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BEIINSTEIN POLYNON,IIALS Otr N4ATRICES

I )ON¡\1).tl,Lr\ OCCOTìS tO
(Po tcnz:r)

1. Ilrtl'otlucliotr

Irt't -{ bc¡ a 
'rn,t'ix .lT 0r(1el ,tL x tL (i.e. ;r e Jr,',). r¡.or a suitabler the speclrult oT z{ is I,cll hnol,n

luate the eigcnvalucs of ,{
t is necessa,l,¡r f,¡¡ oonsttuct
polatiorr,p,,,¡(A). Thc corn_

In this paper', by ,atoÌ, \,e constl,uct a secluencc \IJ*(f ;
'l)lf -o ol ¡rolvnorrriali ,rxirrirtirrg/1ì'¡irirl 

¡,,,qA¡, j:1,. . .,[u:ithou I clalualing th -1 .

2. Ilcfiltif.iolt oI nlall.ix fullcliun

Ì'lct -4 be a, nra,tlix oi ot'rler r¿ ancl lcrt Àr, . . .,À, be clistinct eis-enrralucs
oI algeLrlaic rrrultiplicity rr,r,. .r'lr" r'espectivel-v, s'itrr i rrr: rr. rf trre
u¡irrJrc|s./'i'(i*), tt, :!,_. . ..,st j :0t. ..,rr,¡, exist, it ls pJJsiuc to consirler.1,lre rrc'r'itc lory.o'ritít p1'xj interpolatirr-q. ¡ orr' ur",'r.üãi*' À1, . ., ),",

(2.r) S ,lt, -1
P(À) : I I,/(i)(7.,.)er,¡(À),ii:l i: 0

Ïiltl .?r,,¡ fultdanrrnta,l polynornials of tho l-Itir.lnite itltcr,l;olz¡tiolt. ilhen
J'(,,1 ) is rlcfinecl as

(2.2) ÍØ)::p(A).
If rr,r _ '!r:r:.. - l¿E : 1 (2.1) bccornt,s the lras'ange pol¡,nomialintolpolal,ing I ancl lro ha,vc

(2.3) r4r) : ¡ ff n,t íi-+ ,
. ii t j:t ,l't 

- Àj

l'br¡re I is the idcnl,ity lnatljx of older. i¿.
rri such case ì\'ìe 

'ìssìnne .f 
e c,ot. \\¡hc'nevel thc eigenr,¿,r,rues havetnultipljcitr. eìrc',atcr' thàr.r ,ne, ivt' ass*rnc .f e c(-tf, ivitjì ¿ : rìr.àx¡¡ ,??,t..l.he follos'ing theolern grvcs a ust¡ful rtcco,íposifio" ,rt-7i¿l in ter,ms óispecl,lal cornponents.
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toitlt clist
e spectrtr, ,;i',., ,,;l;;j
0 r.. . . r,ìù" tlde al,ge_
nist tlt,c e6d,ent" of

'vlb obsorve that /J;,,(/;-4) is a rineal ol.rerator, since if tL(A) : oÍ(Al +t- þltØ ), ø, (3 e lL .

I),,(lt,; A) : e.8,,(Í; A) + þB^(g; A).
If 0 is l,he nul rnatrix of oltler n,, u,e have

ß*U;0) : /(0)1, ß-(.f ; I) : J'í) I
Setting^ e¿(n): uì, ie ry the follorving relations holcl

(3'1) lJn,(eo;A): I,
(3.5) R,,(er; A) : A,

(3.6) ' Ii,,(er;Al:A2 l!¿g-A).
?IT

-N{oreo'or the folloning rcc'rrence relation hoicls,for the lrolyno_rnial Pn,¡.(á),

(3'7) I',n,x(A) : (1 - A)Pu,-t,r(-4) + Ap*4,k_lA).
Pnoposruox S. t. Bettittg

J2: r (#)r,i :0,. . ,1t1,1

we lutue

li: e - A)Íy-t + ¿If!-,, tc:rt...,1ft¡ i:0,

.fl]':8,,(J;tL).

