
implies llq,,(l)l * lll(1)1, shorvilg that ttre projection operntor on-[Í is

óãiu"oo"si'iónse{uently Lipo[0,11 : fr 6 1'l/'- ;i Oonsitler, -ühu stilectiãns of the metric p'ojectiotrs

f".r(Ì') - n' - ¿r(? 1"), -Il e LiPo[O'1]t

t",r(I) - I - er(Erl), ? e LiPo[0'1]'

where'at, az â e the selections clefinecl by formulae (15) anct (16) (with

I : I lJ. t'Ìren the selection

(32) t'" : (712)(t'o¡ * to'z)

is ho s ancl continuous (accorcling to assertigl a of theorern-3)'
ti) q 0,1¡tf"" "ti 

l. e f.,ipolO,f l, it, follol's that the selec-

tion bV (gZ) is a seleclio,n for Qou t'o1' 
-,-

+. 
"Fòr '0, I 1 otru obl,ains 

'Þrr: Tt: Qt implying that

?, antl Qraresing.le valued ancl therefore are linear antl continlous applica-

tiãns from LiPn[0,L] to Yt.
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- It is knor.i,n l2l that the
,Y js in a certain sense equit,
perturbation rvith a conclition

r'et (x, il' il) be a rea'r Banac spàce of climension < z ancr rcl, ñ*be its unit spher": S, : {æe X:llnll :1}.
'Jlhe moilur"u,s oJ smoothraess lrespectir-ely oJ conoeairy) of r is clefineclby,

p¡(") : -"n 
{; llu -l "yll + lln - .all - 2), *, y. B"l, v rÞat

I
(respectively by) :

å¡(e):inr{r -ll!#i¡],r,,,,eñ;.., ll c)-rt ll .:,} , v, e1.0,21.I ll 2 ll 
"7;t- /'t"' ¡'t' -['

lly orthogo+tøl mod,ultLs o! s,morttÌ¿ln¿ss we u.nde,r,stald the funct;ionp-, clefined (see L2l) by ,

f1Px(tJ:u"olt(lløt 'çyll-llln -'UIl-2):n) ue sx; there exists

n+e Sy, such that lr*(a):J, a,F(y):01, VcÞ0.
J

.rt is clear (see [1-1, p. JB) that the condiúion of orurogonarity usedin the definition of p, is equivarent to l,he Birkhoff orthogonality i.e.nrnltiff lløll < llø *tgll, vúe¡q. rf xis a Hilbert ßpace and (.,.)is its inner product then m ¡all + (ø, g) :0.
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Observe thaL, in tìre case X : H, E being a llilbelt space:

2 On a modifierl nroduh¡s

4(,u f 1)

218

lerit to t >

Remarh 1. If r ) max -4r anclø)1then

275

The con-

l"(.) : *.o{; (llr t .?/ll + lln - r1t ll - 2) ict,yeS,,, (e,, o): o} :

SU

'{
r, Y e S,r,

I
I

p *(a ") 
( 'u2þ¡( c) .

. rrroposition _2. _Bu,p'pose il¿at x is not un,ifo ,ntry sn¿ooilt,. Tr¡en thereenisl,s tto2 L sttclt, that-for euery qr, ) uo

*(øc) ( tt29*(r), V tÞ 0.
Proof . X being not uniformly srnooth it follou,s that

,t1p a'tr)lr:r>0.
It is clear lrlat r < 1. If r :I, thenþ*( ")lr2lirn [x( t)lr :1 and this
implies pr( ") : ", r 2 0. Then : r oF

p-¡(tlt) : ?¿t ( xlz:. : u,2þ*(r),
for el.ely u)tr:wo.

ag_an example, the or.trrogonal morluh-Ls of srnoothness of the Banachspa,ce I:[fiz rvith

ll@¡ nr) ll : max{l ø,l, I nrll, @r, roz) € [R2,

verifies the precedenl, condition. Indeecl,

px( ') : -"Ir {+ [max| nt i r!/tl, l rr l rlJzl) Ilá
* max(l üt - Í'!/tl,lr, - rlJ¿D - 2)l:(n' rz), (!/t, lJ z) e Bx

ancl the supremum is attainecl for r : (1, 1) ancl y : (7, _L).
tinuous funcl,ional ø* c Bx* :

rr'((xt, üz)) : (n, { nr)12.

verifies. ø*((1, 1)) - 1, and ru'((7, -1)) :0, it follo-rvs that pr(") ::ãr(r):r, ¡)0.
I1 r e (0, 1), then

P_"(',il :iÁ!:). r - i
tLp'*(r) ,-.-' p*f; s 

il"(r)
Bul, p:(r)lr) r.and.then, þ,'(øt)lup*(r) < 1¡..

