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1. Introductior

The aim of this paper Þ to give a numericar scheme based on thealternative mel,hod tor ilrã folrorvin"g quasi-Iinear úúñii; equation

(1) u" +r,ou:uô'uAt ðn ðnz
rvlrele %.: u(u, ú) .in some dolnaiu alrcl v is--a- pararne,ter. Obviously someappropriate bounclary-initial conclitions .will bË ;"i"ãa r,ì trr" eq-"Ãiioú inord.er to ensure the èxistence a'cl the 

'niqueneËs 
ot thé lcrassï,,rárf sãru_tion.

a paper by
it. Besides

quation havi
n, has a gte

.in J._Burgers' theory of a
ip to the shock rvave 

-theorv

of the general properties oï

fn what follows we shall
the finite differences methods, iTåi:native method. Both thc sbati'o
siderecl. ' coll:

l:

some numericar-bests finalty prove the higher accuïacJr of .the arter_native method as 'rvell as some äo-rnputatiodüá;;;rd* for.its use inthe problcm considered.
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2. The alternative method

Let us consid.er an equation of the t'ype

Lu: Nt¿

,
88

(2)

A
H(I -

(4)

onalìo]]nledspaceS,rr,her,eL:D(L)c,,S-Bisalirrearoperatorwlii]9
¡f , ¿(¡I - S; B is a 

^onlinear 
operator'. The soiltions of equation (2)

are searched in D(/,)n r(¡f)'
Letus considera splitting S :Ño@ Brgf the Sa¡cl P:S -'Soits

pro¡*cîio^ ä"ió sr. let' n: Bt i B, be a partial inverse for -t' i'e' a linear
application so that

(3) H(I-P)Ltr,:(I-P)u Vøe¡S

nnlvins non, to the consideled. equat,ion (2) the operators P and
'ä¡ íesfectively, i1, becomes eclrtivalent rvith 1'he system

PLu - PNu (bifurcation equation)

'¿L 
: Prt' + H(I - P)Nrt, (auxiliary equation)

I-¡et us norv fix PIl,: ø+ (in the seconcl equation). If thc operator

(õ) Tu : tr'* | H(I - P)Nu

is a contraetion on a, closecl sphere frorn S then it adrnits a fixed p9¡1t
ä -*ïi"t-áãpã"¿* on ¿¿* aficl *hich rvill be denotecl by U(ø*). This

fl""ä-pãi"t- douta bã a solution of equal,ion (2) only if it satisfies the
equation of bifureation (4) too

(6) PLtJ(u*) : PNU(u*)

sitlerecl in the unknorvn ø* is thus
given equation (2) antlr conse-
ãqgation (6) generates, via the

(øx) which represents as well an
). Del,aits related to this topic can

I ancl Trif l8l.
X'or ug merical d.etermining of the solutions

of equation B is a r_eal, separable lIilbert space

whitô -t is rator, whose do-main- D(-') is dense

into ñ and. finite size p. We rvill also suppose

hlrr;t L has the eigenvalues trr: "': Àr _0,-)r*r>-0t -",-trn *9ot
¡ - * and, the coriesponding eigenfunction-s @r, @r, . . . which determine

^9.
is a subsPace Ñ'of Ñ (which contains

ftf) :î#"""åY,#'îäåifåî1"î','*å
Z2 sequence atd t'hal on /S' rve have

ll ø ll < q* (u).
concerning the nonlinear appiicatiol ]\r, -we suppose that it is

Iocally'lçscnitZian, i.e. for every--R ) 0 there is a -tn > 0 so that for

Nulnerical AlLcr.nativc n,Ietltod 8o

arry 1r' o e D(N) rvith ¡r(ø) { Ã, ¡r(o) ( fi the ineq¡alit¡,
(7) 

¡-r(,iyz, - ry,u) { tr¡¡.1(,u - ø)
Let nolv v¿)-'Dt 8,, : sp{rÞt, ..., Þr, er*rr..., Or,}, /S0 : {0} ancl letrrs clefine, for 

