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l. Let (X. (t,\ l-¡e a lnetric space,antl*y a subset of ,y, conlaininsab.re¿st tr.vo póinís. 1"i.iî"ii;;ií,":. _ -E is cailed ripschirz if rher,õexrsts a constant I(r.(J,)ÞO sucír'Ûr^t
(1) ff(u) -/(y) I < K"$) . d(u, y),
for all a, y e y.

Let
(2) Lip Y:{/i f :y--R,/is Lipschitz on yjr.

y ,_ X,l] jy e Lip I and ll" lr ll,, <
Let Y c ,Y ancl /e I_,ip y. A fupreserving r,-ipscrrîtz extensio' of T.oltttoo 

? e Lip -Y is callecl norm
(3) 31": f anct llnll*: ll/11".Iet
(4) n0: {Zrel]ip X: þ-lr:l anrt ljlìllr: jl/ll"}

(5) Lipoy : {"/e I_,ip y :f(ro) : g¡.

.*.nujlrff ln,.llîri"å."o.m 
on LipoY and LipoY is a Banach space rv*h
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Then, tr¡. ¡1tn abol'e lluotccl l'estìlt of l{c Shzrnc, onc olltâins :

Tlteorern I. Let ('y, d) l¡c u tttclt'ir spctce, e-o u'.'l iretl T,toint'in' X anrJ'

Y ct, subset oj X co'ntaittittg t'o. '1'h,ett for arery¡ J e LipoY thete en'ists
I'e LipoX stLc'h tltttt It'lt:,l untl I 1"1i." -_- li./'lit.

It is easily seen (see [3], [õ]) that the follox'ing Trtnctions:

x'r(r) : sup{/(y) - il/il"' cl(t, y¡ :'y e A}, mc X

(6) ancl

lr'r(e,) : inf{/(q¡ * ll/ii"' il(a, y): u e a), re X

âre t\vo norm pleselvirrg Iripschitz extensicin of /e LipuY. Îlte set
Il(l) -T,ipo,\J is nonc'rnpty, cont.ex ÍtrLcl bourìLlt'cl, such that the exten-
sion opelator'

(7) -l',' : L,iPoY * 2liPox

is rvell de[inecl ancl urultit'aluetl.
The pr-oblern of the existence of ¿r, sclectic¡n of the extension 

-oPera-_
tor 1) (i.e. zr function c : I,ipoT - Lipo'I such that e(f) e E(f), fo," all
/e Llpoli) l'hich is lineal aud currtinuous \l¡as consideretl iu i9]'

In thc palticular ca.se,{ : ,I? and y : lct, bl, noe Y, a linear and
continuous selection e of II can l¡e given cxplicitly (see [9l)'

2. Suppose .l is a noLmecl space alld }- c: X, rse Y. In this case
thele exist 1ùnci,ions in //(/) ryhich pt'eselle some properties of / such as

star.shapedncss ot' convexity (in these case y is supposecl to l¡e a starsha-
ped, reipectively â conrret sul¡sel, of ,l anct {q_:-0) (see l2l, t6l).. A
irai,irr¿-ll question is to gir-e explicit selections, rvith the I'alttes presen.ing
some propertles of tlie function / ancl bo stutly their lineal'il,y and con-
tinuity.

ln the foliorving we sha,ll plesent an exarnple of a homogeneous
ancl continuous seleol,ion having values Bernstein polynomials'

ircl X: [0,111, Y : {0,11, aro :0 ancl d,(r, 'y) : ln - El. In this
câse

Lipor : I.,ipo{0,1} : {/: {0,1} * l¿, /(0) : 0}

(8) ancl

LipuX : Lipo l0r1l : {7': 10,11 - R,, l¡(0) :0t
-P is l-,ipschitz on [0,1]]

