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1. Let (X, d) be a metric Space and Y a subset of X, containing
at least two points. A funection f:Y > R is calleq Lipschitz if there
exists a constant Ky(f) > 0 such that

(1) @) —fl9)] < Fulf) - d(a, y),
tor all 2, ye Y.
Let
(2) Lip Y={f|f: v R, f is Lipschitz on Y

Equipped with the pointwise operations of addition and multiplica-
tion by real scalars, Lip ¥ is a real linear Space. The smallest constant
I y(f) veritying (1) is denoted by [|flly and is called the Lipschitz norm of f.

For ¥ = X one obtains the linear space Lip ¥ and for F'e Lip X,
4]l is the smallest Lipschitz constant for (on X),

Obviously that for # e LipXandY < X, P|,e Lip ¥ and |F
< |

Let ¥ < X and felip Y. A function Fe Lip X is called norm
preserving Lipschitz extension of foif

(3) Fly =f and | 7|y = |f),.
Let

Iylly <

(4) B(f) = {Felip X: Fly =1 and [Pl = 1]y}

be the set of all norm preserving Lipschitz extensions of JeLip ¥.
By a result of Mc Shane [5], every fe Lip ¥ has a least one norm
breserving extengion Fe Lip X, ie, IXf) # O for every fe Lip ¥,
Since for every constant Fanction ¢ e Lip Y, llelly = 0, it follows
that the "norm» I |y is only a seminorm on Lip ¥. In order to obtain
& genuine norm, fix a point zoe ¥ and let

(5) Lip,Y = {feLip Y flwg) = 0}

Then | |lyis a norm on Lip,Y and Lip,Y is a Banach Space with
respect to this norm.
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Then, by the above guoted result of Mc Shan._e, one (_)btg.lns‘é »
;l‘llem?em 1. Let (X, d) be a metric space, @y a jzmrec.l 'p%inithzle lem%sis
Y o subset ’oj’ X contavning xy. Then for every fe LipyY the
e
F e lipyX such that I'|ly = f and | Fiy = |f ‘.:r: I
It is easily seen (see [3], [5]) that the h)llomng_ functions :
Fi(x) = sup{f(y) — [flz-d(w, y):ye ¥}, aelX
(6) and - .
Fow) = inf{fly) + Wfly- dla, y) 1y ¥}, we-

LR O : T - el
are two norm preserving Lipschitz _extensu;n ot‘ , f le I{fﬁ)f{)t.lt']mﬂéf(tzni:
0 f)cLide is nonempty, convex and bounded, such the »
sion operator

(7)
is W lefi nd multivalued. - N
i el’i‘h%elf)l;loel?leilr? (([)fl}tile existence of a selection lof tthe(fe)xteEn(?;)n f(())ll)‘eljﬂ
7 i i) ip,A such that e(f)e ,
or I (i.e. o ction e: Lip, ¥V — Lip,A suc b e(f) €.
}Oel Iﬁp(lj’e). \271?113111 is linear aﬁ)d continuous was conmdeledrm. EQ] e
ﬁ)l fhe particular cage X = Rand I = [a:,d_brl], mgeee I'_[ ; ;l%)L inear g

continuous selection ¢ of ¥ can be given explicitly (s 1).

- v LipyX
I Lip,Y —2+™

1 ¥ ( 7. In this case
P pose X is a normed space and I < A,jxoe 1 N
there i\lf‘él ]f?llmctions in £(f) which preserve s.o‘me 1)1(0)1%)5(1;.1.)15((3)8130(5 ?J: Sbtlé;(lz‘lslhzé
Stq,1~gha1)edness or convexity (in these case Y{ls sulipos Al iiay
T tively a convex subset of A and z, a L8 &
bet_l’ 1 (i%pe%qtionv is to give explicit selections, with t‘.he.valu.g:% plesd %
ls}grtllg%prgge;ties 0% thebfunction f and to study their linearity and con
tmult? the following we shall present an exan}ple of a h(.n{logeneous
nd éotllltinuous selection having values Bernstein polynomia S'.I» .
’ Tet X =[0,1], ¥ = {01}, a, =0 and d(®, y) = [z —y[. In

case _ ., N
Lip, Y = Lipy{0,1} = {f : {0,1} — R, f(0) =0}
(8) and :
Lip,X = Lip, [0,1] ={F:[0,1] —» R, F(0) =0,
F is Lipschitz on [0,1]}

For fe Lip,Y we have |fly = |f(1)] and

(9) |7 = sup{|F(z) — F(y)|/le —y|: %, ye [0,1], & #y}

e LipyX. Lty o
o FIHLS;OS case I is single-valued, nam?lylla‘{é).z {F1 where F(g) =
:f(l);fr, o€ [0,1] and the fcllowing I:esut 10. .Y o e

Theorem 2. The application E : Llpo)Yj) Llposl , W {#
with F(x) = f1)a, xc [0,1] is linear and conlinuous.