Bcrnstein Polynolnials of Ì,Iatrices

m-lt
uttd,

4. Corrvcrgcnec

First -n'e intrr¡cluce sorne not¿rbion used in the follol,irrg.

|QtI .!,L_l the sptcc of furrcriori,i ''i'itr' q-rh"ìiá.ì(iliijc cont¡ruorrs in[-1,1]. Let co(/; à) be the orclinary nrodütus nf coniinuit¡. aetinif út
or(/; ò) : snpo<¿<ô lf Ar-f llr_,,,_rl , g ) 0,

Lrl@) : .f(n + h) - Í(n),ll.f lt: rìrùx-1ç¡", l/(ø) I.

tr-i'all¡. 'rve de'ote ì:y ll ll any cornpatit¡le no'm of matrix.

2 3
IJ

(2.4)

with

(3.1)

rvith

ft is easy to prove that

(3.3)

I I /(i)(),ù zr,¡,
Å:r j-0

1

]:l ^,'" 

- À^z)' tc : L' 
'S

5 ,¿l-l

f(A) :

zt,¡ :* r, - 7,^.1)j zk,o,
.it

lrtn'er¡uer, tlte nt,att'ices zk,i (L,e tine,u,r'ry ùñ,epencrant mentl¡ers oJ, (.]nxttntcl co,ntn¿tde wiilt, A and, *¿tï,,'rärl ol:i"r.
rt can be easily provecr that an exp'ession tor z¡,0 is trre folorvi'g

z*,o - II (.'L - Àrz)'j "it I I!,ì',, '=i i! 
L

rf l'e knon'the eigenval'es,^the component z¡x,' ca,n. be deterrnincclb.v a suibabte crroice of iíncbionl iiiri ts, sct cs.3, Lr^5r?ì.- obviouslv alsothis rnef,hod can not be lrracticabiò tãr'rnar;rice*ïi'irsì, ¿;d;;rrvu{rr 
dtùu

3. lJer.stein porynorniars of rnatriccs : defi.ition a.tr proPerties

For a given matrix Ae&nx" ancl for a function./ defined on [0, 1],*e clerrotc by ß^$; n) L]'e Bcrnstein poryromiai;ià;bõ rn, defined as

B^(T;r):ip*,r@rt(*),
n'here

Pn,,t(n) : (:) *rrt - n)"'-u.

For their principal properties see [4] [6], l?1.
ì{on'we clefine the n¿-th Berr-Lstein polr.nomial of rnatrices

lj,,(l;/): i p,,,^.(A)f (l\
Á:o - l ¡r¿

r'r'oprsilion 1 gcntrarizcs the s'ell-knox,n algolithm by cle casteljau [2]ancl tllele appcÀrs a strblc a.lgoritlrrtr.
It_can lrc plovccl tlrnû Jg,,(.f ;:l ) ¡rrcscr,r,cs ültc sLlrrcl,urc oI tliarrgrrlar,diag.o¡1],. s¡'rrrrncr.ic ancl noi:riiar màt.iccs. ,\lor,eoi.er-ii ¿ l- ;-irÌ-ìl;;"serniclefinite rnatlix an<l .f ) 0 then B*ff ;¿i-i; " fràrltii.o semidefipiternatr.ix.

¡ {^ - ^,¡",j:1
j+n

1nP*,k(A): Ar(I - Aln-r.
h

1lr

l) P,,,,L(A) : I.
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th,en

(4.2)

lrrnonr,;lr 4.lJ
¡rit(A) emcl, iJ

tlt,e n

(5.1)

u'herr¡

l), Occorsio 4
6 Rclnstcin l)oÌyr¡orrrials oI illa Lliccs 77: ¡ r IIJEoIìntr 4.r. Let r¡e ct" t¡tatri,s: of rtd,et.n wíil¿ s di,stin,ct ei,gelact¡teÀr,' ,À, o-f nrultixtlici'tr¡ 'tt, ...til,,,t'Ì'esr)er:ti:uery. r;f it i,s ntiaiíiìrgy'ra, t,,"ior,,i¿ìiíf(A) an,d if the Tioenöallies )r',,"í : i,'.-'. ., s e étt. toiilt, holdl* 

Thi* pol'nornial apr]r'oxiìnatcs ¡1r, in ,If . Trre fo[o*,ing the',ern

Tn¡o*n^r l,!. 11,'o.r.. u g,it,en,,tutrix A, iu, ttt,e ltypr,,lrcses tltut ,it isntea,r'titt,g,f',ttl. to t ottsirÌet, J@) cniil if ),it i: 1, . .' ., , ,rr-, reüi'witlt.
-I().¡(r'z -[,...,.s .,:

t tùe1ù

(5.2) rirn li ti(/ ; A) -/(z{)ll : o.

n'tu'tltennot'e i,.f I e C,,-Ð(1 .4, \,1),1 : rìtâ,x6çii<. {n¡} the/ollozu,tttg r:stimøtetrror holds

(5.8) ll Bl;,U ; A)- f(A)ll ( cons,ro i¡:1, {f+ff- + o, (f,r, ,f#-n)l
Tluonlrlr 5.2. t.[ Ik) is u, ltoluttorplûc futt,liott. in I(, lltatt

(5.it) iinì ll .8,,(/ ; A) - /(á) ll : 0' 
,,,, 

,.

