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ON A MODIFIED MODULUS OF SMOOTHNESS
OF A BANACH SPACE '
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It is known [2] that the modulus of smoothness py of a Banach space
X is in a certain sense equivalent to a modulus obtained from gy by a
perturbation with a condition of orthogonality. In thig paper we present
some properties of this , orthogonal’” modulus. We give also some estima-
tes concerning the relationship between the modified smoothness of the
spaces [,(X), 1 < p < 2, and a perturbed smoothness of X. For some
partienlar classes of Banach spaces the obtained constants will be the
best possible.

Let (X, |- |)) be a real Banach space of dimension < 2 and leg Sy
be its unit sphere: S, — we X || = 1l

The modulus of smoothness (respectively of convewity) of & is defined

by :

ox(x) =sup{§<uw+ W+ o — ) —2):a ?/ESX}y V<o,

(respectively by) :

@y

2

dx(e) = inf {1 —

15, g€ Sy, o -y = } ¥ ce0,2]

By orthogonal modulus of smoothness we understand the function -
px defined (see [2]) by :

ox(%) = sup {%(Hm Yl 4l — ) —2) i yeSy; there exists
#* € Sx» such that w¥(z) = 1, o¥(y) = O}, V=0,

It is clear (see [1], p. 33) that the condition of orthogonality used
in the definition of px 18 equivalent to the Birkhoff orthogonality i.e.
oleyitf 2| < o+ ty), vte R. If X is a Hilbert space and (.,.»
is its inner product then z | 5 Y=<z, y> =0.
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Observe that, in the case X = H, H being a Hilbert space :

5 L T — 1yl — 2): 2, y €8y, {x y)=(§}:
pH(T):sup{E(IIH~yll+l\w || Y:a, y €Sy, (@

= sup{l (V(m + 2y, @+ )+ V(a) — oy, x— Yy — 2 :a, ¥ €8
2

(wy ¥y = O} :Vl + 72 —1 = pu(7), 7= >0.

However, in the general case (see [2])
(1) px(7) < px(t) < 8pxlr), © 20,
and ox(7) = enlt/V2), = = 0.

On the other hand px(7) <px(7) <7, VT2 0.' Fron} the d&ﬁmat;og
of ox, it follows that pr(0) =0 and py is & convex functionon [R,,

. o PX iy R ey
supremum of convex functions, so the function — % X.(r) / Tlis ;1011S e:sulig_
Then py Is itself a strictly Increasing function on Eli_{ ++ From (] )
formly smooth Banach space iff 111}1 px(=)/*=0. _

In what follows some new properties of the orthogonal modulus of
convexity will bhe presented. R
L 4(u
' al. If uzl and v»> —————, then
Lemma 1. If u> e o 1
= =
px(ut) < ulp x(7).

Proof. From the convexity of py, for =, v, ¢> 0 with = <7, <!
we have:

§X( TZ) —__EX( Tl) < 11n,1 —PX(t) — EX( Tl) <
Ty — Tj {500 T — Ty
< lim Px0 —ex(™) o iy =1,
{00 t— 7y .t

Then px(t,) — px(t) < 7 — 7y T <7 It follows :
exlum) — px(t) < (u—17 720, u>1.
Tt (uw — 1)t < (u® —1)pu(5/)2), then )
() < px(r) 4+ (6 — 1)1 < pe(7) + (w2 — D)pu(v/V2) <

o
< pelt) + (w2 — 1)px(r) = utp().

2

But (u — 1)v< (u? — 1)9,,(1/‘1/5) = (u® — 1') (Vl N 7 1;) :is equiva-

4w |-1)
w? + 21 — '

lent to == O
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Remark 1. Tf v > max — — =4, and v > 1 then
«>1 4?4 2y — 1 ;

px(v7) < %o x( ).

Proposition 2. Suppose that X is not wniformly smooth. Then there
exists g > 1 such that for every w > Uy

px(ut) < uPpy(1), V12 0.