I1 uo:7lr > 1 antl'ú) üo rie'have'
þ*(ur)luþr(r) < øo -< ø, t ) 0. n

Remøùt 2. Â similar resurt can be proved for the usual modulusof smoothness.
rf x is not uniformly smooth then there exists an absolute constant c,1 (C{oo such that

l"@r) 4 Ouzpr(a)t r 2 0, u ) I.

n>r xL2 { 2tt -- 1

Eloweverr in the genelal case (see [2])

(1) þ'(') ( P'(") (8Pr(")' r7A,

and p*(.)> p"GlVl), t ) 0-

on the other hand pl:(") < p¡(r) ( c, v r ) 0. Ito+ the definition
of ã¡, jL follo*.s lhal [r.(ò) - 0 a'cl þ¡ is ¿ coll'cx functionon fR+, as a
*,rptäír-r.rot of cotlvex't'uirclions, so thè funcLion .* P--r( t)/t is incleasing'
f'lï¿" ¡, is itself a st,ricl,lv inclezrsi¡g function 9n R*. Flom (1) X is a uni-
forrnl¡.- ¡,llrooth llanach space tU ,.tlT. þ "(;) I ': == t) .

In s,hat follol,s some ne\Y propel'ties of i,he orthogonal moclulus of
conr.exity rvill be plesented.

f,er*rra 1. If tr,>-7 ,nd r, ,,#*I, ilt,etr,

þ¡(u,t) ( tz,'?þ'(t).

Proof . FIom tlte colLt cxit¡' s1 þ", for rr¡ tzt ü ) 0 rvith 11 I r, 1 t
\\'e lì&ve :

px(tr) - -p..(-'J 
ç lim þ-'(¿) - p*('t) 

a
aZ-Tl !+Ø t-fl

( lim p"(¿) - Þ*(") : lim p*(t)lt :L.

Then Þ*(',) - U',;; * ','--'" .' 
" ',. 

î rollorvs :

p*(u")-P"(c) ((u-1)t, r20, t|>zl'

ß þt, - 1)" ( (ru2 - 1) p,n(r/J/f), thcn

p"(ur)< p'( t) I @- 1)'< Þ'(t) * (¿r'2 - 1)p'(,'l{l) <

<

But (ø - 1)" ( (tr,2 - r)?,(ri|z) : (u' _ t:. ff;t*- t) * equiva-

(n, tl) : o

a(u * 1)

tu,z!2u-I

:1[T-¡ r' - 1 - Pa( r)1 t 2 0'

.tr

ì

t
f
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rttclcetl, il' 't Þ r':4(t'1 | l)1.þt2 * Ztt - l)' lltcrr lrv Lotnma I

a : L f)n thc otlrer,hanrl, il. t e lr), :i íñ"" tiil. iurLction /, : [0, trl*
* [R ' deÏinecl bY :

./,(.) : 
llî,r,r,,,r,,uu;,],n, 

t e (0, t1r ;

is corrtinuous on [0, tr] and il allains its maxitlrntn C > 1 on !'0' t'l'
Nos', fol the g'cneral Banaoh *pu't" 'f'ìï is l<no*'n [õ' P' 64]t [2lt

tha1,
(2) p-1'(tr't) < Ilwz p,t( t), r Þ 0 ' n' )' 7 '

L > lbeing an absolute constant'' In [B] t't'e lta'r'e proved that -t <1'7'
This imPlies tha,t :

lrþ't't) ( p*(rur) { trtu"zpt(") ( SLTr'2þx(c)' t2 0'

1'hen
p*(tt') < 13'6 u"P*(t), r 2 o' tt' ):'\'

,Y being of rlimensia)l >' 2'

\Àre j$åiijJl?i:
l*(2), 1" ,'( ') : px( r),

F¡'o
r20'Tlt'ett': 

p*e') g4þ'1'(t)' t)o'

anclllt,eeort'stattt4isthebestgtossibl"e'XIot'eouet^'Jorn'>7itfc¡llows:
9--

pxþtr)< j-T¿'P"( r), t)'a'