Iror lìre Pol1'nomials Bf;(/) an argolitrrn-ì of tì¡pe rrc (rasLiìj iLr rrolcls.fnclt¡ccl u.c havc i,hc t,oltou,ing. '

Pno posn'rorir 5.J. g etti.ng

:fi-rl"{, i - -l\-rLr\t; - n]) ,, f -0,...,t)¿, ' ;,,

tua lta,ue

tt: (+)ri-'+ (u#) r!;t, t.-1, ,ttt,, i:0, : ùt..-tc

uu,d

Jit" : B"\,ff; A)

6. X'hc ¡rrools 1

ed into threc¡ sections. In the first
s ancl estirnatcs f<ir i;he ordinar¡,
section thele are somc theorernï

ally, in the third one thcr.e are the
ly.

Sectiorr ß.f.

Trrnonnlr 6.1. l5l U I e C"l},If then .

ll-[ - 8,,$)ll-< const .(/ .1
' vn;

wlrcre aonst is Sikketnu, cottstant ind,eltend,ent of f and, m

0 ( À¿ s< 1, r, :1r, .r rr

ll8,,(,f ;Á) - f(A)ll - o

lirrr ll 1ì,,.(l'; -.i ) .l(A)li: 0.

I'et A be u, malt,ia. If ít is t¡tectrl,ítt¿.fu,t tr¡ considet,

0-<7'¡<1,ti =1, .,s

,l

'ìtL

7'tn't'h'cnn,ore,i,f .l'e c(t-t)| 0, r ]), r - nL(.).to<k<" [rr,] rue rm,uer,']t,eJoilotui,no esri-rttttlc t1f lhe et'ror

(4.8) tl8,,,(.f ; A) - let)l ( c,o,rsr.:Ì2L, {r#t * . (1,, ,d=)l
fflrtnonrrr +-2. I.[ .Í'(ø) ís u, ltulotnrtrltltío .fiurct,iot| o]1, o, cit.clcl o.f rarlir.tsR.2,J,antl. il'trlt,th,e eiler¿tictlttes rtJ' A e ð",-" 'tOr'|i- t-,'itìi.,ì,

lirr lli3tj)(/;-4) - .f(Ð(¿t) ll :0.

5. Exlcnsions

'Ihe 1rol¡'norniaf Ii^!f ; ;[)dcÏincrl 1t_r,eviouslJ, can be usecl to approxi_rnate Trurctions oT a rnatlix;l rvhencvcìr, the ci,q.crì,i ¿i,lucs saiìsty

o ( À; (1,
if thcnrl alclcal, antl hc in thc cilclr of ooflvergence of ./ r4rcn tþel, arecomplcx. \4'o r'ecall that if p,r is the s¡ectlal r,aclìirs of :i,''i.e.

i-'.,4:Ìlì:ì\l7t¿lt
l<i<s

tlren tbo cise'v¿r,l'es oll:l tio in thc rlistr /i : : {øe Cllzl < ll/ ll}, fôr any.noltn of rnatli_x.

_ l-,qt ./ lte an a,nir,lvtic function on. Ia alrd lct ï: llrl llclefinc the follol'ing ltoivnornial of ruatl,rcos
'Ihen rve

Bf,(f ;r, : å r'r,,lA)l (, (, + - r)) ,

Pd;, r(A'- (i) H#l (I --!)"' r
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XÌunonnu 6.2 Il f e Cp(J,71 th,en

0, 7

É ,'t,' - ß^(Í)(r\ r- < c"rnar {tþ * . (r,',/r=)}
Denoting by Bfi(/) the Ber,nstein polyrromial in l_ n,nl rve have

'Iunon,nm 63 ff Í e Col- 7, .qf th,en

ll.f - uit(illl- < cosr " þ, h)
wltet'e const is ct positiaa constø,,t ,i,rtd.7terudetut o.f Í cc,¡t.d, ,t,

1'Hnonælr 6.4. Il Í e C, | - .r1,r¡l thett,

É ,,r'' Rr;U)'"ll* < c ,,'o^ { lU.'lra -L ,,, ( rø> .