Proof. X being not uniformly smooth it follows that
Iim py(=)/x =7 > 0.
T-0+

It is clear that » < 1. If » =1, then ex(T)/v=lim py(r)/r =1 and this
implies py(t) = 1, v> 0. Then : o

px(u7) = ut < Ut = w%p 4 7),
for every w>1 = u,.

As an example, the orthogonal modulus of smoothness of the Banach
space X = P2 with

”(mla @) || = ma’X{, @, [wzl}, (wh ®y) € 2

verifies the precedent condition. Indeed,
1
ext5) = sup = fmax(( 0, + il Lo+ ) +
+ max(|x — Ty, [%y — wys]) — 2)]: (2, Ta)y (U1, Y o) € SX} = T

and the supremum is attained for 2 — {(1,1) and y = (1, —1). The con-
tinuous functional z* e Sy« :

¥ (@, 25)) = (@, + @,)/2.

verifies x*((1, 1)) =1, and o*((1, —1)) = y it follows that py(t) =
= EX(T) == "L', T > O.
If re(0, 1), then 3

px(ut) _ px(uTt) T T

upx(7)  wuv px(t)  px(7)
But px(7)/r> r and then pxlut)upx(<) < 1/r.
If wy=1/r>1 and w> u, we have

EX(’LLT)/’MEX(T) < uo < 'lL, T > 0. D

Remark 2. A similar result can be proved for the usual modulus
of smoothness.

If X is not uniformly smooth then there exists an absolute coristant q,
1 < 0 < oo such that

EX(%T) \(: 0’“/253*(’(7)1 T > O, U > 1.



290 Toan Serb

i — 1), then by Lemma 1
od, if > 7 = 4(n 4+ Djfurt 20 — 1), then by Temma 1
¢ = 1111((1)?;(’511; othe/r htmd, if ~el[0, 7], then the function fi: 10, =]

— R,, defined by : -
v palur)/uPex(7),
f(=) = 1P .
) 1/, © =0,

1 it attains its dmum ¢ > 1 oon [0, 7]
is conti  on [0, 7,] and it attains its 7rr'1ar§nnu'mr g . )
" conlgcr)l\l-\lvm}%r th(E éengral Banach space X it is known (3, p. 641, [2],

) v
that
(2) ox(ut) < Lutpx(r), 120, U > 1. L
I, > 1 being an absolute constant. In [8] we have proved that L <
This implies that : . ]
" S () < pxlus) < Tutpy(s) € 8Iupx(®), 0.

TE (07 Tl];

Then _
By(ur) < 13.6u%px(s), 720, w>1.

. awach snace of dimension > 2.
X being an arbitrary Banach space of d o e o T A e
V\;e have already seen that for the Hier hp'areée;j}ﬂi'ii estimates, i.e
< ] G ' ; X e (‘,G’Lngl\’-..' 9 ! y 1.0
= coincide. For such gpaces one ca SR
loo(m,lei)fo?::gti%; 3. Let X be « Banach space swch that px(7) px(7),

> 0. Then: ]
§ ox(27) < 4px(n), 720,

and the constant 4 18 the best possible. Moreover, for w > 1 it follow
9
pxlut) < —g?l;sz(’f), 72 0.

Proof. Tet » and y be vectors in X such that ol =1, Iyl ="
and x1py. Then 1 B,
’ ho -+ 290 + e — 2y — 2=

— oty +ul+llet+y—yl — 2@+ yl-+
e —y—yl+lie—¥ Sty —2ie —yll+

| @ ?/llpx(uf%‘iﬁ\) N

) + 45 ().