For'/e L,ipoÏ l\¡e have li/li": l/(1)l ancl

{9) llFll" : sup{lF(ø) - ß(v)lll" - sl : n, v e 10,71, n * Y\'

for J7e LipoX.
In this case Z is sirigle-r'alued, namely A(f) : {7¡} rvhere n'@) :

: Í(I)r, a: e [0,1] ancl the lcllowing result ltold :

Tlreorcrn 2. The u,pptticølion E:T'ipoY * LipoXr uhere n$) : {fl
with E(n) : f(I)r, r e [0,1] is li'near and" con'ti'ntt'ous'

Proo.f. l.Jrc {unc_lions _2,,, a'd _2,,, gir er r bI 
lO I a.e equals and f ,,(r) :: l''z(r):.[(J)u, æe 10,!1. lir-ls, til + and coi,o'a..y,5,¡ il, rvas p.ovedthat r(/) : (rlz)(L'i + rr,) ;* o'lírná': ;,,,1 ;oì,î;;;årt inl""r,on ror z,so tlrat e(T) : .D(/) is linear anrl continuous.

Renu'rr¡1. TL is *'ct r<'o*'rr (sce flr) Lhat for, r,e riipoi',r r the Bc'n_stein lot"vnonrial oI ctcgree 
-,,i;;';if;rven 

lry

2

Sclcctiols rvilh vaìncs stcil poì¡,norrialsIJcll
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(10)

(13)

I),,(It'; *):f,
å:6

nh(\ - n¡"-r, øe [0,1](';),(+)
is Lì¡rschitz anrl lt!J,,(F.j.)ll, < ltZ,]lf. Bccruse *F^r@i 0) :7l(0) ::./(0) anrt R'U" ' i¡ --¡'irl'5rÈi'ï,, o.-.,,v neD(.f1,' ir rorlorvs ,rar
f,ru;i,'.\¡ XTll l:',t"';ì L 

tìí J'iiír, ¿'i,,i'i 
%^Í.' # :{ ì', *f : r d i.," i;;

(11) f +> 8,,(I, ;.) : E(f) : Bltr ;.)
jlr this case, fhe extension operatorr, 3r1d continuous selectioi ;ithxecl, but arbitrar¡., degree rz).

3¡lcn¡jon rviUr a gleal,el Lipschibz
tlren lltc exlension opcratori cleno_

(l.2)

l¡rorn Theorcm 2 one obtains thc follorviug corollar¡. :coroìlarr' 1' ror et;er'y feLipor th,et"e eaists n,eLipox sucl¿,tat
Il":/ ancl llFll,. : allí)l: olllllr.

ProoJ. ft is ez¡s1. to verif¡r ilrat flre functions
rr(n) - max{/(r7) * 

"l.fe)l i,¿ _ ttlty e {0,1,r}
ancl

t,(r) - min{/(,y) -f "|fe)l l* _ tll: y e {0,1,r,rre [0,1], have the propetties

and 
l7'r(0) : l7z(0) :.f(0) :0, _¿ì1(1) : Fr(l) :/(1)

Ler IlF li" : o.l,f$)l : llflrll*.

(14) Ðff) : {-F e L,ipo,y : -F ¡r. : l, llPll, ( o l/(1) l}.
cle'o1'e the set of irre r,þschitz exte.siorrs^of the function /. .*.hich 

¡rre_se.r'c ihe ro¡rn o,llf I,v. rlcii- F,,.- .F*-'e E*(fl ard -F,(r) + nr@) for,_ allne (o,7), so rhal:'"flie crrô,*ioiì ä1Toì,otol

II*: LipoY + )Lipnx
i,s rvell definecl ancl multir-ahtecl.
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Ooncerning this operator nØ one can pro\¡e the follos'ing theorern :

Tlrcorcrrr 3. a) ?he opero,tor Eo acl'nt'its o' homogen,eous q,ncl cont'i-
muous selecl'iott,;

b) -É'ol euerlJ n e N, n ) L, tlte operer,tot' Eo ccchníts a h,omogetr,eous

cittd, continttotts selectiort' uitlt aa'lues Bernstein, polrtn'ontittls o,f d,egree n,.