3 Sclections with valucs Bernslein polynomials 209

Proof. The functions I and B, given by (6) are equals and Fi(x) =
=1'y(z) = f(1)a, ze [0,17. In [9, Th. 4 and Corollary 57 it was Pproved
that e(f) = (A2)(I, - F,) is a linear and continuous selection for b,
so that e(f) = B(f) is linear and continuous,

Lemark 1. Tt is well known (see [1]) that for I e Lip,[0,1] the Bern-
stein polynomial of degree w(n > 1) given by

14 Z (") I(%) oMl — 2)"*  ge[0,1]

k=0 7(1'

(10) B(F; )

is Lipschitz and [ BE; )y < [|Fly. Because B,(F; 0) = I(0) =
= f(0) and B,(I'; 1) = F(1) = f(1) for every Fe H(f), it follows that
B(F;.) e B(f), for every fe Lip,Y. In this case B,(I'; ») = fd)w, for
all neN, n >1, so that the application

(11) I B(I'5.) = B(f) = B(F; )

is linear and continuous, Therefore, in this case, the extension operator
B :Lip, Y — VX admits a linear and continuous selection with
values Bernstein polynomials (of a fixed, but arbitrary, degree n),

1t we are looking for a Li pschitz extension with 2 greater Lipschitz
constant af |lp, where ¢ >~ 1 is fixed, then the extension operator deno-
ted by #,, will be multivalued,

from Theorem 2 one obtains the following corollary :

Corollary 1. oy every fe Lip, Y there ewists P e Lip, X such that

(12) Fly =f and |F|, — ol f(1)] = of|f

Proof. 1t is easy to verify that the functions

Y.

Pi(@) = max{fly) — o|f1)| [ —y|:ye {0,1}}
(13) and

Po@) = min{f(y) + aff(1)] |2 — y|:ye {0,1}} -
@€ [0,1], have the properties

T(0) = Fyf0) = f(0) =0, Fy(1) — 1) = (1)

and
1Py lly = alf(1)] = |7y ]
Let
(14) By ={Fe LipX : Fly = f, | Fl, < alf1)]).

denote the set of the Lipschitz extensions of the function f which pre-
serve the norm «fflly. Then £, Fy,e B,(f) and F(x) # Fy(x) tor all
#€(0,1), so that the extension operator -

B, : Lip,¥ — 2Lin,x

is. well defined and multivalued.
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C 2 th M-Lt g F{ one can rove l,l e t I T o t‘l t
oncerniy g } S Upe[( (0] 7 o @ l| (0] OLlIOWI1Y | e“lel[]y 1ot
I 1¢ e,

election ; . |

Y ’ N, n > 1, the operator B, admits a homogeneous

et bt e o) ‘nstet lynomials of degree n.

md continuwous selection with values Bernstein poly Iy

- fonsider t llowing two selections e, e, defined by
Proof. a) Consider the following

(15) e(f) = F; and eyf) = Ty, [e Lip,X,

where .

‘ Fy(x) = max{—«[f@)|z; f1) — «|f1)|d — a}, z€ [0,1]
(16) and

Fy(a) = min{e|fd)|z; fO) + «f1)|A— @)}, 2€[0,1]. g
‘ = 2¢y(f). By the definition o
g er(Af) = 2el(f) and e (nf) = rey(f) :
Ehgﬁ’df(gl ?0\1(?)0,: ie{% —f), ilmplying that the selection
1€ 29 T
a7) e(f) = (1/2)(ey(f) + ex(f).)
is homogeneous, i.e.
e(2f) = 2e(f), re R, felip,Y. ‘
Now, we show that e, e, are continuous selections which will imply
Now, we g he
the continuity of e, too. it
e. We shall show that for f, ¢ Py,
’ >0 and 0 < < =. We sha Ny A
cc|f(1)LEtg(€1)>|< 3 implies | F, — Gylly < ¢ where F is definec y
(16) and |
Gi(2) = max{—alg)|w; ¢1) — a[gA)[(1 — 2)}, @€ [0,1]
1 by
We have to consider the following cases :

1° f1y >, ¢1) > 0.
In this case

« — 1
Fz) — G(2) = «[g(1) — f(1)]w, for ze [O, T]’

1) — (1)1 — ), for we(»“ i 1]
= f(1) — ¢g(1) — «[f(1) — ¢ ) 5o

implying || 7, — G,lx = «|f(1) —g(1)]| <38 < =.
2 f(1) <0, ¢(1) <0.

