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1. Introduetion

On a discussion that I had with I, H, Gonska, he presented the
following problem : TR ' L
One can construct positive linear operators I ,,

_IIn :0[_1,i] = IIm(n)
which satisfy the following condition :

Oﬂn(m) ) , .’06 [— 1,1]

M LR ORI A

where 1T,y 18 the linear Space of all algebraic Ppolynomials with real coeffi-
cients of dogree < m(n),

% € Croryy. llonll < M for n €N, au(l) = —1) =0
K is a constant independent of f and » and

O30 = sup {Ifte+ B) —JO [5101< 8, 4, 0+ he [—11 0

At the end of our considerations we will present a solution of thig
problem.

This problem regards the well-known Jackson theorem about the
order of the best approximation of continuous functions of 7 - =[—1,17;
one can find a sequence of algebraic polynomials P of degree. < m with
the estimate for all ye I

Pu(z)
N

(2) — pul@)| < O (f-, ) ne N

where (' is a constant independent of f and #, B, being defined on I by

Bu(@) : = V1 —w2+l,ne[N.
n
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2. Auxiliary Results

Let P, be Legendre’s polynomial of degree # with

(2) P,(1) =1,neN

It is known that for any # € [N there holds

(3) Py(—1) = (—1)"

(4) | Po(w)] <1, 2 [— 1,1].

and Bernstein’s inequality

(5) 1Py < /21 —xz)'%, Vae [—1,1]
z Jn :

(2] :

LEMMA 2.1 (S. Bernstein [57]). Let P denole @ polynomial inx of
degree n. Then

(6) Pl e B pee, D).
max |P(x)| Vb — 2) (2 — a)
x € [a.b)
LEMMA 2.2. For xe [—1,1] we have
2

(7) 1 - P (@) <(2n—1) V% — aresinzr, n e [N.

Proof. Let us observe that

h x 1

(8) 11— Phyo) <VT= Phs (@) — SP’ <z>dtS Pl (01

) a

From (6) and (8) we get

p 1 !
(9) 1 — Pl (@) <(2n—1) VST dt- S 5 dt
11— 11—
._IV V

x

From (9) we obtain (7).
LEMMA 2.3. There holds the following tnequality

4'__——_— ..
(10) 1 — Pl () < (20 —1) ]7’;:1/1 —at, we[—1,17.

Proof. For ¢ = sin ¢, te [0, =/2] we obtain

. 0 2 T ty . (T
T aresin®y — V1 — @t =1 2 —q2gin (l—~)81n(—-+
4 2 4 ¥

)

o=

4 2
11)
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From the inequality

» 2 ™
sihe >= g, wel0,”
) 2

and from (11), (7) we obtain (10).

3. A Method to Construet Approximation
Gonska’s Problem

Let B, : ¢(1)

Operators whieh Solve

— II, , n e N be Bernstein’s operators :

"

B, (f;2) — L (?) (14 @) (1 ——x)““‘f(w)

2“]‘;:0 »
We consider the linear bositive operators I

ity

Ly 20 (1) -, yy ne IN
for which we have

(12) Lt — o o) = O pep gy
r

where a, e O(I), n e IN, and

(13) lal < M, neN.

We consider the linear itiv .
feOI)yand ge| 11 ]1”1(‘d1 positive operators 7,, ne IN where for

(14) Tl i) = (L — P2(w)) L, (f @) + P () By (f 12)
TUmOREM 3.1. If Ty is defined as in (14), then for n e N we have:
15) @) — T (f :2)| < 20 (f: 2 (2) “‘"’)), ve[—1,1]
where B
(16) (@) = V(i — Pia))an(0) + 2T 42
T
Proof. We have
(17) B((t — )2 : ) = et
n
and
(18) Tu((t — @)*52) = (1 — P3 (a)) “(@) 4 pon 1 —a?
n? z n
From (5) we obtain
(19) Pix) =2 < L >
n The
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ici ¥ hat an arbitrary. linear positive
In [6] T. Popoviciu has proved 1,11&1{ an arbit pear
operat(l)r [L,,]:O(I ) — C(I) with L,e, = ¢, satisfies the inequality :

(20) [flz) — La(fi2)] < 20 (fila(le — t]; o).

But we have the inequality

@y o (le =t ) <V L((e — 0)?; @)

From (18), (19), (20) and (21) we obtain

1 =
| f(@) ~ Tulf:0)] < 2o (fml/ (1 — Pi()) an(@) + ~ V1 —a )

ich is the inequality (15). o 7 = . -
Whmh]?}gmaﬂc. T}?e funbction «, from (16) satisfies the conditions oy (1) =
= ay(—1) = 0, thus Gonska’s problem, is solved.

4. Applications ,
In [4] A. Lupag and D. H. Mache have introduced sequences
L, : C(I) — I, ‘of linear positive operators for whiech we have
n o

(22) Lo —t]; @) < =2 (V_17_1—£+ %@) xe[—1,1),

We consider 7, :0(1) — T,
(23) - Talf :2) = (1 — Piua(@) La(f :2) + Placg (2) B, (f:2)
L, satisties the inequality (22).

TugorEM 4.1. For fe O(I) we have

< 20 (f:ﬂ)

/}?/

(24) _ [flz) — Twlf )

where

4
——, 2 —1 e Y1 o )
(25) w(w)=ﬂ2(l/1—wz+wﬁw#‘H Vr=  on—1

}

Proof. We have

7'52(1 - Pgn—l (w)) ' ( el A n szg

(26)

N —
27) Piya(@) B, ([t — ] :2) < V(2n—1)

From (26), (27) and (20) we obtain (24).

VT o)) =y b )
n
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Itemark. Weé observe that

* 4
(28) va(@) < 65Y 1 — 0% per — 1,1).
From (28) we obtain

(@) — Tu(f :2) | < 130 (f: - m)

W
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