FrooJ. a) Consicler the following tl-o selections er, e, clefinecl by

(15) et(l) : -F, ancl er(j) : lr, J' e LipoJl,

\t'Itele

F,(*): max{-alf(t)ln;/(1) - "ljÍ) l(1 -r}, øe 10,11

(16) ancl

F,(n) : min{ø"1/(1) lr ; /(1) * "l/(r) I (1-- ")}, r e 10,11.

Then, for À >- 0, er(V) : l.¿t(/) ancl er(M) : )'ez(l).Ry the definition of
e, antl ez, ell) - -er(-/), jrnpl¡'ing tJrat the selection

(17) e(l) : Qlz)(e'(f) -l e,(T).)

is homogeneons, j.e.

e(x|) : )'e(f), Àe -l?, /e l,iPoY.

¡Js\2, Ne show that, ay, €2?ttt-c continuous selections rvhich rvìII imply
the continuity of e, too.

tet e ) 0 ancl 0 < à < e. \Àre shall shon' that for .f, g eI,r'poY,
ctl.f(t) - f(l)l < ò irnpìies ll-E', - ð,11.* < e u'hele F, is rlofirretl by
(16) anrl

dr(n) : max{-"lg(1)lr; s(7) - "lg(1)l(1 - ø)}, ne l},tl.
lVe have to consicler the follorvrng ca,ses :

1'/(1) > i, r(l) > 0.

In t-his case

Fr(n) - êr(n) : o,tí(l) - l$ùn, lor n= lo, 41,L' 2q. J'

:/(1) - e(1) - otl(l) - s(1)l(1 - r), fo,- ne('+,tl
implying llF, - Grll" : "l/(1) - s(1)l < I { e.

2" lQ) < 0, 9(1) < 0.

In this case

Jr(æ) - Gr(n) : *tl/(l) I - lg(1) ll ", for *.1o, A+al -*-L'' 
2ø" J

-+t1) -s(l)- o,ll/(l)l-lg(r)ll(l-,r), ror æef "jt, tl_J\r/ 
-y\r/ - 4|J\¡,/t ly\rJtt\' ,'t, 

\ z"

plying llli, - G-,ll* : 
"l l/(1)l _ ls(r)ll < ø//(1) _ s(7)i < ò <,.

/(1) > 0, l$) {0 (oi./(r)<0 anct y(t)>0).
In this case

F'Ø) - GJn) : allrte)l - l/(1)ll ,r;, for

c Seìcctio¡s rvilh la Ìues Bcl.nstein polynoruials
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ltn
ooù

a -IcJe 0,
2a

:Íft) - ill1)+aL4te)i-l(1)1, n, fot, ,ne
o"-7 o(+1 I

J2a' 2a
:"f(1) - s(1) I aLlo(t)l -¡1r¡1 _f al,f(1¡ _ fti|)lln,
for' ø e

aI-l
1],

2,¿

implying llti, - d,ll.,: *l.ií) _ ly(r)ll < ol.f(l) _s(r)l( r <.4" lÍ):0 antt u0) + 0 (or./(1) I0 anit tll):0)
:"lofi¡it!-,?'i F,1r¡ :s, r'e f0,rI arrr r:Ìr-d,¡1.": ll'-,rl.y:

:.",, 
-,1t:*^T"ii,î:,,Tìî1,,îi,l-"î;j,:,ïi;:;1:.,1.,:",1oo,: r,r a' 'sirnira, ,\,ay one

the selection ¿. 
ur rlre serectìorr, er, irnpll,ing thc continuity of

b) Lei' rt e ty', n ) 1t rre a fixccr anrr for J'er,i¡tuy ret B,,(e(.f); .)be the Rernstejn operatol asocjatecl to ilie functior_L e(./) :

(l8) It,,(e(f) ; r) J- /t¿ \ . ". / lt \: 
-l-i (; J '(/t ( i) ' *'" - n)n-", ,; e to,1 t.