Ëo 
\rl óä:;ì nL 

-l-(utr i

ult,ere const is a positiae consttnt[ in,de.¡tettd"ettt ol I c.tn,d rt.
Tnnonn¡r 0.5 .l4l _,lJ _0 < ø < I I JÌ > o, R Þ | _ u, snclt llttrt llteinteraul 10,11is irside tt¿e ttish rø - q'l < n 

"í,à 
í¡ ilte lu'rt'ction

Í(ø):i",,(r-u)t,
À:0

is an*lutin itt,lø - øi < 1ù, llten, u,ni,for,ntl,y .for lz - ul < R

¡¡y¡ 
tt*{l; ø) :.Í'(ø).

. 'l'unonnm 6.6. Let.u.s suppo.sa _ 
I_^< &S ll, Il 2 a,,R Þ n _ a, su,clatltøt tlte interaaL l- n,.rtJ is coitiui*et| i,n'ilì. ,¿ì"li l, 

-_;i"< 
n'. U-.' 

--."-

lþ): i r,(, - a,)r
À-0

is ana,lEtic in, I z - el ( À, thcn u,ni.Jor,mty,for lz _ øl 4 R

,li3 ,Xtf ; ø) :.f(ø).

Algorithm ol dc Casteljau [2]
Setüing

+'0 
-t.l i -J

we haøe Jor n lined, in, f},ll
(6.1) .f! : (1 - a) Í]-r t nÍf*rt, ht :1,. . .¡nx¡ i :0¡. . .,,ttt _l*
and

li : B^(l; ù.

l'lclnslcin Polylonrials of ÀIalriccs 79

Scetion 6.2

Trrnonnm 6.7. IÍ .\,),r,. . .r7,, at"e th,e tlistinct ctf .4 e &,\,and,f(ì,,) is tle.fine¡T,.on, the' sptectrum, of A, t:tten'ttti' 
"l ¡tÃf 

'ore

l(t r), Í(Àr), . . ., -f( ),,).

l'nuonnlr 6.8. If le), tJ(t), are d,efitted, on, tlte spectrtmt, oJ. A
h,(À) : o,/(),) + p.rl(À), a,þ e SL

/r(À) : /( À) 9(À),

then'lr,(À), /u(À) are defin,ed, o¡t, the spectru,t, oJ A and, ue ltaae

h(A) : o.f(A) I þgØ), a,p e 8,

h(A) : l@) s(A),
Tr-ruonn¡r 6.9. Let p(ut,. . .,ur) be_ a scttlat, 1tol,¡lttomial in n,r,..".,r.1r.att'il let -f'( À), . . .,1,0) l¡e.functions d,elht,ect urt, ttrc" spialL'r,î'q A e en* n.
If t,he, ,function /(À) : p(,t(À), ...,Í,(L)) øsiz,nes zet.o aal,nes on ilt,e.specLrttnt, ol A, t:lte.n

lØ) : P$,(A),. . .,11a)) = Q.

No*'we rocarl some r¡'clr-rrrLorvn theorems 11 ] ttrat \\,e use in ilreproofs.
l'¡troRllM 6.1.0. L.et !4+:\i=, be ct, s,equence. ef n,x +t, complem motrices.Ilte sequence cenaer,es to À ¡liliÃr - AI l- o, t, : ;','i;";;a mr,tri,r,ntnnt,.
The follorving theorem holcls :

'rnnonnrr¿' 6'rr' Let the Junctio'rs Lrrz,.;,. . rte d,efi*ed, on ilte sltectrr,nof A and Let, fo(A) : tl1,t g :1,2,. . . iïíií,'tlr" ;;q;;r;;;i,+r]f_r, ;;r;;;:;;;os p + æ if a,nd, only'it l,tt,e m 'scalar 
sequences

2'q

n¡-lt )Ì

ÍÍt,}ùf!:)(ì,¡),. . .tt, - l-,. . .s,j : 0,. . .,tl,r, _ I,
conlergc ..as ? - @. Mo,t.eol)er i.f .ff)(Àr) -./rÐ(l*), fu :1..,t?t - 7,.for each .j au,d, h .for some Juirrl,¡ä" tdt, \1i'r:,i'" - 

t)

lim -4, : l@)

,9ri : 0,

tltè6

't,

7n
i:0,...¡Ìtu

Conaersely, ,f ::XAo enists, ilt,en thet"e is a lunction f(x) d,eJined on, rhe
speclrum oJ A such 'th,at lin An : ÍØ).