+2(le +yl+le —glh—2) <2

+2le — y\lpx(l—‘m : m

By taking the supremum OVer all possible choices
-.n‘_LBy one gels
T

o ) 4 2px().
727 < |2+ yllex (m) + e ?'pr(t'lw—yl\) ’

Trom Birkhoff’s orthogonality it follows that o+ ¥l, le —¥ | = 1.
The monotony of px(7)/t implies:

6x(27) < pa(®) 4 pxl) + 2oxl) = 4pal)y 7 > 0.

of ¢ and y with

e}
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If we take X =H, H being a Hilbert space, then it is easy to observe
that the constant 4 can not be improved.

Finally for w = 2* by induction one obtains
px(2F7) < 2%p (1), = 20, k=0,1, ...

If w > 1 is given then there exists some k € [N such that 2% < y < 28+

and
— _ U . u
PX({MT) = Px ((2 -— 5;) 2“"[' + (:—3}; _ 1)2k+1’1’) <

Wy - . U — 3
< (z ~-2—k) Fx(2e) + (o 1) 5x(24117) <

< [2%(2 —;—i) L 4-22'6(2%— )]EX(T) .

\ 2
:22’”(3%—2)6X<v><%(§‘§) 2%5x(7), <>0. O

T. Figiel and G. Pisier [3] and T. Figiel [2] have proved that the
moduli of convexity and of smoothness of a Banach space X and those
of 1,(X), the space of sequences @ = (2,),5;, #, € X, n> 1 such that

oo

R 1/2
e = (z I, hx) < oo,

n=1
are equivalent, i.e. there exists a positive constant €, such that
ex(T) S pren(t) < Cipx(r), =2 0.

An analogous relations holds for modulus of convexity. For pe(1,2)
such an equivalence is not valid but in [2] it is proved that

(3) TP.X(T) < plz)(X)(T) < 37‘1).X(T)} T > 07
where

7px(7) = sup {ox(t7)/t?}. -

It is clear that analogous relations are valid for px, 1.e. if we denote by
7-:11,)(( T) — ?;111) {.E;X(t'r)/tp}}
then :

1 _ 1 1 i

T x(7) < = Pl t) < - pre( ) SPui(F) < e <

8 8 3

<371, x(T) < 247, 4(7), = =0.
We improve in the sequel this last inequality by a. direct computa-

tion. First we give a sharp result in the particular case X — H, H being
a Hilbert space.

Proposition 4. If H is « Hilbert space and p e (1, 2) then -

ryu(7) < oy T) < My 7o uln), 2 0,
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2—p

2—p

! IR Y wnd both the inequalilies are .
where M, = (p Plp 12 —p) )T, e

. 'OV ticularly, that 1,(I{) has the same
Pr ve have proved, particularly, " ~ .

10(111111)1;003)} I?m&ffl‘?ity as ll,,, it H s a Hilbert space. Analogously it

n LK g )

follows that

e ) = (1 4+ 7 — 1, pe(1,2], v=0.
01,011, T) e, (7) (1 -+ %) y 1 y < |y
We have

A — max (1 o 222 — 1)/,
Py(7) = WA {pp(t) /%) = max (Vi4 /

1+ 4 - > 0 being fixed. Then
Denote by f() = (JT + 22 — )7, 121, > g
1222 — p(lL — 1252 + p)/T + 3<%
' 117+1]/ﬂ 122

- P2 =P _ . then {= 7,/c>1 is a root of the
?b) It = < (p *1)2 2

7 FOT1! A bl 1 ' t < O
derivative f'. It follows that f'(1) >0 for 1 <t < of = and S
for t > 7o/7. So 2—p

2

P(p — 142 )

= ‘l’p.H( 7)7
pp/z

max f(t) = f(za/<) =
i>1

for all te (0, 7). Then

p »/2

- 1 1 Tp Ifp 1 Tp_
max pran(T)/1pa(7) = max (1 5 ) )/

20—
<7
T< T, ?

(p —1*H2 —p) 7
P _1)/<?, 7> 0. We have lim g(<) ==
Let ¢ be given by g(7) = (1 + PyUP 1) /<7,

704

2

—1/p and on the other hand from the monotonicity of
Wx) = (1 + =1 = p,

on [R, it implies k(7) <0 for v >0 and g(7) <1/p, = = 0.