"vcly'z ë s | '

P,,, : rS - Átu, p,,r,tt, : i {ø, O*)O.
l-l

(8) æ (u,, Q¡)ã,u:Á -5rH,,,,u,: I oÈ
þ:ttt*1 lÈ

wlrere 
" 

: i,(r,, <Þ¡)o". rt proves ai orrcc that for eveïy r¿ e B 
',e 

har.eÃ:1
E[,,n?] e D(L), LH,,rn, 

=(t 
: p,o)rt, p,nÍ[rnu,:|arrtl, rcspccti'ely, for everyg,i'íÍitl' 

rli:;t;11^; 
u - P"')u';' l""r'ií"':'r'iu:"";i' iti"lo-" dimc, it cÃä

llI[,,,11:a]-, $(tr,) ( øo(lz)
u,ltcre Àrn+l

(e) oþn):[_å,(*),],,,

li *0 t'hcn nl, -@.

,t.t,o : ry*, IL"+I : u,* f II*N1¿" ,9 :0,1,...
and u'hich dc¡rends,conhinuousry on zl (*'iLìr rcspccr ro p). Takirrg intoaccorntrheassr¡mptionsrnacrc *ó iá,1, ïnrÀ'ii.ï¿ ìiii'"ä"¿ also rhc asso-_ciate ete ntctr,t for tË é"slfììirl; irî'i"ïiri"r,¡, cquarion (4).

The l¡ifurcation ecluation (4) becorncs ilren

't' 
rtuti' : P"'N(Iþ,})

or, if ø* : X "f,Þr, 
on cornltonent,s

,t: r

(ro1 Àrcil - (N(J(u+), rÞr) : o tt :r,. . .,n?,

oJ d,atertnining equa,tions.
lot' m sufficiently large,if equations (10) ádmii a

connectecl rvith the proofs
one carn use [g] ancl its
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3. thc approxitìl¿ìtion ol lhe ,solulíoils of Bttrgers' etßuition.
Stationary case

To cor¡paro ¿ncl to 1,es1, lhe m.urelical soltttions got through the all,c''r-

nal,ir¡e nrethód tvü,h those obtainecl usil"tg othcr algorithnrs or errell \\'ith
exact solutioll, ¡'o slrall consirlelt t,rc Tollox'iug nonhornog^elleolls Burgers
equa¡ion l-ith joinecl bounclary col-Lc-litious

(11) Ltsr : u'ttn - ,f t¿(-1) : r'r(1) : 0

nhere ,ü e (- 1,1),./(ø) :2n3 - 2,r * 2. 1'he unirlìre cxact solution of this
problem is ø(ø) :L - a2.

In tlris cù,se LtL :'tLta¡ Ntt' : tlnn -./, S : Lz(-ll)-, D(L):P@)=
- {,u e C2(- 1,t) n Cl -l ,lj, u1- 1) :1¿(l-) :0} entlo*ctl rvil¡r t¡c urri-
fot'ln ltortn ¡,'.. Tlrc s¡rcctt':tl ploblclrr

(12) L(øø : 7r2t', ,¿tl(-l ) : ø(1) : 0

fi'orn wher'e 1,he Iìo,rier coefTicie.ts for. r\r,¿¿ can be obtaincd at once

-'rti.* ir. *1)cosl-r(ø * 1)-lt# @rr)ttu:f*:

h-l r-h
\ icicr-t - l,: I c1c¡*7
j:t l:l

c_orrsecluentlv the iterations r,r,rrich reacl to the associate ererne't for rÈ,arc

í7) er.r' -#("$,i,i"r-, -,;E "],ì.r)+ #_",

(16) Cr: ii,i:r C¿C¡

'tc

4

It:nt,{lr...rtt,

achni|s 1,he eigenÏunctions o¡(r) : sitt l'I(r * 1) a'ntl the cigenvalues
9

Àr : - (lml2)2 satisäying the oonclitions rnaclc in the llreYious liar.a,glaph-

'llhe solution of problern (11) rvlll llc loolcclecl for irl a truncatecl
Fouriel series of i,he tYPe

