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(1) Í@) : o,
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84 I. PäväIoiu

(jji) equatiorù (r) h'as at rea,st one solution n* e s( n^. r) ;(jv) the sequence (u,)n7oz, oi"iriså";:;;räriü)i': ,* ;(v) llø* - r"ll S B pl'i ll"e - sBLr) ¡1 _ o,1ø,-rr1r
Proof' lve s\l] firstïy show thar for'ever.yoo,y u"sç*0, r) rhe foilo-wing inequality hold.s: "

(3) lllno, at;ll-t llæ0, nt"i Íl - Ls,!t;/llll < sBr,r <r.
Taking into accou_nt hypothesis (ii) anct the definil,ion of the secondorder dividod differen ce" iz1, i¿ resuifs :

Illø0, ær;Íl - Ln,y,/lll < lllno, nt;ÍJ _ lnt, n;/lil +
lllæt, n;Íl - ln,y;/lll < Llln _ ooll * Lllu _ nrll <SLr.

From tho above in_equatity and hvpobhesis (i) there follorvs (B).usinE Banach's renrma on i¡iierse mapping continuåusness, it resultsfrom (3) that there exisbs fi,y; jl.,-""a 
,

llln, y; /l{ll < B/(1 - BBLr),
Suppose now that ilre following properties hold :

(a) nueÍ, i:lJ;
(b) p¿ : q"llÍ(r,)ll < påj, i :0J;
and prove that they hold for i : k f 1, too.

Indeed, to prove t]'at, n¡*re ¡S we'esúimate the difference :

ll nr*, - Øo ll ( hll *,*, _ n¿ll * 
=== 

f o ¡¡¡1r,) ll <i:o 7-BBLrflo
B polø(1 - på'-') (t _ BBLr)l-t ( r

To prove (b) for i:lc J- l rve use Newton's identity:
(4) l@):Í(n) * tn, y; ll @ - u) I ln, a, à; fl (z _ n) (ø _ a)
and the obvious identity :

(5) n - læ, g; ll-r l@) : U - ln, y; fl-l Í(E).
Applying (4) anct taking into account (2) and, (5), we cleduce :

lll@o*t)ll : Ill(nr*r) - Í(nò) - lnrt, nt i ll (nr*, - øo) ll (
lllnr-t, fln¡ nt+t;/lllll ntç+L - ø,ll.ll n*+t - ro_rll (

LB'zllf(n¡)llllÍ@r-r)ll (1 - BBLr)-z 4

LBz(L - SBLr)-z . q-2 pt pr_t,
ancl writing pr+r : 

"llÛ@o*t)liwe obtain :

Pr+r ( pr pn-t I p[!+\-r : p¡;I+' .

that is, the property (b) holcls for i : k f 1, too.

A Convergency Theorem

From (2) one obtains the following inequalities :

Il rn*, - rr" ll ( B o-1 (1 - BBLr)-t p, 4
forevery n:0,1,...,

From these relations, for every nt,,n e [N rve deduce :

2 3
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there follows that

-1 D tfl

llnn*n, -r,ll ( *4, -r¡:#rf
* 3 eåi *-1 (1 - BBLr)-t (r - p$u,.-u¡

frcm which, taking into account the fact that l, ) 1,the sequence (nn)o2¡ is funclamental.
At limit (m - oo), (6) Ieads l,o

lln+ - n,ll< B o[i q-r(I - BBLr)-I (1 _ ejïr,,-rr¡_r
where ø* : lim rn.Eor tL:0 follows .bhat u* e B(øo,r).
ft is otrvio"Jìiut l(n*) :0.

Eemørk. rn the conditions of the above proved theorem, it resurtstJi#,f:) that' a* is the uniquã *r"tio" ãt 
"'q"äiìJ""fll m irri ;nn;

. Jndeed, supposing i,hat n* antl tt+ an,e two solutions of equat,ion (1)tn ô'(.ro,r), n* * u*, and using the ideñtif,ies: -'------J

a* : t)* - fno, q; fl-L f(s*)

we deduce !t* : y* - Lrn, q; ll-L l(y+)

n* - Y* : (1 - lno, nr; Íl-, Ln+, y+ ; ll) @* - g*)
flom which, taking into account (B) it follows that :

lln* - y*ll < sBLrlln* -y*llbut, since SBLr < 1, it results that the relation n* # !l* is impossibie.

(6)

Recetucd I.III.lggz
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