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1. Introduetion

rt"^ .,!ii;tåîrîr: no'linear fi'sr-order r¡redholm inregrodiffere'úiar equa-

'':tt'(n) 1/ " f
(1) -r\:t¡!t\0)¡ 

)"t''t'u(t)ldt)' 
o<r<ø

t/Q) : q-

;l,ti:äå i,"^ffiii,ri,if''cüio's, ø is a givcn .cal'unrl¡cr ard y iu'rc uriknorv

."" ,"}åiT:-are 
a nurnl important problems ancl Dhcnourcna u,hich

nurnerical tre of intro_cliffet,ential n.1""tiã", úherefore their
}\rhile for th

rions a rot or,nJii_iïJ'i.1,'".,:ö;ïå ",i,Jîi::,îïi 
"-rï;i,ïlîïî,J,îijiJî_ratntc onh. a fen. ale consiclcrccl. IÅnz [6] cofc¡r the tinear foln.of (]L bl;-ilr;;.ming irgrat equarion. ptri'ip- isj ãå"ri.lå;àrl r'e iterrìeat' casc of problem (1). Ilor a rnore r,\rotk [10]. Very rccenl,l,1, Garey and

sonìL' dilect nurnc,rical rnethoás fro
e cluations. The¡. inl,sstigated also the conr.ergencebut rnost lcsults are gir.cn onl¡- for the linear pr.this paper .u,e consiclcr a dir.ect spline
ühe nonlinear, case of cqual,ion (1).

The estirnation of error and bhe conver,gence of the spline colloca_tion methocls.are investigatcd on flre basis oI "" ;;;ñhed connectionrvith the muitistcp rnethods. Conclitions leaclingfor ecluation (1) can bc found in Anselone and M
yl,se and in phillips [9] for flre nonlinear problern.tion of the cliscrete Galãrkin ,noflro¿,rìr nonlinearAtlcirrson and pol,ra tSl; t4l.
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.,"" U"ll3;-Trg 
clcte'nirìed potyrìor'iat (B), orr the 'ext intertal fh,2.ttl

(4) ,,Í", , :;i;'"P @ - *,)i | -!+ (t: - î:r),,,

rvhcrc 
.tÍ](,1)1, 0 < j.( ,1, 

- 
I a.c lctt-hard lirriLs of rt.r,i'atives asfr + rt oï tlte segr[ent of s definetl altovc on f0, h:] ancl ø,, is cletcrlninetifrom 1,he follon'ing collocation conclitiorr :

sl(2h) : J'Qh, sr(2tr,), Iq2h, l, so(ú))clt)

On thr, itrterr.l:l lnr,. nr.*r], thc spline function approximating thesolrrtion of (2) is clefinecl 'try | -''

(5)
lil-1

s(ø) ::!
i:0

wlre,r'c s(')(e*), 0 < i < .r, l_, ¿¡rc lefl,_hancl limits of the dc'ivati'es ,ì,sg - nr.ol the segmcnt of s rl'etinecl en [flrr_r, ø¡,] ancl the parameter ør isdelelrnincd such l,}ab :

(6) sí'(ø¡,*r) : Í(fi,,+t, st(fit+r), K(frt*t, ü, s¿_r(l)) df)

li, :.0¡ lV - 1, ,9r I : slrr, I¡: : lüt, fr¡,¡1\, z¡ _ I{(no*u f, s*-t)(t)) clú

- _'l'his p'.oecl're yielcls a_ aspline f'nction s e B. ol,er tre entire inte¡_val f0, øl rvith thc linots {r,J,T:,.
11, r'ernains to sho'' that for ¿ sufficienily s'rall the pararncter. øocan be uniquely c-letelminecl from (6).
lrrron'D¡r r. rf trt,e fu.ncti,orts J' cuu,tr r( sutis.fy the Lipscrti,tz cot¡<Iír,ir.tn,.sLl , respcctiae L2, tntd iJ h, is sttt,ct\ ittou,grt, ttteta tiere erisis n, unique s1iline

appronim'a'ting soltttiott, of problern, (2) giaen bu tlue ccboue cottstrucr,ioll,.
PooJ. It remains to be provecl that (r¡ czt)7 be unicluellJ, cletel.mjnecl

from (6.). Iìeplacing s given by (5) in (6) rve hâr,e :