By t,Ìre result frorn [1 I it folÌou_s

llt]"(e(.f); )ll,. < lle(.f)tt*: ,"t.'iJ) 
I.

fiåTp3¡1'tll;r'),,-t.,ll¡,,,,'1,.-n"(,9,,. 0 ancr 8,,(e(f);r): e,)o):to),
T)efine the selecl,ion

án : Iripo t),1.,1 * r,ipo[0,1'l
by

(1e) b,(l) : B,,(o(f) ;.)
-4s the Jlernstej.n operator is linear it follou,s that fol 

^e 
IR,í;'ltì;f;:í*J h 

B'(^c(fl 
' 

t : 
"n,r'(/) ;') 

: ¡¡,,1J), ^c,o'nuine' that bn



- Il-.f ,9 Lripo{O, 1}- arc -sllch that "l/(1) - 9(1)l < I < e l'hen

lF'r- G;íl; u ãïci lllF, - ë,ì1" < e, so that

lió,,(/) - b,(rìlJ* : llR,,(e(l);.) - ß,,(e(g) ;') llt :
: (1l2)trJn(r, - G') i B,(n" - Gr) ll' (
< (1/2)lllLJ,(Ú'r - G')ll" + llB^(ttz - Gr)ll*l <

<(ti2) llF, - õ,11." l- (r/2)1, F, - G,llx ( e,

shol,ing thal, the selection Zr,, is also cc¡ntinuous'

Iìctnatlç 2. (a) Ltet c't be the cone of positivc fuuctions inLillo{o,1}

ancl C- the cone of negative functiotls, l'e'

Cr : {l€ I-,iPo{O'1} : /(1) > 0}'
(20) c- : {le Lipo{o,l} : /(1) < o}.

'I'hen c'(C-) ç K-, rvh-g1e !{- = 
{1'e ,T:ipol0,1];.1 .i* 

negatiye}' ancl

er(C*) c ¡¡-i'rvhele Ií+ : {lir e -l,ip,,[0,1], -tr' is pusilir-e]'
lret

Qf) Jt); : C' + 2Ii-, il[ : C+ ' 2K+

be the restricl,ions o1 -Ðo t,o thc cones c- ancl t+, r'espectiYely.

obYiously 
'ihaLn; 

j) t'Ø, foTc\.crJ. I . C- (the seb n;ff) contains at

Icast the function Fre I?) and Zj(/) I Ø, for eì'ery J'e C* (tlie set'

.Ðj(/) contains ai. least the function Fre 1{*)'

\\;e have tire foliorring corollar'y
Ù å(.f) - F' J e c-, a to the

'al'lJ ltttttt ot¡ttt'e tnts nt¿tI

l'; C-, usiotiuted to tlt'e EI is
cl cLcld,itit;e ;

contin'uoxLst 1tosi,tiuet1. ltrttttageneot* on"r)'i)'''{l)Í 
l)i(r) : B'(et(r);') o're

proof . T1r" .åätiri;i;Ji'" ^;,i the positi'e lt.rnogcneity of ,the selec-

tions l¡ 
"áïA-i; f"ú;;^f;;;r inc p-tnoti .f Cases 1' and 2' of -'lheo.e'r 3'

r:t.¡1r) <0 anct 9(1) <0 then

.Similarìy for, /(1) > 0 anct g(1) > 0: el(l) + cikÐ. one obtains e[(Í -i g) :

lirr"u"1j,åärì,"i_,r",ì"t"lor,vs from ilrc fact rhar rhe Bernstein oper,ator is

Scìections u,ith vaÌucs Rcl,ns tein pel¡'¡16¡¡¡i¿15

(b)R,emark tha1, the selections er- artrl er+ àr'eect to the point.vrzise ordet', i.e. 0 < /(1) e(1)
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witþ resp
{ Gr(ø),

