óssio:n"Àtí. îheÉò âr,e,,chosen
as follos's

I(l.lâ) D(Á):lu,eU,(a)n Cr1ó¡ lAue Lz(e),4+o,, 0ltatùJ
. Att:_Ltt#tltt,

.prop_erties o.f operator A. Lct ns har.c thc arbitraly functions
) ç _t r(Q),, Att, e Lr(Q). .l.hc scalar protluct in Ir(d) for these
lcads bo the follorving expression (proyiclecl Greeñ'rs forrnula is

u(tt,u):

'I¿(u,,o):

I i,o". V'¿, * qltn)rtu ds
()

uU trs:l!rr,,t,rAù J¡.
ô(}(1.8a)

(1.e)

(1.ea)

Ptr,oposrtrox 1.1. I,he opercúot A:D(A) c Lr(e) - Lz$Ð l¿as tlte
Jollow,itt,g .properties :

l-o. or A is lin,eu. utr,d, D(A) is a d,ense lineur': sr.LbsTtace in
!r\e)). l, e _tt¿e.test spuce CS"(b)'- D(Àt anct cyça¡,is cianse in
Lz(Q), L2 that D(a) is ctense-,trt, Lrla¡.'



4 Ritz \¡ariational :l\{cthod

Norv, 1,he fundalnenl,al theolern of the rninirnurn functional eiÍerg¡' ig
appliecl. Âccording to this theororn, if zl is a linear operator, sJiiìrrnctrie
and lrositivo definito and if ec¡ration (1.12) has the solution u6eD(A\,
then, this solution is unique and rninirniz,es the funcl,ional 'F', i,e;,

(2.2) -l'(øo) :,rnin l'(ø)

and reciprocallr': if uoe D(:t) is a gloìral rninirnurn point for .tr', lhen røo
is a solul,ion (unic1uo, according to the direct statcment) for equation
0..r2), 171.

(b) 'l'he enteu,sion, of th,e aariational probl,em (2.2)toth,e natq.na.l d,otnaim
of deJiniti,oot, Q(A\ of o,perator á. 'I'he fundamental 1,heolem, that is provecl
in all treatises on variational rnethods (and. funct,ional anal.ysis), can be
fnrmulate in the caso of the Nclvton bounclary value problem, on a
largcr linear spacc Ç(:l) : C'(f)) n Cl(O), called the natural space of lhe
opelator -4. The functions florn Ç(á) need not verifS' the hornirgcneous
boutrdar¡, condition of type IIf (natural boundar¡' condil,ion).

\{¡e assurne the existence of the function ti e Q@) on r¡'lrich .f' al,tains
a rninirnal value.

Lst e e -81* be a given nurnl¡el: and the tesl, space (peltur.bal,ion)
[r, : {h, I lt, e QQL)} . Fol fixecl ,ñ ancl /¿ arbitrarily fixed, s'e considêr the
funcl,ion 

" 
L l'(m ! ett) and- forrnally perform

r: O:. Bfñdiânìì, l), Br¿1tìeanu
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Z". Tl¿e olteyatot' A is summstricnl ttta D(A) : \Atl' t;)t' : QI' Ár)L'' It

t'esu.lts easilY .front' \L'14)
, 3". rlrn oprr*[rr:-j'is,¡t[sitiø-e d,efùnite on, Ð(A) l(:l'u, u,)t,,7 7$t,u)47

"(>olil
ir.rzl- 

" (a) Q) o, q' 7 o or (b)

Proo,f , fret us ptn'form the ollcratiolrs

(a) (Att', u)r,,:\\tiotr, \' i rlu'^)tb:d/ + t 
1to2rls )

J,J io

.l[[ rr',tr,.lv : r¡(tt, rt)4
JJ
l)

420, ø)0

i of Positive clefinitenc'ss of ;l is

(if ¿l>0,a20)
IIenee, the vtl,lue of tho const'ant'

(1.18)

(b)

1
(1.1e)

"( : (1.