In this case

C/.—|—1]

() — @) = allf)] — lg0) |1 5, for “e[o’ 2

o+ 1
— f1) — g1) — o |f(1) | —|g(L) 11 mmee(2 ,ﬂ

74
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mplying || F, — @Hv = o 1) — 19 || < «ff1) — D] <3 < e

3% f1) >0, ¢(1) (or f(1) < 0 and g(1) > 0).
In this cage
Emw—@mw:qmuu~uunwam-weﬁ,ﬁflj,
:f(l) — af( +U[U )I—f(l)]@, for ;z?e( - OH_I;I y

}

20 2
=f(1)—g(1)—l—c<[lrl(1)l—f( DI+ alf(1) — jg1) 1=,

for me(a+], lJ,
Za

Pying 17y — @ = alf() ~ g0)]] < ofit) — g1y < 5 <

4° f(1) =0 and 9(1) # 0 (or J) # 0 and g(1) :O)
In this case Fi(z) = 0,
= alg(l)| < & < o,

It follows that €1 18 a continuous selections. In
can show the continnity of the selectlon
the selection e.

b) Let ne N, n > L, be a fixed and for feLip,Y let B We(f) ;)
be the Bernstein operator asociated to the function e(f) :

(18) Bmm;m:i(ﬂvm(ﬁ)ﬂu—wWﬂwemu.

n

rel0 1] and F, — Gy = 13,0, —

a similar way one
€y, implying the continuity of

By the result from [1] it follows i

B Bu(elf) 5.) lx < I'F(f M= alf(1)].

Since B (e(f); 0) = e(f)0) f and- B(e(f); 1) = e(f)(1) = fr1),
it follows that B,le(f);.) (

= f(0)
€ B,(f).
Define the se]eotlon

4

b, :Lipyi0,1) - Lip,[0,1]
by
(19) bulf) = B(e(fy;.)

As Lhe Benmtmn opexat(n is linear it follows that for re R,

w(Af) = (Af)5.) = Bu(re(f);.) = 2B W(€(f) 5.) =2d,(f), showing that b,
s a homogeneom h@l(‘CL]OD
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Li ; e such that off(1) —g(l)| <3 < e then
7, £ fé{fgxgi I:”;ﬁ%’ lnTF?m—e ézlﬁY < ¢, so that
10,(f) — bulg) Ix = | Bale(f) 5.) — Bulelg)5.) ”f‘f = | |

— (1/2)]| BJ(Fy — G) + By(Fy — Ga)llx < |
(/2 B(Fy — G lix - | Bl T Gy)lx] <
(1/2) ”1—’11*@11‘1’ + (1/2)HF2 — Gylx < & ‘
T th?h"t 2th(e )S(I%stc"ﬁ(;)'? blf)',ntifeaégiecgfn gggﬂfe functions in Lip,{0,1} ‘
and lemglgglvconeaof Vnegative functions, i.e.
C*+ = {fe Lipy{0,1} : f(1) > 0},
(20) O- = {fe Lipy{0,1} : f(1) < O} | - ’
Then e¢,(C~) < K-, where K~ = {51651?50L35){1:|E1‘1n9? negative}, a

ez(G‘L)L%tI(*; where K+ = {F e Lip,[0,1], ;

<
<

(21) B Q- - 2K, Bf:0f — 2KF
r ' espoctively.

be the restrictions of H, to the cones €~ a.n(}_ 0;’ 1?21;(}%{1(}) };Omams "
Obviously that E; (f) #0, for every fe C Ft he sv . afe g

least the function I, e K-) and E;ﬁj) # ?, for every

E . 1

B (f) contains at least the function B, e KTy,

RUM We have the following GOI?OHELI): . P e G- assoviated to the
Corollary 2. a) The selechion ey (f) = l,()()us gy o,
0ol 18 continuous, posiltively homogene e s is

operess ﬁﬁ‘a y lcr;t?'ow. i’+(f),= T, fe C*, associated to the ope
et us and addilive ;