Fulthcr,rnore.
concave function' for' f r= A+

ancl 0 ) /(1 ) > y(1) implies tlt (r) > (]I n), ue l0,Il
u e 10,71

rn
ES

crcasing
1?r(r) <

ør-(/) is a convox function for / e C- ancl er+(/) is a

3' Selccûians ass.rci¿rted to trre o¡rer,'úor of rncfric projcctio'Let yr be the a,nihilatol of the set y: {0,1} in J_,ipol0,ll, i.e.(22) frr : {d e Lìpul0,1l : (Ì(0) : G(1) :61
Then YÌ is a closecl icleal jn Lipo f0,11. For li,e Lipnf0,1l let(23) rt@,, :ft): inf{ lllt - (illx: 6 e yr;.
an erement Gue y' for which the infimu in (23) is atl,airocl iscallctl_the nurrest Ttoinl Lo -É'in yr.
Let

and

G r(t') - - o.l¡¡(1)lr, for 't t f ,,
L

: g(1) - "l s(1) I (r -r), for

irnplying er(J + g) : e;(l) t et@)

(24) p"r: Ì,ipo[O ,Il - 2vr
be the operator of mel,r,ic pr,ojection on It, clefinetl by

PrrQÌ) : {Ge Yr: lil" - Gll, : d,(}t, yt¡1,
for all }]e T,ipo[O,l].

Yr is callerl^proximinal (resp. Chebyshev) if for each ?e Lipol0,1lthe set p"!@:) is'nonempty'(r,;íp. a singleton).
fJre follo.wing proposjtion hokis :
Frei¡rosition 'i. a) ,Ihe 

,fornzu.lct,
(25) d7t,j yr): 

lÉ,(1)1.

il'i:;;:{i:rea.ø'v 
Ã' e Lipof0,l l . r+t, ltartictLtr,r yr is n ,pr.oai,mirat suÍtspcrce

b) Il Ge P ,(F) then G :, _ II, where II e U,.(t!,ly)l is su,ch ttratllrIl": lP(1)i.. 
r

c) ?here hottls the equo,lifiy :
(26) d,e,, _Vt1 : tl(F, ït ._ ø*(n1là),
tohere It - Fl*(l,lð.: {X, _ E:EeIÌ,(Flð}, l,eLipofo,l];d) ,Ihe 

equ,al,itS¡

QT ) sup{lli? * GIl" :G e tl*tÌo(?1")}:oi},(1) 
l,

hold,s for etserg X1e Lipo [0,1].

c/.+I
Frçr¡ : - r^lJQ)lr, for' {c e 0

' 2o.

o*1:/(1) - "l/(1)l(1 - r)' for $e ,l-
2a-

o'.+1
2a.

!:-l]
2u

1
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Prr,,r,tJ. a) Let-l'e Lipo[O,l]-. liren f'.-r-r evcry G e Yt onchas lf'(1)l:
: lf'(l) -: C(ill < ll ú' -?illr. 'f irhing the intiruum ri'itir respeci, to
GeTL one obtains

L¡'(1)l < d(7., vr).

Lct Go(a:) :It'(n)-tt'(I)r, ø e l0,1l. It follou's that, ÚÌo e f a(G'(!l)-Q:
: Go(l)) airtl' ll¡r - G0ll": lrr(1)l so that 

^ ll{'--G-ollo : d([¡' Yr)'
This"sht¡'n's t,h¿lt Yr is zt proximinal subspaco of Lipo[0,l l.