(7) ,r,,:9;]Lþ@,.,,

rvhe,t'e

,Lr(nr*t) + l+h,,,,, z¡) -,rí(rr.r))

)i¡.(æ):: ï' 
jl\g¿ (n - *,,)0,

r:o L!
I((n¡¡r, ú, sr_r(l)) rtf.

2
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(2)

2. Deseriplion of the nnnerienl ntcthod

Follou,itrg [5] n'e shall Nlite probletn (1) in the follorving fol:rn :

y'(n) :,;f('t, Y(n), z(a)), Y(O) : ø 0 < ø< r¿

, ' E(n): (o,r, t', Y(r))tlt

ancl suppose thal,,l:f0,øl-x It'-T.,is an enough snrooth function satis-

î;1"g.îri;foltorvi.g'i;ir*är,it, crrtlitjo' in respect 1,o th., last l,rvo argn-

ments:
l1@,!l't, zr) -.f(n, !Jz, zz)l < /''lltt''-tlzl*:lz1-z2lil

(L'l ) vt- n, ^, \ tt: tt r^\e l(1. øi X ll2: .,:. 'Y(r, t¡r, zr), (n, !lr', zr) el}, ø1 x Iì2

Also assume that t}e' lierrrel lí-:fO' o-l {.,[0] r¿] x R - Il srnooth

bouncleil function sat'isfying the Lipscþitz concUtion :

' : lIt(r, t,: zt¡i - K(r, t, r¿r) | ( Lrl z, - z'l'
(r,2) Yln,,t,zr), (t;, t, zr)e [0, cr,] x [0' alx Il )

Tlreseconclitionsassuret,heexistellceofarrrricludsolutionrTof
p"oblï"r(?'bc 

a uni{olrr ¡rnllitiorr of thc irrtelr.ar 10, n I crcÍinccr L.ry thc

fotlowing Poìnt,s :

A,:0:rs1u1 <"'
nt':ltlt'¡ h:+

-¿V

lYe rnial spline fruc.tiorr s d''- s :10' a'] * R'

of rlegree r 
"t^*T-áf 

continuity c"'at, t' approxi-

mate thc
On thc splinc coLlL¡otrenf is definecl by :

(3)

where

s,,(n)::y(0) + :lÐ
1!

r t .,- ---z[till- ryn -t + # *^

y(0) : e, !l'(0) : ,T(A, a, zo), zo : K(0,1,, ø) dt.

The othel coeÏficients !1"(0), ' , 9-:Ï-.i)(0) ale. lcletermining lly t'he

der.ir,atio' ol' crlurlion (2). Thc lasb. 
"o"i'ti"i"ì'l 

tro is to lrr¡ deÜc'lrrinetl

from the follorving collocatiotr condrtlon :

o

si(/r,) : /(h,, so(h)' I{(h, t, a) clt)

rvhich is to be sol'vecl lor eto.



Ircb y bc thc uniçrc ,(olutjoll oT (Z) ilncl rre rvritc :

'!/¡: : y(r't,,)) ,!li; : y'(u¡,), öt: : ?($b),
s¡ l : s(#È), si : : s'(:t:t)¡ h :0t I, 2r. ..t nx: hlr.