(tltt', tt)4 2- !! ,o,,iz tløcrY -l -îl"
!)

u,zcls 7

2 t'ts

(*)

) rni. (t, î) lli' "'' i2t1rc14 + t"''r'

NorV, Ftiech'ic is usetl' Accordin

for d.orrrain o, lg on O) so that for

clilfelentiable 12)

!"! 
,,' n 

',,,r 
( cr 

L IJ v rr l'z ct rcìrr r \ 
rr

l
u to it, there is,
"any coiltinuouslY

1tçtt, I eh) : ",[j Ia i
00

(lVH¡'1- qtÊ)d;rdy a a
À

/¿zd.s

TherefoÏe, frorn ('r) s'e infel' that

' (An', tr')t, 
" fi -i" (t ' î)l ttr'riøtlu 

- ^¡^\tt'' tt)r''

V/r,.a qtùt - hf)ú.nd.y. i I
AO

! I, 
rot P * qr+' - 2lñ),tr,t.u- ; tnun

\z.B) + ,.ll i,"'()

îih d.s I
I

Tlre lrosii;ive definiteness constan'l ol' A has the value
We irrfer, florn (2.3), that, on Q(A), n'is a guadlatic functionalo that 1,1æ
,Gal,eaux diffcrentials for Il at'e

(2.+) D r' (ti, I l :qP 
l ":, 

:,i5, v tt,' y h t aíitt -Jtr,)d. nd.u + z -" 
\anas

(2.b) Ðzt'(ü,, n,):ry#4|":. : z 
II 

t f V/¿ l,-t- qhz)d.nd.y + 2 :l ,"'

u,'C,-8

(2.6) D"h'(tí,li) : 6, nt' ) 3

and. the follorving forrnula irolcls

\2.7)

o

^, : ^(nr mrl'ì l (iÎ 11 >.0, ø ) 0)!:
Tc,.

2. T.lro r,¿rli:rtio'¿rl f.rm.lation of the opetator:iirl equation (r'12)

ct'¡r1"rrt'ilr,l e(tuÍì'tiolI (l 'l2) rviLh

ì 
", 
i ^,.lii,Ï^ìrl'i'lTl; Ïì" "ii''å;

' /t'(tt,) : (Att, tt) - 2(1, tr') : a'(tt, rt') - 2(f 
' 
u) Ï Tt(u' u') :

(21) 
, :!!tro' l'-t ctul - 2Ïtt')crnd'r¡* î!' ue D(a)



, I.n'..r'esults that, ri'il'ìr lcspcct' to h') (or 1'he

^pprlJu¿iå"'ii"-"iil'(rt,7i)) 
is lineal ca'l n'r:ii'e

Tì;(ll,tl¡ - !"(íL) 1,, 'vi, ä i' .- sotr* ere't'iable'

*triiã'ttt".r1r""àtót' (tlie Gatóaux rlc tt 7'' 6 |'z' is

^fr[ , " f ,,*,1"1 
:

(2.S) F"('it)* =.r1\\tV,,'l'st(lt(x - fx)tì'rrìl i ; \ JI J.J " 
o-!t()

\Vr, tnkc llrc t'ttlrcliorr /(e) - /"(ri -f- e/r), tlclivalric tvitlt t'cs¡rcct,lu t: .l!
liesrrlLs Lhnt/(0) ( - i '(t¿)) is llrt'rrriiljrrirrrrr cll./.'lltctt, acc(Jl'rllrrg'to ll'eì'lììílr ìi

1,)tcot'cttt, tvQ ltit ve

(2.g) /1(q):0 (u'il,h f'(0) : Dlt(ti, tt)) -- DIt'(ic,/t) : Û, V /¿ e ti: QQL'|

functionr,I, (2.9) is iì l-lecessa'ry and sufficient con-
nc at the poinl,' ru : [í'. lhe tt : f¿ cxtl'ern-c iloinl'

'iì,lii-'iÏl.lîï1,,,"i;ì";llìi"::l'ä:îil{:1.":L':'1".ål:;
uol'nonlj.al l{ol'eo\,(rr',' Dttl (t.-t,; ¡i > O (â* 4} 0,. o 7 0: (À-> 0)) ancl