Section 6.3
ProoJ of Progtosition, B.I. Scttirg

BlÍ0,. . . .,.f.1(A) : B^$ ; A),
rve want to prove

(6.2) BUo,.'.,1^l (A): B 1/t,..., Í{,-rl (A), tc -1,.. ,'¡Íù
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Il). induction on /c rl'e pror.e (6.2). For- h : I
Íl : (r - A) Í: t Alf*,

nllt,. . .,.f,|,-rl(A) :"1' n,n-r,,(rt)# : 'I' p._r,,(¿) (¡ A) fi +
i=-0 . t--ó

,)I-1

* E P--r,,(A)Al!*r.
¡0

tsy pcltnutabilit,l. of ?,,,_r,,(:l ) ri.ibl-r ,4 ¿,r,rx[ I _ A, u,e obtain

BLfl"
at -1,l|"-rlQl) : (I - ri ) E f'n,_r,o(À) fo -l tl

nt -l

\ P,'-r,'(A).f9+r :
i:0

: (r - a) P*-n,o(a)lt-, + AU, - a) p^_r,,(a) I apm_*t-t(A)lÍf_,

Since 
* Ap*_r,^_^(A) lÊ_]¡*,

P,r-t,o(A) g - q : p*_t+t,o(A)

APm-r,n- r(A) : pm_k+rtm_k+r.
it is also

BLlt, . . ., Í.!,-rl (A) : p*_r*r,(A)l{-t + l" le _ A) p^_n,,(a) *i-7
I AP*-rt-t Ø)l l!-\ + pn_ti+riin_h+, (A) Íà-_,r*r.By (S.?) .we haye

B116, . . ., lÍ,-rl (A) :-Ë' ,*_r*t, (a) Í{-, : BLlt*r, . : ., lh!1"*rl

fffå (6'2) is true for a'ny k,and therafore atso for /c : tn. trþthis case rvo

BlÍfl:B*(Í;A)
and sinee

:li
.tr
,l 2.f the eigenvatues of B*(f :A\rherefore uy lrreoròm ;i B:iiiij

(6.2) B*(1 ;,4) : ,ì 
"f' Bg)t|; tu)l zu¡

I-¡et

(6.3

n^(A) : l@) - B*(î iá), from the previous reration by e.4)
) n^(a) -å 

,å't,r,À,,) - BlÅ)(î; ]rnl) zr,t,

T"::."1* 
B*(Í; rs):/(À,) ft follows thar each of rhe erements of

r-*lflJr:" 
to 0' rlence, bv theorem 6.10 the convergence in uniform norm

Also by (6.2)

lln*Ø)ll ç consr 
^8, 5: l|u,(),r) _ Bg)U; 

^t)lÀ_l J=o

I
Bernstein Polynomlals

IIZrtll < cost,

oï luatrices
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: (r - ,,t) p,,-r,o(A)-foo f (t - A)''f,' ¡r-_r,,1|)l;e + o f n,,_r,,_r(a)Ji.
r:1 i:t

It follows

Bllt,. . ., Í¡1,,-rl (.4) : (t - A) 1,,_r,o(¡{)./3 -l-
tn-7

I tf ¡ - A) P,u-t,,(u{),f
i:t

I AP,,_t,i_r(z{)l ,/3 j_ Ap,,_t,u,(A) 1,9,,

Norv f1'onr (.ì.?),

Ii[f¿ , . . ., f],,_r l (,4) : lr_ o(71)./3 + \ P*,JA).ft I l?,,,,"(A) Íî,, =

: 
,å 

t'u'''(') li : ß-(l; A)

\'\¡ell *'c srpllos{r ((ì.2) tr'e f'r, /i - 1 and \r¡e prove that, holds also Tor, /cl3y h5rpothesis u'e hal.e

BIÍE-t,' , Ítr--trJ (á) : IJ*(l; A).
ìret us consickrt'

rl|.fij, . . ., Jf,,-r l Q1) : T, I',,-,.,,(A).f! 5]
t. t' i:0

P,,-t.¿(A) (l - A) I[-t +

nt -l

til*l

* å a"-^, ,,(A) A .ff:*,'.