(13) tt'(n) : i ",, 
sin \ t" + tl

r.,ct 1 ç tlz { r¿' Then 
h-=7

n'itlr cr, . . .¡ cn being fixecl.
\lre remarh that in tire casc that, ,the iteratirrc p.ocess conr¡erg.es

$3 _it"i 
frarne of the cornputer acàr,i.ac¡.¡, fot. rr, sufficïãnily g""är, ât-ä

t¿'5+1 : Ë"*¡:rlrr+ É Cf<Þ*
À:1 h:w*7

1:]]_,o9,,tt an.applorirnation of ilre associatecl function (I(u,*)..Ihe deter_ntrtìltg equations l:ccolnc

- "r (T)' : -hT c¡*' ti: : !, " ',1?L

1,hat rneans

(1s) gt =cl -Cf+r-O lt;:1¡...,tni

a' l-he app-roximatiou of fhe sol'tio.s of rl.rc¡ersrcquafions.
Nonslaliou¡u.y cíìsc

ln tire sequel rr,e n ill consicler the pr,oblern

'¿[tø : Qtrt, f- tttt, - f :o e (_ 1, 1), ¿ > 0.
(19) tr,(n,O) : u,o(n) æ e (_ I,I)

tt(-I,t):u(I,l) :0 t>0

t't . lcn
¡t,,1 - ]ì, l, : Ç Cr. Sìn -'a)-2

h:1
(r_l1)

(14)

rr*u : -. Ë .rrfr*inll(r -l 1)
h:rtt+7 tv t

The coeffjcients of tbe cle,r'elopenent, of / using the couesllonding systeÙr

âre
l.92 I; even

lo (2t:3 -2nÏ2) srn --
'It:¡t

9.
(r -l- 1) tlr:

_8
lcr

li; oclcl

In 1,his case

(1õ) Nu : ,f ,r,, 
sin I (r * 7\c¡

i,j:7

'lrc I1i" -Oos" -
qq

7L . æl¡
srn 

-2
(ø*1)(nl7)-I/,

h:7



\\'ere, for numetica,I computal,ions, \\¡e u'ill take

l(n,t) : (1 - ø2)cosú f 2sin t - 2nsinzÍ f 2n3 sinzt

This pr,oblern has 1,he cxacl, (unique) solution u,(n, t) : (1 - ø2) sin ú.

The rnain difference rvith respect to lhe previous case consists in
the structure of 1,he operator' -¿Y l'ltet'e the telm ø, is involvecl ltow.
Suppossing calcuiated the solutiorr LL¡ a,t the level of tirne Úr' tlie auriliary
equation (-1) becornes at the time ler.el f¡*t

(20) r;l1l : u1*r * lL*('\ u¡*r * t¿J*t-- tt't I * : 0, 1,' "t uoj+t: 'ttrt. t -u. \-'-r-, ' g¿ l
n'hele 8ú is a time step and (Tr,f*1 - tt,t)lìt is an approximation of a,at the
Ievel f¡*r. If rn is suffìciently iargc, the iterations (20) conver'.ge torvarcls
tlre associated. function tJ(uf¡1). 'Ihis u'ould be a solution oT eclual,ion

#"r,,: PnN(J(u;ir) * 
*rr*1,-,,,,

o.) T. Petrila, D. l'tif

(1e) if

(2t)

frr this case the coefficienl,s of f(n, f) according 1,o the sl,ructure of -}y' are

328' oos f -f j sin / /e odtl
h',ório ItTf

(22) hØ:
192 

sit'¿
lcBr.g

"' ,).io It(r -l- 1), crltral,ious (21) r'eprcsent a systcmAs ø*(r, ¿) : ,I, rf( . 2h:1
of d.ifferential ecluations rvilh lespect 1,o the unhnorvn functions ct(t),...,
c,,,(ú). these'rvill l¡c approximateil at c1iÎfe,renl, Ievels of l,ime, being linorv-_n

at' the prior level ¡'or ttrc cnvisagecl numerical exampler u(n,0):0 and
hence cf(O) : ... c#(0) : O.