LnrvruE 1' I.f ls(r¡) - y(nh)l { Iih,t" whet'e I( is cc con.stcfiit indelten-

dent of lr, antl, iJ s,(n¡) :.f(rr, r(rr), ( I((æ,,, t,s(¿)) (-ll) then,, thcre enists s
J

consta,nt IÇ incle,putclent of h,, sttclt, tltrlt

is(r,,) - U@ùl { I(rlte, ls,(r,,) _ !t,(sr)l < Itrtf
The proof is,iust a, -sright r'ocri'icatio'of the rrer,,*â a.1 0ï [?].
- Lnuu,'. i. f7.p. 6g] Let y. t,t+Lf)t cr, l, and, r. S,, wiilt, tl¿e hnofs
{.nr} suaÌt, th,u,t th,e Joltotuing cottilitit¡tt, lt,oLcl:

(14) lst")(ø¡) - t<,)(t:t)l :O(tf',.),1. - 0,1, ...,,nt _L,

antl 
l¿ : otl'r' '', rv - 1.

(15) lst"x\(n) - y{'t)(n)l : O(/¿,), ur { n { ïr+tt h : 0rIr...,_¿v _1
Under tlrcse assumptiod,s we lruoe:

(16) ls(ø) - u(n)l : o(tf), n e lo, ccl
tt'hele

(17) ?: :":o)ï.t1t,,, lr I p,l, ?,,:r
so tht.tt

(18)
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lst?¿)(æ) - qtnl\(u) | : O(/¿), ue 10, al
r* rvhat foilorvs rve shal investigatc trre cluaclratic sptine f.'ction(m, :2) ancr the currìc splinc functio* äpp"u"i,,rãting 1,he sorution of-(z).

3. Quadratie s¡rlines and trapezoidal rule
llreorem B for m : 2 leacls to 1_step rneilrocl :

ltx - ltr-t : ! f r; I y'r-,,l : 
+ Ll(ur, lJt , zr) I Í(nt_tt !tr,-11 2¡,-)l

'rlhis is thc trapezoicrar r,ure ancl funrishes trre sa,rne r¡arue in irreknots as 1,ire quaclratic sprine s ancl has the degree of exacl,ncss tno,.i.e.
s(ør) - y(at,):O(tp)

Frorn Lernrna 1 tve itrfer that :

s'(nù - !1'(:r,,,) : e1¡¡z¡
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(8)

If u'e dcnote equation (7) for brevity b¡'

a* : Ir(ax)

using tlre assumption L1 for tt < ! ne function /¡ ; Il * 1l is ù
Lt

conhaction, and therefole (7) has a uniclue solution n¡ u'hich can be
founcl by iterations.

fn order to malce a connection bet-n'een the above spline rnethod and
thc tliscrete rnultistep rnethods u'e pLesent the follol'ing l,hcorem u'hich
gives the relal,ion betl'een the values of a spline Tuncl,ion ancl its clerir.a-
tir.e at thc knots (consistenc)- relation).

Tunonnu 2. l7 , 1:. ß11 Il s e ñ- then tltere enisl,s u uniqu,e limcql' con-
sistencu relation, betweet¡ the ou,lues s(u¡) tntd, s'(n¡\ h:0, 1, . . .,rn, -1- ,
giuen, bu :

n-l il-l
(9) I oÍlo)(r.*"):/rE bt")s'(n¡¡u), 0( v(rYl-1-rra

À:0 k:O

wh,ose coefJicien,ts muy be written, as :

u,f\ : : (m - L)tlQ,,,(la) - Q,,Qt + 1)l

10) bf') 1 : ('m -I) !0,,,.1(/t + 1)

wh,ere

er(u):: *i ,u É t-tr' (';)r. - i)1-'

'Innonn¡r 3. Tlte Q)ctlues s(n¡), lt:0, 1, ...N of the spñin'e function'
comslt'trcted, uboae are euu,ctly th'e aalues fu'rn'ish,ed, by th'e discrete multistep
meth,otl rlescribed, by tlte follotuing recru"remce rel,atiott :

1ft-l ¡n-l
(11) Ð ,r\"')yt*r - l, l, b5'n''!l'o*,,, h :0, 1, . .., Àt

j:o i:o

iJ the stcrl1ing aaht es

(L2) lo : s(0), Yt: s(lt),

a,re ltsecl,

t 3Jnt-z: s((rl¿ - 2)h)

;