b) I1 G e P'r(/"), thcn

ll?, - Glix : cl(l¡, ft) : lf'(1)l ( ø.if'(1)1,

and
(r',-G)ly:f iy,

shgg,jng th¿rt l'- Ge Il ,(lt't,o). Ii, folk-¡rvs tir:i1; there exisl's -Il in
E,(\") such- ['Jrat, I! - G: 11 :rnd liIl ii-': ll7' - {] ll.t : In-(1)l'

c) Follorvs florn a) antl ll).
d) ìrol t:\¡et')' G e I! - H"(It'lr) u'e havc

l)1,' -G li': lli' - (,f1'- H) i": ll11ll,-i < o'.1í'(1)l'

ri'lrelc II e 11,(Jt' lt').
.Ialiing t,he sultlcttrum ryith t'espcct 1c¡ G e I'' - I!"(I¡,ly) we find

sup{¡ll" - GlJr;G e {:' - n"(tr' i',)} < øll"(1)1.

Le1,

Gr(r) : /-"(¡) - max{-cr li'(1) iz ; 1"(1) - ø l1(1) l(1 - ø)}'

ancl

Gr(n) : Ú'(r) - rnìn{ølÉ'(1) lr; ¡'(1) J- c¿lfì(1)l(1 - r)}'

r e l0,j-1.
Obviously that, Gr, GreIt'- E'(1t' Iv) zuncl,

ll lrr - {ìr ll *: lll" - Gr ll' : a lI'(1) L

plor.irrg the asseltittn at).- 
llr)nt,arlc 3. I'o¡, Proposition 1 it follo'"r'l tttq! the.nealesb pt'rin--ts t-o-

¡'. f_,iprió,il i.r yi areihe lunclions Lre ?' - þ)"(1t'lr,)ctLt-G: f' . I!
ivitrr i+'ë E.ilrlò of minimal f,ipsch_itz norrn and the farthest points
for l' in /-¡' -l-it),(x' 1") - Ít arã the functions G: I - 8, u'ith
II e E"(fr1|o) of the maximal norm (llø ll' : øl É'(1) l)'

Lel, r : Lipo[0,l1 * T:ipo{0,l} be the restriction operator

(28) r(7') :1r'116,r¡ e Lip0{0,1}, n' e Lipof0,ll.

'Xhen the opera,l,or Ç.: T,ipo[0,1] * 2"t, d-ufioecl by

Qo:I-8o"1't

r.r'hele 1: Lipol0,1l - Lip,,[0,1] is the icle'tity ope'ator, i.e.(2s) Q"(lJ') : r!, - fi)o(I,i"), Ã, e Lipo[0,l],
is a rnLrll,ir-a,1uecl oltelator, for, ø ) 1.sirce thc' rrLet.ic projectio* operato' o^ ya r.er,ifies the equality

I,yr(I,): {G e Q"(1,) :lj} _ ú,llx : d(f, }"1¡¡,
if follon's tltaL I'"1(tr,) = 

(),(J:,), fol ail -l e I,ipofû,11,
fu:t f ,: iripn[0,1j - 2rr bc rlefinc¿ by

(30) 1'"(þ') : {II e Q,Qt):uII - þ,llx : stip{ll {J _ t li.r:ûe Q,e,l}}.Thc lioLlou,irrg thcolern holrìs
'Te,rern /r, ø) ,I,lre opet,ato.. Iu__, is n, l,i),rea,r a.,il, co,,li,u,rnt,s selcct,'o,,oJ tlte o.peru,tor e"; r'
b) 'l',ha subs¡tucc yr 1is t'rit .pretrte',,itir, i,n, r,ipor{t,r) by ï1æ stt,bspace

(31) If: : {H e i,ìpof0,_L l: f|(r): aî. øe [í),1], o,e_ R-; i

tiorrr.') 
1'lt'c e'pet'urrtrs '1'o *ttd (), u,citn'it co,tit¡tt,o¿ts *,tt.tr rtrtinogett,eows sriLec_

ProoJ. a) T1,.1,",*tu1, i,r.r. i* singtre.r,aiuecl since for every1r e Iri'¡rnl0,1'r trlcl'e c\i.]it ji n rrniquJerellrel¡f rI e Ì1,(þ'lv) *r¡cb 
.r,riar ll fi ü.r:liiillll'!l,l lril?i-"i''¡, i. r,t,''r-rùiìl,u- Lrini ¡'r'î,;1:';"un,{rrìc rrc,ricsr,

lr"r(Àí,)(,i,) : ¡,fl(n) _ À1,,(1)ø :xprí,[)(t:),
for" ø e f0,11 anil ¡,e Iì.