3 +

) A g 1-p _op\-2)/2 — {f .
Now max(f’—”@ﬂ) = (1/p) - p*2(p — 1Y 2 — p) P

75,1(T)

T T,

b) If © > 7, © fixed, then f'(t) <0 for allt > 1 and so max f({) =
T = Ty TID

iz1
2o = Typ,x )1 T Z To-
—f(1) = V1 F =% —1 =1l L gt T
De{mte by u(t) = (1 4+ =2 — DT+ =2 =1), = > = Then
max puor/ 7)1, 7) = mAx w(x).
1 T2 To 0
We have : .
S _ =
‘ ol —YIF ) -1+ 0+
YO TS T e (T e o e

is attained for the single solution of the tr
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For (=)

=T —YI ) —1 4 (1 4 e, g
it follows

. -3 . op-1 P\yr_ <2)1/2

V(0 = (T 1) L= D20 o )e i oy oy
(1 4 w2z (1 =2 o <oyim

From the Lindenstrauss dunal vari

ant [4] of the
sult [6] it follows that ex(7) = pg(<), > 0. In particular

for = >0, pe(l, 2).
Nordlander’s re

A4 27 —1>@1 -+ SEV sl 2 0,

and v(7) <0, v> 0. Then w is decreasing for ~ 3 To, and

Max op, oz
To

(T)/rp (<) = max u(7) = ult,) =
T

T2

= =)@ = p)7 (L 4+ pP2 — p)rp — 1)y,

Since for « e (0,1) we have (I + a)y—1

+ S ax, 2> 0, this implies that
(<o) gzﬁ P2 — pyR(p — 1) — 7,

From a) and b) one obtains

.ol;;(H)( —-) < JIW 717),11(7)7 T2 O; pre (17 2)-
and the constant M, is the best possible, Finally, from (3) it follows

rya(T) < Plp(T)y 20, pe(l y2)

and the best constant 1 is obtained for every p € (1, 2) because

lholol ety (7)1, (%) = Tim ( e (7)) onl(=)/x)t = 1.

T
T—>00

Moreover the hest absolute constant

M = max 1,
Pe(1,2)

anscendental equation
p g »l2

[1)(2 »)PE 5

(p — 1) |

¢ being the base of the natural 1

ogarithm. If p,e (1,2) is this solution
then :
M="PoZt . 3
P2 — py)

Propesition 5. Let X be o real Banach space. If 1 <p << 2 then-

Pron(7) < (My- 278 416 - 2-U9)7, (<), = > 0
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Proof. We use the technique from Proposition 17 in [2] to the
case of py,

Let @ = (2,), y = (¥,) be arbitrary norm one vectors in [,(X).
Then from [2] one has :

SUe+ i+ o — syl —1< (1 4 w1 4

+ [ex(=)? -+ Pp,2( T)q]lmr

with ¢ = p/(p —1). Taking the supremum over all Pairs @, y € Sy
with @1 ;4 one obtains

Prm(®) < (1 + ) — 1 + Blpx(7)? + Ty, (7)),
From Proposition 4 and Px(®) > pu(</)f2) it follows

L+ =7 —1 g By - vl %) < M Ty, ( TV‘?) =

5 43 _
= M, sup _p,-({{_lf__] “ 272 = QPRM . sup xlt) <
tz1 (;,VQ)P I

< 22 M Fpn(<), = = 0.
But 5y(7) < Fpxl 7)y T2 0 implies that
Puo(7) < (2PN, - 821)F, (<) = W7, )
for all >0 and pe (1, 2). A simple computation shows that :
Ny < elfig2.1 .9 4 8Y3 <15. O

Using the computer one obtains the following estimates : Py =
~ 1448, M < 1,525 and Ny < 13.418, for pe (1, 2).
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