äfiåÌr, îrilìt'ç:.ij tlic frinctionil'1¡ h:rs rr- r.rliçiue point of g-loìral tniniururrr

u, : tt'oti t)(tL).
(c) D etu'ttt'i,tt ct' Liott' of tlt e m in int t.ut'¿ p oint'., Tl t e,n uhn' ul

d,il,ion"-',Ihe ninimum polnt, ø r-e}ifies cont-lilion- (2.9)_th

i*;;j,u tñ àwri"¿ (quitô possi¡lc as d e rJ('{))' le¿r¡ls 1'o the

respccl, 1,o /t,)

(2.10) \!,- ot -t qtt'-f)tt'l.td1¡ .\,(#,* î-) rr<11 : 0' Y tr'evt

t ot'

By using i,he ploccrl¡r'c of thc ¡a,r'j¿tiolr¿l,I ctl,lcllus, flot¡ (2.10) u'e gcit

(2.77) - LtL:-,q'ú-Í:o in 0(;f) ^tt¿'4 +it':0 on âf)
Arù ),

f/(P)) is a .qolution of t'hc bounclaÇ
c,t' oÎ tlrc opcratorial equaf ion (1'12)'

also àpllears as. 2l,lì extLcrne

î,. Ji?J' l,'fi J,i;'ill i ìl l;':,?ìî'J:"J.i

(1.11a) I. . 
eaÌs iIr the initial boulclarl' pt'o1tlc'rn

' ói." variational pro¡Icm ecl¡irralcnt to the bourtclal'v diffcrential
plol-rlein is

C. Brãdcanu, I). If,r'ãclcanu

Fincl the function, u,(n,tl, (*,lJ) e O so 1'hat

l,lle f u rrcliotral

E(t.t) : uriuiltrunl, u,eQQt')

Remurl;,. ilhe lAlial.jon¿rl ltrriblcru (?,1,) can lto formulatecl on a
spaccì of functions larg^cl than Q(P), r.ith a ic"qs lestr.ictive srnoothness :tlre ener.qetic slrace 7r1 of thc o]:craior;{ (the sobolcy space r11(f)))

S. f l.9- appliealicn oI llte ]ìilz molìrod for tho upproximatc solu[io¡
o,[ tltc val,iationul problem

(a) Ritz's aleot"ithttl, deuelolts in the fottoruittg stctles:

Ììitz \-ariaLiorial MeLhod 29

l'(tr,), uel;:}Ql) -Cr(O) n Cl(O)
gir.en in (2.7)

F(u) 

-,, 
.." rninirnurn (ì,--clense subsÞace

of Jr(Ç)))

I6
28

l.'. llhe lariation¿rl
functionel

,'1 ,

2".'llhe vriiiatiotral
ploì.lleli

I
3'.'I'he,allproxiììta,te

solution

Iv

4". The Rttz s-vstcrn

I

J
5'. 'llhc Iìitz systertr

cJefficients

6'. Free tcrms in the
Ritz system

(3.1) uy(u,y) : )-', c¡Þ¡(u,y);
À:1

N

c¡,eRr-unhnorvn
{O'}i" - base in [z

(3.2) \. ct¡¡,cr : b¡, j :1, tY
k-:1

II
f)

(3.3) &in (V<Þ¡' VO¡, * q ojo,,)ùnd'u *

cþrtÞ* ds

i5
Q

(3.4) , b¡ : (J', Oj) : J'
"Qld.ucly, j :1, iV,

.f 
I

dQ

(2.12) (.Pr'¡

(É'(n) is given in (2.1) ancl Ç(f')

rvherc, a¡=Q(!),i :1, N arc trial functions, lineariy inclependent foran] ,iY and taken florn'a cornplete system of Îunctions {O,}¡. flhe Ritz
solution i;s chosenfrom ll¡¡ : spân {Or,...,@r}, ¡'hich is àünear subspace
of the natulal spâce ¡r ¡ gçtt¡l oi tü" exact solution z.