Proof . ini '¡: and' t¡bc vc¡ctors in X such thal' ll nll:L' llyll : "
ancl øI¡3l. Then

lln-l 2Yll -ì-lÌP: -zY\l-):
: llr l- Y + ttll F lì¿; + v -vll -2ll r¡: I vll]_

-l- Il# - v - ttìl -l- Ilro - Y + tt\l --zlln - Yll+

l- 2(llr *:vìl -l- ll'c - vìì - 2) < ?llr l-:r/llp''(ärtt^) *

' -. I*aií,(.).)_zlln-yllpx(É_,ru
possible choices of ø ancl q rvil'h

l- ll æ - r, rro" (* :;l * 2 Þ"(')'

Ilrom Bir,hhoff,s orthogonality.it follows that, [l ü + tl Il, [lø - llll > l'
I'he monotonY of Pr(t)/t imPlies:

Ìl'(zt) ( p¡(t) * pr(") -lzp*(t) :4lx(")' ¡ Þ 0'

ff wetake x:H¡ ã being a rlilbert sllace, then it is easy to observe
that the constant 4 ca.n nót tie im¡rlovcd.

Finally for u" :2k lry ilcluctiõn one obtains

p*(2'") ( 2'*p*("), ¡ 2 0¡ lt:0t1, ...
I|n > 1is giventhen thele exists some /ce firl such tlLat 2k {u <Zb+L
and

,l

! (, -#
p *(2rr)

þ *(tr'r) : e" ( ok - r2 t-î-

'u,

-.-12tc

2k+t,t

pr(2È+1t) (+

c)þ'(#) * u''* ( )l
:zr,(s" _ 2ì;-r.,, .!-I,t\'2rr^_.( -\ r).\ :;-z)e*r')= t\*)".e*\'¡' t)o' tr

_ T. Figiel ancl G. Pisier [B] ancl T. Figiel l2l have proved that the
mocluli of convexity and of smoothness of.-a Bänach spdce x ancll,hose
of lr(X), the spacc of sequences ø : (frt),,>tt n,re X, mi 1 snch that,

6

N ll*i,li7r

1t,

--12Þ

rl2

li ru ljalx¡ : ( oo,
,L: I

are equivalent, i,e. ther,e exists a posil,ive constant C, such that
p"(t) ( phrx¡(r) < Ctp'(.), cÞ o.

An_ analogous relations holds for morfulus of convexibJ,. For p e (L,2)
such an ecluivalence is not valicl Jrut in [2] it is prove,i thut
(B) rn,*(r) ( pør*¡(c) ( Br1,,x( î)t r ) 0t
whele

rn,*(,) : yp {e¡(tr)1t1,}.

rt is clear 1,hat analogous relations are valicl for Þr, i.e. if rve denote ¡y
Fr,*(r) : sup {9 aftr) ltp},

then : t>r

1_ I 1

ð 
,-r,*( r) * , r.o,*(r) (:_ prorxr( t) (þr,,rx;( t) ( p;ry¡,(c) (

(3 r2,r(t) ( 24 rr.*(t), ¡ Þ a.

. \Ire implove in tbe sequel this last inecluality b1. a clirect computa_
tion_.-Ilirsb we gir.e a sharp resull, irr 1,he particulai' ca"se f : H, H b"ìrrga Ililbert sBace.

Proposition 4. Il E ,í,s a flilt¡ert spo,ce an,ttr pe (1,21 then:
rr,,n(t) ( p,,,tnr(c) ( 7ll2 i'n,n(r), rÞ0,
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I)enote bV /(¿) : (

l'Q') :
-! /2-'rl I t¡l[1-;- ¡z-zI u . / | I'l - | -

1n+r1fl¡ ¡2-,2

a)Ift(

rlelivatir,e .f'.It
forflto/t.So

m¿ùx/(Ú) : Jkol,) :
t>1

fol all t e (0, to). thcn

¡n('p

'pDt2

trtâ,x Pr,,(¡r)( ,)lt"r,r(t) : lnax ((1 + aa)llp - L)f 1Ð

f 1-f o laq

t) On a ntoclificcl rlrod¡.rlus

22 2-þ

whel.e fu|.,,:(p " (p :I)Ð-r(2 - p) " )-r, &t|{l bt¡l,h tlte in'ecluetlities a,re

sh,ut'p." "' "-proof. In [?] ¡'e h:lyc pto'ed, p.at'ticulat'1y, that Zr(11) has the,sa're
morluhs of conr¡exia' ^r i,,, if fi 'is a Hilbért space. Analogously it
follos's tha1,

?tnrtl(r): 9¿,( r) : (1 ! rn)tltt -'1 , It e (1 
'21' 