'Io system (21) oT the shape u,' : !(t, tl), ono coulcl zùllp-l)' cliffe'ront
nurnerical proceclures in order to get an approxirnate solution. For instance
a predictor'-corrector ptoceclure invoh,es

ût+t: ø1 f àú,Ér( 'l'* u¡) (tìre p'eclictor')
(23)

r(r+t: r, + * l)Ì(t1, u¡) * n-(t¡.rt, û¡*r.)l (the corrector)
2

\t'heLe, of cout'se, i,he correcl,ol can be retaken.
The result of the numerical integral,ion represents u* af' the lorzel

of time f¡*r. l'he associatecl function Tor tlrt*, is thel an apllro\imatio¡
of the soiuiion of problern (19) at that time levellhe algoril,hrn of this
procedurc is then the follorving :

One knolvs the approxir-ltate solul,ion at 1,he time level l¡, its coefti-
cients being Br, . . ., I),,.

2. ft calculates the preclicúol

c* : Llt + ò¿ ?,¿(fJ, B, , . . ., 8,,) ,. _ It
liurt Íi rÏ-"liåîtå$: the associatecl runctio' ror c,,

¿r"+r : iî'i' I Il 
^(:ly?¿" -./(lj+r)) - i ^ 

-". 
- r]¡ 

d>.
¡:j¡1 l*æz òd

rr'here ühe iterations stop at a convenient rank ¡S.4. It evaluatcs

Ã,,,(t¡*,., ê,, . . ., ü,,) : - (+) r, _i (J(I,Qt, ttn _l f¡,(t',)
for' /,' : J, . . ., tu -l

õ. ft calculal,es the (.c0r,rcctecl ,, cr, ., c,n

c*:/Jr,- ÀlI7l.F'Áti, lJl I ?,,(t¡*r, õ)l h, :I¡ :),rn,

Ft?* 3,_1, i.t Íì,t,e, I,csurncrl (if tìr clrsc¿r,r,¡

,," -"ti;rll,.câlctilrttcs the ass.,ài¿ìii,,i'ñ,,,"ü.n ror cr,..7 (,,x ¿ì,s thc li'rit of

1/'*r : tt,t ! If .(¿\/?¿u _ l(ttrr)) _ É ;J..rì. .. Bo 
Ar¡:f,,¡11;2nz òt

enient lanh ¡S.
nts of the apltroxinnte solu-

",--""1. 
cotne into B¡, h : J t. . .r tt,I of time

5. Numetical results
(a) r' the sl;ationar')¡,c.se, *'itrr thc i:¿ì,rne prescribecl ctata, n,e have

3¿ili,TÈr 
ror o.r prorrreni r*-iiïìiä'äiu"."ràï",ñåìñ¿i, ::. the roro*,ins

Nnnrer.ical Alternaiive tr{e[hod

Iut*<Þr rln ! .f¡(t)

' j ¡l?'

)¿^, U(ú,*), as the

.'t

1. fú evaluates

*'r(ü, ]]r, : - (!:¡' ort]-)