'I'he exisfence and thc uniqueless of [ho solution
I'àoposrrroti 3,1. ,f,he Ritz linecu, algettrai,c syStertz, (5.2), lt.cts a

ttníqu,e solutir¡n,.

f

ì
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Proof . \\¡e consitlel the hornogeneous systern

I

\\¡e nriltipl¡' these equations rvilh cT, thcrr, tl'e aclcl rvith respect to j
(florn 1 bo ¡r¡ and if l,e tal<e into accc¡unt rur¡, (3.1 ), as s'ell a's the
expression of ø('u¡, ø¡) (rvhioh is a positive cluaclratic {orm) r'r'il,h q ) 0,
n'c get

.d.
ø(tt¡, tt¡') f - i

0{r

tr,l.' ds : 0 +'¿{N : 0 : I crrÚr, = cp : 0, /t : 1t r\¡

sincc {tÞ,,}iY is a lin systern_. If the _hornogenaous linear
systern (lditz) has on thcn its detelminant is diffe-
rent from zero (the has 1,he lanh Àr). Thc¡r'eforer
the lìitz non-homogeneous system, (3.2), is a Cr-¿mer system x'il,h a
unique solution.

IIt't'ot'

JlnoposruroN 3.2. The error of the Ritz systent, on, tlte spøce H,¡cII
c&n, be estin"t,otecl by rn,ean,s o.f the inequality

,1
(3.5) llr¿, - ilollr ( :- llattu -lllu, (H: L2(o)), .,, ) 0

I

whet'e y is th,e co,nstunt of positiae d"qfiniteness rtf tltg operal'or 4 , wh'i\e .uo
is the enact solutíou, o.f th,e boutr,dur'y problem or oJ the operatorictl, cqua,tioot'

(1.12).
ProoJ. As :l : - A, f q is a positive clefinite opcrâtor' rve infer -by

using the ÕauchyiSchu'ar'1,2 irìecluality in trr(f)) ancl the positive definite-
ness"conclition --that llAull > llltr,ll. IIence,itresultsthatthe á-1invcrse

opeïâtor', Iinear ancl bounclecl, exists ancl that |l.{-tll < -1- \4re have

Aun:.f, u0:A-Ll ancl øiv -uo:A-r(Au|¡-fl=(3'5) 
/rvitlr 

Au¡¡,
f e Lr(A) ancl y given by (1.18).-The esl,imation (3.5) is not aln'ays useful âs, in rnany casest

llÁra* -/ll' not tencl to zero as /V * co, l9l' [1],-.12)'' (b)"¿ no't?,-cone)en po¡ygonrt't ptate (fig'. 1). l"' Cltoice of th'e tria¿ func-
liotts'e, (the base of-apþoximate solving space). Accorcling to 

-1,he
theor¡- ú if 1, l4l, [G], fof the pro¡lern u'ith. the hornogeneous bnunclar¡'
concliiion of type'fff ,'ttie trlat functions, rvhich should. form a complete
systern in ã : Lr(Q), are chosen in the form

(3.6) c,*:(r*+.) ?r - a Dpts, lt: 1r Àr

Ritz \¡arial-ional l\.Ieilrorl 31

\l'he,l'o :

-, the function co is differentiable on f) ancl ha,s the pr,operties :

(1') o(r, !) ),.0, ($, y) e e; (2") tt(n,1y) :0, (u, y) e Ae; (8")!g _ _1,
!*,lt)g ¿n); he|c, âlan is Lhc rrrl,ivalivc olr l,l¡c c-rterior, ,,o.rlä, ab tllob:"llrl{ ao ffrit:,1) ; trre cori.iìi;,io'1s'; *"*i ¡" ì""iti"tr on rhe pieceson Af) if o : 0 is the itxrnaljzecl 

"quàtíon nf ¿O.
- l) is tlte opelator

(3.?) Ð: V?'a,. V: !:l a + 4- !
â:t; ¿P 0Y AY

- Jt r, tìl'ù the lrolyno'rials that fo.rn cornplete svste'rs (for exampie :Legerìdre, Chcbyshev, -etc.).