PrrtoJ. For /¿ < ] ont,v one sct of values yi, i :0, 1,... satisfies'L|
(11) r'ith l,h lues s(rr)1j{ : 0, 1, ' : .r
Èatisf¡. (11) ucs (12)' Thcrefore the
valucs ¿l(r¡)

Because I e C''-r, s'e d.efine its m,tt'derival,ivc in the hnots ør Jry the
us'ual arithmel,ical mean :

s(,,)(,rr) , : +[r,', (r^ - + r) -]- s('') (r, * i,,)1, /i : il-¡rlJ
(13)
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llsacû[¡, as irr lhc olsc ol. ()r,d
1,ic I.rrcl oul)ic splinc lnof,ho(ls con

5. Nruucr.ieal examplcs

fl:ra,ntple 1. (Sec Linz [6 l).
t

.r¡'(fl : 1¡(a,) - lng" "t:1-l- t rI tJU)

,r,-', F];*;;dt' o< a'<1
0

uQ):t
'Ihe exacl, solution is u(n).: c-10?,.
Ercørnple 2. (Sec Gar,éy-Gladrvin [5])

i
y'(n): -70y(r) -100 ,y(t)dt, 

-10(c-ro -t¡, 0< ø< 2

y(0) : L

lO:¿ 
.

funcl,ions at,e construcl,cd to
f hc valucs of e¡. the Ncwton_
was used. The values of the
c tollor¡'inÉÌ tables :

!1"
0
0
0
0
0
0

: 0'0¡l )

0¡i
10
Ii¡
20
25
30

0õ
10
15
20
25
30

0.52I
0 .331
0 .335
0 ,139
0 ,798 ,10 -1
0 .551 .10 -1

eÈ

0 .122.70-3
0 .345.10 3

0 .399.10 -3
0 .422.r0-B
0 . 694.10 -4
0.77'D.10 4

e,,

.146 .10 -3

.247 .70-3

Ðnam,ple 2. (h
ã)t

0
0
0
0
0
0

!/ ,,

0.52L
0.225
0.220
0.195
0.825
0 .596

10
10

-1
-1

0
0
0
0
0
0

10
10
10
10

684
s54
264
529

-4
-4
-4
-4

5-c.3784
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Itiscasl'boseel,halj if frelfik.1,r¡]rvcltnl'c : :: I :iri

s"(ø) : u"(n)'l O(h')

only stat'ting value nceclecl Íìn thc concli-
l,irr¡s. lot 'm = 2, ?Q : ?t_. 2' -Uqing,.Lgnùtna, 

2
foi s role of s l\¡e hâ\re tlle follorving lhcorern.

'Iunon¡u 4. If I e C'z(IO, úr,]XRz) ent,tl s is t'e .,fynç;
li,otr, àltprontnlatinttilít tolrtti,oí, y'ol Qi, then' ll¿u I{ ittch'
th,at J'oí un.r¡'lt, stnctil en'ouglt, r.ntll"n e [0, ø] the.fol hold;

ls(ø) - y(n)l < I(1t2, ls'(n) - y'(n)l 1 I(lt2,ls"('ø) - it"(*)1<iftt'
ytt'ctz-íilccl th,ut s"(r¡) are culctlluteil uccord'in,c fo (13) for nt, :2. .: :

4. Cubie splincs ¿rntl ll'lilne-Sirnpson rulc

.llol r¿ : 3 of theorern 3 we clerivc the follorving trvo-steêp lnet,hod :

!Jr, - '!t*-z : I rr; I 4u'r-,I yi-,1 : ! ll{*r,, !/b, zb) +

* 4l@r-r, llr-u zr-t) I l@r-r, !l*-2, 4'z)l
This is the Milne-Simpson rulc g'ith the clegrec of exa,ctness four pro-

vitlecl lJo : dand.,¡7r: s1tr,)f taken as sl,arting values, have the sarne degree.