¡Þ 0'

\\¡e have
r,,,(.): '.13I 

t¡e,(tr)ltt'l : tïll (l{ + t'7 - r)lto'

l]""":(t): at'-z(t - lh +--,r) -1+ (I ¡ :n¡tt-t¡tn, r ) 0jt follorvs

a'(r): llt¡ "z -t¡(p -z).'-'_tp-!I '(!!111-e ¡+¡ttz¡(I ¡ ¡¡ttz (1 -¡ rz;rr:1l¡;,y/,-'
fo. t Þ 0, yt e (r,- 2). F'om the r,irdc'str'a'ss crual 

'a'ia,nú fa] of theNorcllander,s resuit ie i it tott,rx,s ti¿r,i p*(.) 2 p¡t(ì, ¡ Þ 0.In par.ticular
(1 ¡ rr¡ri, - 1> (I ¡ .z¡ttz _\¡ i Þ 0¡

atrd .u'( t) ^< 01 ¡Þ 0. Then ¿¿ is clecr,easing for, -:Þ ¡o¡ Àl-tLl

lnâ N gr,,rzr( .) 1r,,.,,(;) : lna r ir( ;) : rr( rn) :rÞro ¡Þ1o

:(p -7)(2 - ?)-1ft1 !pþtz(2 _ ?)',/"(p _I)_ø¡trø_rr.
Sirrce for øe (0,1) u,e hzr,r,e (I f ,l),_ 1 ( ø;r, t:2 û¡ thjs jmplies that

tu,(to) < ,- pt,/2(2 - lt),,/rQJ - I)-n : nIn.p(2 - p)'
Fl'cim a) and Ì.i) one obt¿rjns

?trtn¡(:) { ,lf, ,t r,r(.), :2 0 t p e (I, 2).
arrcl the consta'l, M, is t]ne best possible. rìinalr),, fi,om (B) it follorvs

l'r.,t(.)ç pr,,( .), ;Þ0t ¡te(1 ,2)
ancl the best consla'1, 1 is obtainecl fot e'el,y p e (1,2) beca'se

,1T 
p,,t",(r)Irr,r(1) :ljrn (pt,(r)I.)(p¡.(t)f r)-r :7.

I'[oreove,r, the best absolute constant

nt : 
r'rr¿'0,

is attajnecl fo. trre si'gre sor'tio' of the rr,¿r'scencre'tal equation

I PQ - ?)ft't2I ::lì
L(1, -1)'J 

-1

e beirrg the base of the r¿¡t.rar ìognr,itìrrn. rf ltoe(1,2) is this solutionthen :

lv -- þo-1 .r. tl
ltoQ - 1to)

lProXrcrsif iort 5. Let X be u, real, I3¡,utctclt, sytctcc. Il I < çt <2
f t,1x¡(r) 4 (l,In. 2.,'t2 + 1ß .2_1tþ)F1),x(r), t Þ 0.

t ! l'2t2 -l)|t", t2 7t t ) 0 being fixecl' 'Ihen

t'¿tz - P(l

It(2-J!: 
"^, t,hen l: ¡ol¡ 7I is a roo1, of the

(p - r)'
oiloru* thzìt./'(r) >0 for 1<ú<to/t ancl /'(¿) <0I

2

- 11u-t(2 - p)

t 7 rO.

: t',t,U(¡),

p12/'¿

2-þ

(p - 7)r,-\(2 - p) "

Let g be given by g(-) : ((1 + aD)tt¿-l)f r", î2 0' Wehave liur g(¡) :

:Ilp ancl on the other ]ratrcl frorrr t]re rnolrot,orricitY o1

/¿(") : (1 ¡ 1n1rtt'-7 - t'ly,

Qn [R+ it, implies h(t) <0 for c )0 antl í(r) <111t, r 20'

Norv rnax ( 
p¡'t"i(.) ) : Glp)' pot'(P - l)r-t'\z - p)Q-zttz - )[r'

t<ro \ t'r,"(.) /
b) tt t > .0, f-ii*ócl, then.f,(f) < 0 for ail t 2l utrl so nr.rì,x ,rQ) :

:/(1) :Vl + "' -I : 1'r,,r(.),
'Ihen:Denote bY u(¡) -- ((1 + rD)I/D - 7')

rnax prr{rr;( ìlrr,o(t) : inax t¿( t)'
tèlo tt|o

lMe have:

(1 f tz -1)' t 2 1o

þ-1

tl¿en,