,, ô :: ¿ù1(ùg(ùB

n'here (Âo is l?-conjunction)

tor:n(a- n), ioz:t/Q) _!l), og: _ l(a_a)Aokl _¿I)l
C'lonsetluenl,ly, n'e obtain :

(3.8) a(a, y): -nlJkt- n)(b-y)(ul y-c-ct- (n-c)2|(y -i|)z)
chcbysher"s pol¡'ns¡¡ials n'ith 1;-r.r,o variabres are chosen for þ*:
Ft : Itt(n,tt) :,r¡(a),r¡(lt), k : I ro + j) (i+ j + 1) *.1 _l_ 1 ;

i' j:o'i''' "
lrence. (rvil;li ?o(n;) 

.^ ,'^tp\y) 
: t, Tr(u) : s, T2e) : 2u2 )¡ I, ,l;r(.tì¡ _

- -lnï,- 3*r. . .) I'c inlel

Itt@, lJ) :7 ; pr(n,u) : n ì fls(r, y) : u i lta(nty) _ 2rz _ r ;

?s@,y)-r,!1i...
2o' cttbattt t'ru .for (L tlot.-cot1,1)eu crot,,uitt, o. con-sicleritrc- cornpli of function'cù, rù corìlltlicateclfolm of is clue eforc, 

" 
-""irãr,o"o 

for.mula oftlapezoi e used tñ; *;düiJio 1s.s¡ _(2.+¡.
r'et r(.f) bc a,'integrar on a nolì-conr¡expor¡,gonar cromain o (fig. 1,¿l) : oatÌDCBO)

(3.0¡ iffi : 
\\Ír*,ut,t*,t,

O

\ct¡¡cr:O or
& -1

(, <Þ¡, I

j,[,r.,,u.) +^ i*,o*a'] "-
aa

0 3 1 r -¡r

ol"

",*.)* i i 
-,å

ao

c¿.O¡ ds : 0, .?-- 1r ìr



C. Rrãdcâtìù, D. IJIÌidcanrr 10 1.1¡
RitZ \'¿¡i¿¡¡i6¡al Ì\ictJr od

$'lìct'e / is a contitìuous clifferentiable functiou. .Ihe ¿ùtrrllt'oxirnate ca:lcula-
1,ion of the intcgrall(./) can be pcrTolrnecl b¡' recluction to a siinplc inte-
gl'4,1. rlhis is subsecprentl¡r ss¡itt.cl b¡r t¡"ros of t'he trapczoidal fo¡n¡la
for a singlc variablo u e 10, al:

i
I ,(rt): 

i 
t(rla* : , (+ et )- ttz+ ì- eu,-, * l, ,*) I R,('!il,

(3.10) 
o

R,,(g) - 0(h2,,)

if tlrc point paltition A, i fr, :0, . . ., frst. , fttt : r¿ ¡'ith constanl, step
It, : n¿ - fli-t is chosen ot-L [0, ø] arrcl if l'e note g(n¿) : go,,i :0r u't,.

Jlirst itr,tegration. the variable y is consiclere¿l fixed in (3.9). it'hen
i1, is intcgratecl rvith respect to ø on tire line .? : constant (y ( d) and
n'e obtain

Grr the linê ø : n¡(0 < ? < s or I ( x q lz) u-c haveis(n ''

I

] /{r,, y) a,r,dy -tt,tt,,l}rr.,,0) lÍ(n,,,at) * ...*.f(n,,uea>t) l
,1". ì* , l1't, !t,tt)l I o(tÊu)

u
6

).=6I

-B C
Irx : [.-{,

,o l"- |

,tt,
o¡t

h,u=,,ç-,,
D n nt ot-l

\,,..

E

I U) d.y )clr

B)'alplying tho forrnula (3.10) ancl Lr¡. corLsiclc,ring /r,, to be the length
of thc interval lnr-t, nrl, i :1¡ lz, n'e infer

u
d
1'

^t?

-1(3.11) I (J)

b

: 
5[,ä 

r@" tù Ls' * o(/,,?)] dy
14
oI

tr.lterc

Ln.
2

lor (ø0, 17) ancl (r,,, !l)
al -ç 0

0 A
x
u

0 xtl x ,t'1 r¿ xo, 
I

Fig. 1

a xó \ ='Q,ttr
LLnr:

It, for (r¿, t/), i:1, m, -I
Becond, integration,. Each l,crm in (3.11) is intcgratecl florn A :0 to

y : b oL- y : 17, also using the trapezoidal formula for a siugle variable
ancl tlre poinl, pari,il,ion A, i .QJo:0, !1t,...,t!J,¡...tlln: á f ith the step
ILu: yt - !l¡-y¡ j :I, riz' Thus, on the lines ø - (Í)0:0 ancl n : fim: ct,

s,e have

where

p(i) : n,if0(i<s
t', if s {i 1nt

\Ve noúice that at the. point ? i,hc furction Í(ur,y)Âr, has adisconbinuit¡. o1 Tirst type ù,.ilit. Thus, on the line,'r : ,r,s .!ye har.e