It is not d,ifficult to shorv that for m, : 3 therc exists a constant 11,

indepencleni, of /¿ such that

ls(/¿) - y(tt)l <I{tta
lherefore we can concllcle from the Milne-Sirnpson rule ancl applying

also Lemma 1 i,hat :

ls(ør) - y(nr)l: o(l¿a), ls'(e;4) - y'(ar) I : O(/¿a),

ls"(nr)-!J"(rr\l :O(/¿'z) ,:
-lìasy one can choch that for fll :3 ttrc following estima1,ion holcls ;

ls"'(r) - y"'(n) | : o(b)' for n elne-'' r¡f' 
,

Consecluentl¡' all the conclitions of L'ernrna 2 are sai'isfied 'rvith

m :3, 8o: 4t ?t: 4¡ ?z:2.
Tunonn¡r 5. IÍ Te C3([0, øl x ll'z) ttnd, s is th,e cu,It'íc spl'in'e ft1nc1í'9y

&I)plonitnatitr,g the soiution, òJ probtenu_,(2), then tl¡ere enists u cortstant K,
i,Ääeyrend,ent oj lt, snclt tlmt Jor u,iy lt, smutt enou,gh, uttcl n e [0, ø] th,e f ol,lozoing

ineguulities h,old':

lst/l(ø) - y(i)(ü)l < I{h4-1, j :0, t, 2, 3

proaided, tlrat s"'(n¡) ut'e calcu'lated' l¡y (13) frtt" rtt' :3.
Proof. Applying L€lnrìzl, 2 Lo s with rz- -3-¡ ?o:I)L:4 and then

*.."""*ri.'níy td ô' änà' s" in the role of s in this Lernma alc resulting all
the asserl,ions of Theorcrn 5.

6
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Receiaecl 1.X.1992

l. Pr,obletìt :ììtd altptoximatioÌ^s

\\re shall usc a jjìÌtall l,ct,l,ut,llation tnethodximating hypotheses :

.,"uh ,fåUllî.,îrllf"":iïrï Lcrt¡- is scornctrica'y anct d¡,namica,r. *J,rnmer.ic
(ii) !r'c rìrnil, ourserves to t'e first o,,rler appr,oxirììation ì\,ith res_pect to thc snr¿l,ll IjettuÌ.bations.
(iii) Ì\fu uirc a fi.st orrler ac.rrac)¡ \.itrì resrlcct to ,re "qrnâIr pa'a_tnete,rs featuling tìrc trajcctor¡..
This pr,obletn \\,âs âpproaclìecl bryr,esrri*irì"no*r'",;"ïil;;;ì-;';T1Xì,;1lt:i,_i,'l;T"liîålr:::i;

present 
'csurts â'e the rÌrost corrìrplctc for. a fi'st ordãl thcory (see scc_l,ion 4). 'rhis rnathernaticar rrrudcr-has r.mporta., apprications i' cerestþI.nlechanics ând clynârnic astronor'¡, ; trrai i¡' ,',,1 ..'-,,r", olro' usc arl orbitthcory terrrrinology.

2. Ilasic cqu¿ìlions

l't¿1' tho axis me'tioxcd irì ,ypothcsis (i) anct 
'rc 

erl.ator (in thetsrìal meaning) prano cr tre att'aciig bcdy crefinc a ìight-hantrecr car_l,esian fra'rc. we srralr exp.c,ss trrn o.-tiãirî,*ï;.:i'ì,o.'ri* frame inKeple'ian orrri.âr orcme-t-"s, .tr,,osirg as r¡asic tinJ intcrvar the nocrarpericd' -acccrrlilgry, sìrce the motjon is pcrrturì:ed, ri,e start frorn Nerv_ton-]Jurer ecÌuations 'vrlittcn Titrr resl:ect to the aÏgurnent cf r¿rl,itucreu' (e'g' i1, 4,1), considerìng'tht,nr se¡aratery by virtue of hypothesis (ii).So, itr a s¡'mbolic mat,rjx form rve have :
(1) dy þ,u : (Zlp,)EA, y(0) : yo,

U ttiu. of Cluj-Nctpoctr
Romûnia

Uttiu. of lkttluckg U.S.,{'


