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ON GONSKA'S PROBLEA{ CO}ICERNING
APPROXIMATION BY ALGEBRAIC POLYNOI{IALS

IOAN G¡\\¡REA
(Cluj-Napoca)

1. Iutroduetiou

on a clisc'ssio' ,nt r h¿r,d li,itrr r[. fr. Go'sha, he presenüed thefollou,ing ¡lrohlcrn :

One can construct lrositivc linear opot_ebot,s 7i,¿

II ,:Cr-r,u-fI,¿(,)
which sa,tißfj. ilr e follorving corrrlition :

(1 ) (,, *), ,ae r- 1,11IlØ) - F',(Í: ø)l < ltor

v'h'ere 1T,,(,1 is thc ri'ea' space o1 alr argelrraic llory.orninrs n ith reâ,I ooeffi_cients of dogrce 4 m(n),

a,,, € Ct-.t,u,, il""ll < !Í for rla e lff, ø*(I) : ø,(_1) _ 0
K is a constant indepcnclcnt ot./ and r¿ ancl

<u("f ;å) :: sr¡p ilf¿ + tL) _le)l;l/¿l< à, /, , j_ ttef --r,11Ì?

p*orrruf.thc 
ond of otu considerations we rvilr lrrcsent a solution of i,his

This 'probi.rn .egar.rls trre rvel- (norvn Jacrcso' theo'crn about thoorde. of the rrest approxirnatio^ of rontinuousfuuctionsot¡, -t_1,1];onc can find a sequcnce oT argebraic porv'omirt* p,, of JegÌe., ( r¿ rvithühe ostimato for. aII n e I

ff(r) _ p,,(n)t ( cc¿ (r, 
^p), 

??,e r\
wìro'o c is a oonstant i'dependenr, of .f and rr,, p, beiug defined o' I by

þ,(r)::[t--;z*L
,'?, '2elN.
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Ilrorn the inequality

o
StlLt,lt )- g, fie

TE

0 , ;l
a,nd frolìt (11), (Z) u,e obl,ain (10).

3' a Mcfh"{ *l 
.conslruct ,4.¡rproximatio* o'erators wrria' sorveGonska's pro l¡lenr

Let Eo : C(I) - II,, ¡ n,e flrl be l]er.nstcin,s operators :

B,(Í; 
"¡ 

: 
*_å (i) (1 .i 7¡, (1 -,r),- r(T)

lVe consiclcr ilre linear positi.r,e opcr,ators t,,,

for wrrich rve have 
r'u :c (1) -'rla"1ø¡ zr' e firl

(12) L,Kt - n)2; n) - 
w"(a\= ,r, ¡ freL-lr1)

where u,,,e C(I), ø e [rl, and
(t3) 

lj,¡,ll <,41, øe [}{.
\Ve consider bhe lilrcar positir.c operators 1tnt ?¿ e IN rvhere forJeC(I)and.ne[_1,1] '

(14) T,(.f :r) : (1 - p',, (n)) T,,, (f :n) i j,?, (n) E, (Í :n)
'Iuponurr 8.1. U T,, is cl'Í,i,netJ, as,i,tt, (14), thenfctr tuelN r¿¿ lt*aa:

(15)

toh,ere

(1 6)

Il@) - 1', (f :n)l < 2ro 
V 

,'+) , n e t- 1, 1l

I(1 - P?,(n))a*(r)+?-au(m) :

ProoÍ.We have

[t-- *z

(L7)

.an cl

(18)

83,((t- c)2:r): l-n'

T"((t - u), in) : (1 - p?, (n)) I Pß(r) J- .'-

trìrom (5) tve obtain

(1e)

,t1)

1^2 1PiQ):,----!- < -r^ 'T-_;r
11' nnz
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2. ,{nxiliary Rcsults

Let, P,'be Legenclre's polynomial of cleglee r¿ rvith

(2) P,.(1) :1,me$l
It is lmo"rvn that for any n, e [Jrl t]rele holds

(3) P"(-I) : (-1)'
(4) lP,(a)l (1, øe[-1,1].
and. IJernsl,ein's inequalit¡'