0

b,
(o

!rtr,, 
!t) Lr,ttu: /," 

i 
l("c,,y)du n Ir",! .f@,, y)rtr¡ :

+ llø,, tr,*,)l* oQú)

- lr,lrulTrr.,,0) i Í(u,, ut) -f . . . t Í(n,,,!t,-1) { }Í{*,, u,) +

+ |-l{*,, ?J,+ì -1. . . + !;l@,, !Jo-t) I ! lt*,, u^lf+ oor?l

s.herc

a e {0, m) ancl p(u) : n,,it. u:0
r, i1 a: nt

I

I
Låt

I
t-

I

-t

I
I

n)(
t- - - 'l - - -

;.;

--r---I---t----W
I

,l

r¡

- c. 37"1 I
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3y using 1,hese ssl,iuràtions lor the intcglals, \\'e tind (Trour 13.11)) th^e

trâliezoidal cubâ],rrre folrnul¿r, on the point gricl of the clomain Cl

(fig. 1) :

-fi*') : oÍ1ì"otÀ,1" f o!l),crf,l" * q rÞÍÍ)oÍf) 
;

(,0*": (#),", orlì" :(#),")
(8.12) r(Í) : 

I It,,, 
y) ùu d,r¡ : 

äþ"",¡l@¡, 
yi) t o(L')

,,
'whele the coefficit'nts zl¡¡ ale calculatecl by the folluulas

3 (!
Ir,,h,u, lor (nr, Uù e intelior O z:

g 0,1 O.DL

(-rr)
a

0 Ott

o.0
1

Itrlto, for (r¿,3/¡) on lhe bounclaly äOrvithoutthe a,trgularBoints
Ð.

CIùt
D

A¿¡: 1--h,nh.r, for' 1,he angular points O, À., ll, C, B

Lhrlrn, for the angular point D

0, for (ø,, y¡) rvith s < i ( ø¿ ancl r < i < n

0.03 0,0{

ñ-|l-

Ê

0,L 0.0i, I I 0.
0.0 4 0 ,0\

and 7¿ : lnâx {14, hr}.
2". A ttúrd'-órd,õi approrit,,tt¡iotr, (N:3). I-'et us have a plat'e with

tlre fotlorving dimensions : ¿t, : lt :0,6 ancl c : íI : 0,4. ÌVe have

2r=o ,04 ?" 4.0:¿ 0.01 A

(313) a(n,l/): - ntl(0,6 - r) (o'6 - Y)B

X,=C O.L 0.4 \,t=Q,(o

Fig. 2

A (n - 0,4)' i (y - O,+) IJ:n*y-2cl-4,
bl:f ll 1 1

\ \.tr"' drd.y:/I irt,,eÍj,, j:rJ; ÕÍ1,: ((Þ¡),,
,rrJ rj:l s:l

T
âa ât¡

ú) ?-¡ (ùl
0r í)v 4o. Num'ericøl enctn'r,ple. Lct us admit the follorving ctata for. tri.oproblems(Þr:1* ott, Qz: n -f co( oø - cu'")r Qs:lJ * t¡( oy - ø¡'r);

P: oor,"; !: oro,"; ":fð.r A lt

aÔz:1 f oco { cmdr-r,)L'- ct,o'l, 1 +: orto'r- o.'rto'u- .:,,¡,'iuì

ân AU

#: 
oy,oL- a!,a1,- ,l,oiol 

*:1 
f oo I oy^î- o"r'_ (,r^;;

Thc point gricl A¡, on the clorrrain f) is

Lr: {(n¿,y") = (i, s)lt, s :l,I; lt,n:lt'r:9,2¡
The coefficients ,4u, are givcn in fig. 2 and the coefficienl,s üit, ancl bt

s'ill be calculatccl rvitrh t'he nurnelical formulas

,,:7; o.:+:+ i oo:10; o,* o,:el;L5' i. 3

(3.1Á) Iror probleur (I) : q : I0 ; .f : 555 ;