‘nuous, positively lhomogeneous ana ’ o ifye) are

C'G??ffiR(H}Ui:‘;}_}lPj”:*“:‘f;;;;{_;‘im bi(f) = Bler(f) ,Zl)f mtd bi(f) = Bules( ;)

nnous Post el ogencous and additive. it the selec-

CO%tW?l)OHS, P’%ﬂ?L(?é'%t?ill(;:ilizgreqéiicl the positive hongogcﬁeé‘g}Oi(.)t;rﬁlégr;illeg.

tions fjoao]{.d es foilow from the proofs of Cases 17 an i

jiong e and e

I f(1) <0 and g(1) <0 then

o —I—_l
Fo) = — «|f()|w, Tor we [O’ " 2 ]’
. _ for =€ ‘ﬁiv 1]
= f(1) — alf() |1 — @), 20
and. |
Gia) = — slgla, for ac[o, “ ]
— for x¢ ’(i:ﬂ? 1]
= ¢(1) — alg(1)[(1—2), 20

implying er(f - ¢) = er(f) + ex(g)
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Similarly  for f(1) > ¢ and 9(1) >0 one obtaing e (f 4 ¢) =
= e(f) + e(g).
Assertion c) follows from the fact that the Bernstein operator is
linear and positive.
(b) Remark that the selections ey and e are monotonically increasing
with respect to the pointwise order, i.e. < f(1) < g(1) implies F,(z) <
S Gy(x), ze [0,1] and 0 > f(1) > ¢g(1) implies Fy(x) > Gy(»), xe [0,1]

Furthermore, e ( f)is a convex funetion for fe ¢~ ana er(f) is a
toncave function for fe O+,

3. Seleetions associnted to the operator of metrie projeetion

Let ¥* be the anihilator of the st ¥ = {0,1} in Lip,[0,1], i.e.

(22) Yi ={Ge Lip,y[0,1]: G(0) = G(1) =0}
Then ¥* is a closed ideal in Lip, [0,1]. For Fe Lip,[0,17 let
(23) dF, Y*) =int{|p — Glz: Ge Y*).

An element G, e Y for which the infimum in (23) is attained is
called the mearest point to F in y<.
Let

(24) P :Lip,[0,1] — 2v*

be the operator of metric projection on Y1, defined by
Pall) = {Ge Yo |1 — @)y — i, 71y,

for all Fe Lip,[0,1].

Yt is called proximinal (resp. Chebyshev) if for each # e Lipe[0,1]
the set Pyl(lf’) is nonempty (resp. a singleton).

The following Pproposition holds -
Proposition 1. 2) 7he Jormula
(25) dF, YY) = |F(1)|.
28 valid for every F e Lipo[0,1]. In particular v+ 18 a proximinal subspace
of Lip,[0,1];
b) If Ge PYL(F) then G =F — H, where I e B (F|p)] is such that
IH|lx = |F(1)]:
¢) There holds the equality ;
(26) AF, Y4) = qF, F — B(F|,)),
where B — B (F|y) = ' —H:He B, (F|y)}, Fe Lip,y[0,17;
d) The equality
(27) sup{|¥ — @z :Ge F— Ia(E [y)} =o| F(1)),

holds for every ¥ e Lip, [0,1].
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s o N a &) 1 o l"(l) \:
Pr "e Lip,[0,17]. Then for every ¢ € 'L one has | ) 1=
= lF(li); Oif G?l)HL(;t ﬁ 'l'? :IIGOHEX.’ ﬁlj‘arking the infimum with respect to

G e YL one obtains
|F()| < dF, Y.
Lot Gy(a)=F(x)—F(1)z, ©e [0,1]. It follows that G, € TL(G,(0)=0=
4 ol) =41 ’ ’

P Gollx = |3 0 that |[F' — Gyllx = d(F, Y1)
= 1. | F —Golx = [F(1)| so that | ol
’ﬁlgogl)gwgntfhat LY Lis ao pf’oximinal subspace of Lip,[0,1].

b) It Ge I’YL(F), then
F — Gy = alf, TH) = [FA)| < o[ #(Q)],
and |
(F = @)y = Pl

showing that I' — G e B (I'ly). 11 Tollows tha\t’;'ther? ?;:ist,s H in
1)) (F|;\ %uchb that 7 — G = H and [ H{ix= |4 — Gl = [I'(1)].
- 4 ’/ N

¢) Tollows from a) and b),L

d) Tor every Ge I — H,(F[,) we have

= Glly = B — (I — H)x = | H |z < o F1)],

where H e I0,(1I]5). B i e
Taking the supremum with respect to Gel' — W) we fin

sup{| 7' — Gy :G e P — BF])} < o PO,

et Gi(@) = F(a) — max{—«|F(1)|z; Q) — «|FQ)|L —a)}
nd

) = Fa) — roin{al L) o B + <DL — o)
we [0,1].