Ily corrrrrrutatir.it,y of ]),,_t,,¿(A) lvith á and I - A it foliorvs

BL.f8,

: (I - A) P,,,-k,o(A)/f-t -l-
Þ,',a -A) p,n-,,,,@)ff-, +

,Ð, 
AP^-o,r-íA)

tt-k u -h
, fl,-rf (A) : G - A) E- P*-n,,(A).ff-t + A E)" 

p,,-r,,(A).ff*r'
rl:O l:O

(6.4)

Since

6 - c. 3794

Ilzr,¡ll
Þ¡-,Þ l l
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we ha,ve

Receiuetl 1P,IX'19s2
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+B\IUD D'ANá,LYSE NU¡TÉRIOUE ET DE THÉONIE DE L'APPROXINIATION. 
Tomo ¿A, No l; l9g3, pp. Bg_85

A CONVERGENCY THEOREM CONCERNING
THE CHORD METHOD

ION PÄVÀ,LOIU
(CIuj'¡"Oo.",

lln*(a)ll ç const Ï,'t"' - Bl!'\ l)ll*'
j:0

By applying theorem 6.2line.proqf is .complet"d: Q.
ff" ã-"ïütirãproot otiftìõ"ó- Ë.l-uio." it is ïery similar to the previous one'

1.R'A.DeVore,TheApptorimatlonofConlinuottsFunclíotlsbgPosiliueLineatopetalors,
Springer, 1972'

2.G.Far1n,(ìutocsanilsutfacesforComputerAit]edGeomelticI)esign,AcatlenricPr.ess,

L,et X be a Banach space, and let j:X _ Xhe a mapping to solvethe equation :

(1) Í@) : o,
the chord method is weil rrtown, consisting of approximating the solu_tion of (1) bv ere'rents'oi th" ilqolo"u (æo)o>o fenerated by the folto_rving telaf,ions :

(2) x)t+t: frn - lto-tt r,;Íl-tl(n,), üo¡tte X, n:1,2,...
q'lrere Ln, U;fleg(X) st e of / on n,! e X.ft is clear that to qeneiat (n,)u>o bv meansof (2) u'e must *nsulu o
m.appigs Loì-,', i-;/l is_ ."rr"rrorTår1åf"13ïåT,"ååwith the couverpericy- of rhe chord methorl contains resurts which statelry lrypol,hesis tñat i¡":-*äpffi\-',y;¡l acrmits a bounded inverse forevery:q!t F D, wherc D is a ïùtsöt ,í"X.-ln this noi,e we iutend to estabrisrr con\¡ergency concritions for thenreühod (9). su'nosing the u*i.tuocãït th;-in"eìiáîí*ppi"g onìy fo' thedividcd diffeleäóe iøi , ; fl;." 

""""" '

Letr.) Obea,reálnúmËer,andwriteñ(ø0,r) : {neXllln - *oll << r).
_ Tn'onntr. If .tlte mapping I :X - X, Llte real number t. ) 0 and, th\tetement nre x fui¡tt tne 

"o,íoãa¡í,í, 
i'

(i) the manning lfro, ût;Jl ad,mits a bound,e inaerse nru,14ting, and,ll Lno, rt; ll-rll -<-f < +"; ;

$ù tne bilit¿ertl yaqnlW lg,_u1 z;fl (tlte se ond, ord,er d,it:id,ed, d,i,Jfe_rcncc o.f I on r. u, z) is- Uoun¿eh"jo, eorry *, l, à e ñ(ø0, r), that is,lllr, y, z; llll < ¿ å, + *; 
-" "-"* r"'

(äi) BBLr a r;
_Gv) po : alf(no)ll Í.], n: alll(rt)ll < pJ,, wtrere e: LBzl(L_

- SBLr¡z and" tr: (1 + [lllZ;
,, .J")" B_ pollu(r - eå'.')_(1, - BBLr)l 4 r,then, the following propeltties iotil :

(ll n" e ñ(ø0, r) Jor eaery n : O,1r . . . i

,; : r 
(ji) the maltpings lar_t at j 1l a,d,mit'bound,ed, imtserses for eoery- -r-r. ' . t
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