Tor problem (II) : e : 2780 ; f : a0950.
The trlitz system, (8.2), is

'Þ'or prob\em T

[:::jil::r l:ïïï] {l
13,644919

3L72õ2105

3Lp52L05
44

atx:\ÐAr,.l$") * ol<¡v>i futt\-
.i: I s:1 I

oo

Õ1örcls,
witir the solution
(3.15) cr : 281631653 ; cz: ce: - 0!BIZ20
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15 lìitz Vat.jatior.ral IIc[rocl

Eor problenr, II TìIìFE}ìI]NCI]S

875,091298 2+0,647747 240)6+77+i
\

96,570094 6l.,25()22-o

synìnrctl.y 96,576094 l{l} ür:'jil}
1. Rectorys li,, \,aritLlional f,Iellrcrts in Ì,Ialhcnt¡¡li6, Scierrcc an([ Jjilìginccring,D. lìcidol, l)ordrecìrt, 1g?õ

' Ìààj: 
lr I i rr S . G ., Varitttio¡tttl À'Ielhods in À,IatÌtentctliccrl pttysics, tlacnritÌarr, Ne*, york,

3. A . .D ., fìuntlanenl t4. L., Titzkii V. Iprol¡Ient 
fo r I solrop ic

the ph¡,sical_trlcchar 
,

5' Rvaclrev v' I", 'l.'heory of R-ftutcticttts tuttl Thcir Applicatiotts, Nauhoya Dunrìra,I{ìcv, 19tì2 (in Iìussinn)
6. IiaìinicÌrcnl<o \¡. I., Iioshii ¡\. A.L, rt¡orßIor IIcaI ior., 1,9
7, l) i n c å nle si ct cli, I3ncu8. G I'i n tl , Edilu gic:i, Rrrcg.ùIikhl it:rtl p rLlÀIelho sk!a,.1f)66 (in

Receined 15.V I. 19 I z

$'ith 1,ho solution

(3.16) cr : 141980272; cr: ca: 0,000267

Accortling to (3.1), 1,he thirtl ordtìr apltloxirna,te solution is

(B.t-?) u,(n,'y) : c{Þt(ü' tl) + czl(Þ*{rc' y) I <Þt(n' y)l :

: cr(1 * o<,,) -'. ",1* * tt *.f ",, i y) - (#. # )]l
ìvhere the coefficienl,s c, cz a'r'a gir/en in (3,1õ) for problern I anrl, res-
pectively, in (3.16) for proì:lern II, rvith the values frorn (3.14) ; the fnnc-
tion r,¡ is given in (3.13).ù 

õo 'Ihe apltronimcde tnittint'utn 'ualue I'Íp ol tlt,e n;a,riational fu,ncl,ietn'øl
-P. The enexgelical norrn of allproxirn¿ùte solution l¿iv associa,tecl to the
oleratoÌ ,4 can be cxpressect ìry tlre formulas

Ofìciul cle Calcul S.C.,,Cru'bocltint,,,
CIU j-Napoctt

IIIsT|ILITuI dc CQL7LII
Acrtrle nt i ct Rct nt ti t t ri - F i I iuL a C h t j _ )\ ct p o ca,

c.P.68
Cluj-Napocn

N
(3.18) llø' lll : (u¡, tty¡)a : I

À:1
úo I (Or,, Q¡)c¡ :

j:t

N

\ (Í, 
'I>)c,,A:1

Then, thc value Z'fl) is ca,Iculâted as follows

(3.19) I#) =-Zr(r¡¡) : llu¡rl)'n - 2(1, u7¡): - lìt¿rll'n:-

ff u'e a,Iso use (3.4), ri'e gel, the forrnulas

lv

I (-f' Õ')c"
Â:l

(3.20) llu,*ll'n : \) b,,"r;
h:1

1ly} -- - lì'¿" ìi',

BJ'using the ra,lues 1,r ânc1 the solutions c,, (calculatec-l above), we fincl

I

I

¡

llm'lln: t
I

56,8056

+43,r48t'
r9: -3226,8766 fol problem f

-L96380)2437 fol pro'blem II

'lhe value nß') is used to esl,irnate the solution erlor rvithin the clual
variational rnethocl.