/¿ even

'lej+t 
- 2u¡ I

()fi'
'lL¡ -t xl'j+t - IL¡

- ll¡ I.f¡ :0 j:1,...,1õ
3ø

wlLcÌc lr0 =: ¿¿rA :0,. ò*,: ]/g (rr,:16¡..Hcl,c t¡ r,c1-rr,esenls tlrc aplrroxi_rrratior of rrrc csaeû .¡iolut,i; ;; t.r.ìr¡ in trrr¡ ú"däi"r,ãìrr, n¡: _7 i+8l.i,i:r,...,ró. rhe rtsirui"g"îäTj¡r"ãr.-;;,rd,ïïtålJ'f"",, 
sot'ect by
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Ncn'bon metlÌocl, obtaining aftel fivc itcrations a,n crÍôl. of'tho r'éplace-
mernt into the svstcm of rnag'nil,u Le 6 X 10-8, the nolrn of thc cor-rec-
tious ott thc solrrliorr bcins'1.8 X t0-9.

lhc Sarne problcrn has becn numerically 1,r'eatcd l'ith the altetna-
tir-e rrrethocl too. Ì-ol nz :1 il,cratio:rs (1?) â,re convetgent \\'itlì 2ù con-
tlaction constant cr.aluatccl aL a:rf2 ott bhe lespectil'e orbit. systcLn
(18) tcatls then to onl¡' 6no nonlinctr, bqLration rvhióh has Lreen'Soil'ed by
the methocl of ltisection. lhe rrunrl¡cr ilf il,crations for clcl,elrnining the
associate function ìras r.¿rriccl frorn g al ihe begilning up to 1 at, the
e.nrì (tol gctbirrc a rliflt.l,cncc Lrcil'cclr btvo successivo ap¡rroxinralions less
thal 10-G), thc cornputcd coeill1cient c, having'the sãme Íirst E ttigits
as the exact cocfticienl, cr"*:1.0320491 . llhc evcn coefficients hal'e lztni-
slred (r.is-a=r'is 1,he computer a,cculac¡r), cz - ctt]rar.e l;een cornputecl rvith
errors less bha,n ir x 10-0'with regarcl i;o tlLe cxacb solutiou, c* rvith an
erlrl: of 8 x 10-e ancl cru u'ith ân er,rot'of 10-7.

Tlre r.nlues of tl-Lc"solutiolr talcen ht noclal 1toin1,s c:¡: - 1+.i/S,
by the altovt¡ 1,u.o rncthocls, l'ith the corresponrlirig' cl'rors, are the Tollox.-
ing:

finitc diffelcnce cr'ror altcura Livc tnc l-hod
ct'rol'

¿¡lte,rnative ntethocl u.cing l,he llulcr, tacJtniclue fol erluation

òu.'' _ ttfn, - u,j,

Ò*¿

Iilli Lc clillct'cncc c t'Ì'ot
al Lcura tivc
¡l'ccl.-con..

I
(ì

'Ihe
(21), i.e.

Nullcrical A Jtcr.ltative l,Icthocl
tì5

dt
' j rt

t
:xEl32 r,e lì ct Ì ol'x 70-2 cu'or

x lo-4

-1

-4
-t)

-1 ()

x 10-3
i x 10-2 x 10-{ 0 . 1071 32

o .212t)22
0 . 31331r.)
0 .4io377
o.502842
0. 5901 I 0

1

2
3
4
5
6

0.9
1.7

,)a

3.1
3.õ

0.007747
0 . 79421 3
0.288õ39
0. 379861
o.46736:J
0.550219

o.27 0.097908
0. 194837
0.289862
0.382071
0. ,170582

o .554546

0
0
0
0
o
o
0
1

1

o
7

2

4
5

7
8

0.
0.8
1.6

,l ,l

5.
11.

0.
o.23,1749
o.431232
0.609579
0.749833
o. 859520
0. 937368
0. 984500
o. 999877

ô
4

-3
2

2

,'')

0. 88
1.6

,t.o

7
5
2
7

2

24210ó
472932
63247'.1
780453
896877
981464
033911
0538:ì9

fl'he values on thc other noclal points os . . . íurc ale almosb syrnrnctrical,
theil crrors being of thc¡ sarrìe order of lragnitude.