Ei,
I

(5) lP,,(r)l ( (l-n') o,Y*e[-1,1]

l2l:
IlnrIrrl 2.1 (S. Bernstcin l5l). Let P tl,enrie n pol,ynomial ín, r; oj

degree n. 'l'ltem,

(6) lP'(ø)l n,
, :n e (u,, lt).

vrnax lP(æ)l
r e la,bl

(t¡ - n) (n - cr,

Lnurr¡. 2.2. For # e l- 1,ll we h,a'ae

(7) I - Pi,-t(ø) < (2r¿ - r)V :u, - ît'csitìz.r', rr, e [{.4',
Proo.f . Let us obse.rve tha1,

(8) 1-På,,-r(r) < 1- 211-7 (n) : i Pt,, -1 ( t)d 'I Pl,-, (1 )d¿

Frorn (6) and (8) rve gct

(9) I - Pln-r(r) ç(2n,-1) clü
,1.:lit-t' dt

Irrom (9) rve obtain (7).

InuuÄ 2.3. '1.'here holds the.f oll'oruittg 'in'equalitrl

(10) | - P\^-t(ø) < (2n -'r):,.ÏlT- *3, øe f - l,1l'
u2'

Proof . tr'or ø : sin t, te 10, nl2lwe obtain

d-"""si,u*-ty t - r,, :I - F -æz si' (ï-Ð-t"(i+; )
11)



5 A¡rploxiruation by AlgcJl'aic Polynonrials it¡

IÌent,url¡, \1¡e observe that

(28) l,(ø) < 65

Ir-t'c¡r¡r (28) rve obtain

4

I-n2t 0ef -1,1).

1

ll@l - '1',,(f :n) | ç 1S0 oi Í Vr-ü'
)'n,
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In 16l T. Popoviciu has proved that an arbitrary,linear po,qif;\/e
opeÌatol L":C(I) - C(I) n'ith 7,,,e0 : d0 satisfies 1,1ìe ilecprality :

(20) ll@) - L"(Í ;n) I < 2to (l ;L;,,(la - tl; n)).

Bul, n'e have the inecFrality

(21) L,(ln ,¿l;ø) </ f'"(ti-t)'; r)

tr\'orn (18), (19), (20) ancl (21) n'e otrtain

l/(ir) * T,,(J:n)l * ,. þ,]
L) 

-__

(L - P,'?(.r)) rr,,(.i ) -l "_[t 
- n'ri "'

which is the inequalit¡' (15).
Rent.arlc. l'he functiorl cr?¿ from (16) satisfies the conclitions ø1(t) :=

- q.,,(-1) : 0, thus Gonsk¿rr's problern is soh'ecl.

4. Äpplieations l

In iAl A. Lupaç ancl Ð. lI. l\{ache have introcìuc,ccl sequenf¿e.q
L,, z C(I) - fI, of lineal positive operal,ors fol r'hich -$'e lìave

(22) L,,|ï-¿l; a,) < *'("1 t -"'+I*l), *.1- 1,1).
\ ,, t,')'

!1,'e consider 'I ,, :C(I) - IIr,,-z

(23) '1'"(f :n) : (l - P"r,,.r(t)) L"(.f :u) * P|"-t (a;) !8,, (/:ø)
L, srtisfics the incc¡uatib¡, (22).

'Iunonnlr 4.L lÌor J e CQ) Lt)e h.clLle

(2+)

wh,ere

(25) ^¡n(n) : æ2

l/(æ) - T,(j;u)l<2. Yu(er)

t1,

2tt, - I 4
Vr - s'] 2tt,-1" 2rr=ll t - ut-¡ rc llt -- ,2-

",v,
ProoJ. lYe have

r,'(L- PZ,-r(u)) (nt7 *
(26)

.',g) - "(,t-= + y# ^vr=.4

(21) PE".t(n) Iß,, ( I¿ - r | :o) <

f¡T'om (26\ (27) and (20) we obtain (24).

l[ã11ztt -t)