Obviously that Gy, Gy F' — L,({'y) and,
1B — Gl x= | I — Gsllx = «|F(1)],

proving the assertion d). 1 DR A

Remark 3. By Troposition 1 it fo}'lo\? t-haEt(’%lle)nCe%}fs Gi— = - i
F' e Lip,[ in Y1 are the functions & e & — B (I'ly)c X+, & =1 - !
lﬂ_EE hLlBO!:E%} ](1;r|1 ) of minimal Lipschitz norm ‘and the tgbrthe?}; pmﬁc}i
g)lrl ¥ in 7 Q—IE[,(IMY) c ¥+ are the functwjns G=F—H,
He E,(F|y)‘ of the maximal norm (|| H |y = oc|.i?(1.)|). i

f;et 7 : Lip,[0,1] — Lipy{0,1} be the restriction operator
(28) P(I) = 1|y € Lipe{0,1}, F e Lip,[0,1].

vl .
Then the operator @,: Lip,[0,1] -2 , defined by
Qa =1 — Ea 0.7,
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where [ : Lipy[0,1] — Lip,[0,1] iy the identity operator, i.e,
(29) Qull') =1 — B (T'|y), Fe Lipy[0,17,
Is a multivalued operator for o > 1.
Since the nietric projection operator on Y* verifies the equality

P (I)={GecQl):[G — 1 lx = a(F, T4y,
it follows that IJYL(F) S QN for all ¥ e Lipo[o,l]

Let Tyt Lipg[0,1] — 2¢% pe defined by
(30) LK) = U & QU S| H —~ Pl = sup{§7 — #) :07 e Quanyy.
The following theorem holds :
Teorem 4. a) The operator Pri s 0 Unear and. continuous selection
of the operator Q,;

b) The subspace Y1 is complemented in Lip,[0,1] by the subspace
(31) W = {H e Lipy[0,1] : H(z) = ax, ze [9,1), ae B},
. ¢) The operaiors T, and €, adgmit continuviis and homogeneous selec-
tions.
Proof. a) The operator Pyl Is single-valued since for every

F e Lipy[0,17] there exists a unique element 7 e (I |y) such that =
[#(1) jand by Proposiiion 1. b), it follows that ¥ has g unique nearest
point in ¥+, Then

P M) (@) = a(2) — 2F1)s — rp (B 2),

b
for ze [0,1] and »e R,
For Iy, I, e Lipy(0,1] we have

P+ Ty (@) = Fyw) + Folw) — (1) + Fy1))p—

= Fy(a) — F\(1)x 4 Fyo) — Fyl)p — P (B )a) + P (T )0). . -

Therefore P | is homogeneous and additive.
Y
Also

B — LG <21F — g,

I
s0 that || IJYJ_( ') — 1"‘,l(("')i|,x- <Ze lor I — g, < ¢, proving the con-
tinuity of the operator p G
- o 2 e .
b) Let I'e Lip,[0,1]. Then G(a) - Po) — P, ze [0,1] is an

element of ¥ an d, since (1) is an element of W it follows thait z) ==
= G(x) ++ W(1)a, we[o,1].

HF, - Fin Lip,[0,1], i.e. [y — Flx —0, then the Inequality
Fa1) — #(1)| < |, — Pl
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implies |F,(1)| — [#(1)|, showing that the projection operator on W is
continuous. Consequently Lip,[0,1] = ¥+ ® W.
¢) Copsider the selections of the metric projections
to1(F) = F — e(F|y), I e Lip,[0,1],
ta,Z(F) =F — 32(FY|)7 F e Lip,[0,1 1,
where ‘¢;, ¢, are the selections defined by formulae (15) and (16) (with
f = I'|y). Then the selection
(32) b, = (1/2)(ta,1 + ta,Q)

is homogeneous and continuous (according to assertion a of Theorem 3).
Since T(F) = Q.(F), for all F' € Lip, [0,1], it follows that the selee-
tion t, defined by (32) is a selection for Q,, too.
Remark 4. For « =1 one obtains JPYl = T, = @, implying that
T, and @, are single valued and therefore are linear and continuous applica-
tions from Lipy[0,1] to X%
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