;\ccorcì.itrg to the abor.e rcsu.lts, the use clf thc alternative: rnethod
s'ith r¿ : 16 has lccl to cìt't'ot's with brvo ordcrs of rnagnitude less than in
i,he case of finitc clifferences rncthod. At the sane timc tìre r.olurrre of
calculal,ions has lteen smallet than that in the casc of [,he usc of a spcc-
1,ral nrcl,hotl, 1,he solving of onl¡. one nonlincar etpration el,-en l'ith sone
supplenent¿irl. iter.t'ons being a tash mnch càsirìr than the solvitrg of
a sr-stern oll 15 nonlineâr eqr?ttions for the sarne olcler of accurâc-y.

(b) In thc elolution casc, l'c rsecl (to conpal'c the,numelical
resnlts) the irnplicii, liinite cliffelences Clanl<-Ñicolson rncth.ocl fol u,,,
ancl 1,lre e,xpiìcit Euler methorl I'rt' nuo. llhe correspond.ing s--ystcrn

sone specl,acular efliects, the er,rols shorvs that ilre ,,rust, irrpu"iãirtn ancl not thc sp¿ùce speclral clis_

lÌcl¿rlcilrg.rrrl-rrr1, l i¡.¡¡¡slJrc çr¡¡,¡,¡¡1or.(28), ít.Ltn : 2. ,n : lltr BL : v¡g2
lifiJ'f"ï,tJt;,ï[i]î.J'iiïîi;t- li;;;ìir;; rì,n ii,o-,1,,,.,,,i'oi'1ìrc.r,i,<,r, ,,,,f ii-

,ui,.t I u''r**\ , ltj;rr u,t!-tt

s/ - 2s.c - òa¿ - 28"', 
: ^.¡ 1ri,.r - rti | ,i

-'rrî * tJtr
Òír

r(i,t.t-2ui,Itii,-,
28rz

ri-hich is lincar l,ith tlidiagonal rlabrix, allon,s 1,hc calaulation of tho
rnunerical solution at a new time lcr.el using its plcyiolLs vâlues.Choosing
8t : ¡132¡ 8a :1/8 it lcmarhs 1,hat the m¿rrimum of 1,he et'ror is: reachecl
at r :0.
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6, ltiual rclnarlis

The albernal,ive rnel,hocl seems to be a reâl 1\¡a\¡ to irnpror.o the accu-
rac)r of the nuntelical solutions, to t'ecluce the cornprLting efforf, and it
coultl be easilv comllinecl rvith thc spectral rnethod.s bolh for stationarv
ancl nonstationar'l' case. Ä clei,ailecl stud). of the stabilil,v of the mothod
and. of the tirne step àl clepenclence on ??? and r¿ for d.ifferenl, procedutes of
tcmporat'¡' nume,lical integration rvill be the topic of a future r\'ork.

the autirols thank plof. G. Lablosse frorn 1,he lJnir.ersit)' Paris-
Orsay for his helpf ul lernarks ancl suggestions mac-le rvhile he concluctecl
tho seruinar of spectral rnethocls a1, the [Jnivelsitv of CIluj-ì{apoca.
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p'orrose rrc présen1.r 
1l-" irrtre qrri peut, ôtre corìsi(rér,éecnlrì.ro non seurenrcnh poìrl ra r,r\¿o¡iie'rie Pintcr¡l'ration

'a,aìysc 
mathér'atique tout entière. r s,agit de Ja q'es_

Dtant c10nnr5 tn erìselìrbre non vide G et rur. sousensembre arssi non
;f:ï#-"1Ï: 

est clifrcrrent cte G, cn consiaère ,n 
",r*",r.,1r," non victe q/,

(1) %-{(JlU:e_rr}.
nctionnelle A : G - g, fra question qui se pose cst dees qu,i a,ss,tn,t'ent ta oatab,ititë ã, m Trroiositiott qonf quãiI existe'n opérateur, ¿/ € ø qui saiisfait ra reration(2) A(tÐ : A(u(s)).
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