It'ot' i',, _r1," e lripnf l),1 I lve hzLr.

Pr,([t { l!r)(,a) : tulr(n) * 1'r(r) - (.rri(t) ]- t,r(I))n:
=: I:'t(n) . É,,(I)t: | tr,"(t:) -_ Fr(l)ø: p"r(flr)( :c) ! p_.r(Ir)(n). - .

ll'heletolc ? is ìrornogencr:ris anct acÌditive.
Àlsrl Y-

l,l'.r(l') - f'rr(.G) ll < 2jllr' - tll*
lll' - 0ll" < c, plol.ing tìre con_

:b'(tc) - I.(I)u, øe [0,1] is an
emcnt al lV it follows that ?(ø) _

Il' í',, n Ìì in Lipoi',ll, i.r'. !1I,,, - It, ll* *0, then åhe ìnequa,liiy
lþ."(1) __ É'(1)l < ll¿; -_Fli,
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implies llq,,(l)l * lll(1)1, shorvilg that ttre projection operntor on-[Í is

óãiu"oo"si'iónse{uently Lipo[0,11 : fr 6 1'l/'- ;i Oonsitler, -ühu stilectiãns of the metric p'ojectiotrs

f".r(Ì') - n' - ¿r(? 1"), -Il e LiPo[O'1]t

t",r(I) - I - er(Erl), ? e LiPo[0'1]'

where'at, az â e the selections clefinecl by formulae (15) anct (16) (with

I : I lJ. t'Ìren the selection

(32) t'" : (712)(t'o¡ * to'z)

is ho s ancl continuous (accorcling to assertigl a of theorern-3)'
ti) q 0,1¡tf"" "ti 

l. e f.,ipolO,f l, it, follol's that the selec-

tion bV (gZ) is a seleclio,n for Qou t'o1' 
-,-

+. 
"Fòr '0, I 1 otru obl,ains 

'Þrr: Tt: Qt implying that

?, antl Qraresing.le valued ancl therefore are linear antl continlous applica-

tiãns from LiPn[0,L] to Yt.
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- It is knor.i,n l2l that the
,Y js in a certain sense equit,
perturbation rvith a conclition

r'et (x, il' il) be a rea'r Banac spàce of climension < z ancr rcl, ñ*be its unit spher": S, : {æe X:llnll :1}.
'Jlhe moilur"u,s oJ smoothraess lrespectir-ely oJ conoeairy) of r is clefineclby,

p¡(") : -"n 
{; llu -l "yll + lln - .all - 2), *, y. B"l, v rÞat

I
(respectively by) :

å¡(e):inr{r -ll!#i¡],r,,,,eñ;.., ll c)-rt ll .:,} , v, e1.0,21.I ll 2 ll 
"7;t- /'t"' ¡'t' -['

lly orthogo+tøl mod,ultLs o! s,morttÌ¿ln¿ss we u.nde,r,stald the funct;ionp-, clefined (see L2l) by ,

f1Px(tJ:u"olt(lløt 'çyll-llln -'UIl-2):n) ue sx; there exists

n+e Sy, such that lr*(a):J, a,F(y):01, VcÞ0.
J

.rt is clear (see [1-1, p. JB) that the condiúion of orurogonarity usedin the definition of p, is equivarent to l,he Birkhoff orthogonality i.e.nrnltiff lløll < llø *tgll, vúe¡q. rf xis a Hilbert ßpace and (.,.)is its inner product then m ¡all + (ø, g) :0.


