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Proof . For a Morse funct'ion J e Ø^(M), F(fl : I pu(fl represents

the card.inal number of the critical se

Schnirelmann multiplicity theorem
lheorem 9.2.9.1) it follows that

f eø*Q[\l > cat' (M)' Using The
obtained.
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IOANNIS li. ;\tìGytìOS
(Larv ton)

l. Intro¡luetion

We consi.et, the genera,Iized Nervton_like metlìocl
ã,t+r: z" - A(¡n)-t (1,(2,) I G(2,)), n, :0, I, 2,. . . (1)

fol some øoe {J(pot R), Lo apploxilll¿te a solltion ,r* of the equation
tl(n) | G(r) - (), in tko j R). e)

llA(po¡-r (A(r) - _4(¿o))lj < rJ,( lln _ e,oli), (B)

llA12o¡-r et'(n I t(y _ r,)) _ _4(,r))ll <
Br(r,, llr - z0 ij _l- ¿ll lt _ t,/l) _ A.1 llu _ Bolj), ¿e I0, 1l (4)and

ll-,I1¿o¡-t (G@) _ G(a}lt { B,(r, |ø _ yll). (5)
Ilere,

e and cliffer,entjable s,jth IJi|) > 0

],,j 10, 4l x Lo, j?l arrrl 10, Æl xlrvc, eorrlinuor¡¡ alrrl ltorr_deci,casing
linear in the second .,a"ia¡ie-iu-itfi

[?r$; 
t*'"Lion Br(r I r", 1') - B,(r), t" > c is Iron-ctec'easing anrr norìne-

ff rve take
too(r) | b,

to(r') | c
and

e(r')

ON THE SOLUTION OF NONLINEAR
A NONDIFFERENTIABLE

EguATroNs wrTH
TERM

(6)

(7)

(8)



On 1ìrc solutioll oI nollincal cc¡naLions

>0

t27

(13)

(14)
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) respecl,ively foi: all r'e i0, lll ancl
Zablejiro-Nguen conditions con-

t 3l.
ficienl, conclitions for' 1,he corrr¡elgence

l.

?f, i,*:'åili'Tí"1,1nå'"äiå
folm (3)-(5) are urseful not onl¡' l¡ecause \\re càlì t'reat a s'ider rang-e of

irtãËiò"i. i,hán ¡eft,t'e, but, it tulns out that lnc1el nal,ural assumpbions
rve carn fincl bettel ut.uî tråo"¿s on 1he clist,anccs l]zu*, - ø,; ll ancl llø" : n-'' llt
,r:0,I,2, ... fruiifier, we specif)r â colÌ\,ergönce tlornain D'such that
sl,artiíg Í.oín a,-,y fro-t cit l) itåratibn (1) cor*'erges to a ¿nique sollf ion

fi* of ecluatìon (2).
.Í.ol i,re case'of \reu,ton's mel,hocl lìall in [6] and lìireinbolclt in

[8] providecl a cour.ergeìrce clomain .*.tgl: tlt" asiurnpi,ion that ]"iøJ*¡-t
exists.

Iì'inallJ,r l e provicle a simple example *'4"19 oul lesull's q'p¡l,y il'hg-

reas the curî,éspor"rì1ing.o,-rn. gÑö' by Chèn ancl Yarnamoto in i3l do not.

2. Con\¡elGcntc ltesulfs

\\re rvill lteed to define the constant

a : llA(zo)-t1¿"(z) * G(z)) ll > 0'
ancl l,hc functions

Finally, ri'e clefilc the Zir-Lccnho itet,ation

nn+1 : ro - A(r,,)-t (1/(a:,) i G(n")),

to: ?0t t'¿ :0, \, 2, ... (11)

As in [3], l'e norv shol' ¿ result concclning the conyclgence of 1,he se-
quence {r,,} to r*.

^ . Proposi[iol. B,uppose thu,t "(4) < 0. Th,en r* is th,a u,nique zero
of a(r) in, 10, r.4'l cur,d the sequ,ence {t',}, n,:0,'1, 2,... g,taeu, ¡V tgl r,s
n'¿r¡t¿r¡totticaLlu,inct'ecLsítlg cr,n,il cottrüg6 to t't'.

Pro!Í. B)' clefinition, o(r'¡') : o(r*) - cr¿: - 0 ancl t(r) is s1,r.icl,Iy
conlex. Flence r'* is a unique zelo of c(r') in [0, ?'r]. The funct,ion ,u(i)
is positivc on [0, r'*), since flom øt' : a.(r*) < cr(1ì) ( 0l-c get,u(0) :
- c{(0) - o"*_> a } 0 anclr* is a uniclue zelo of ,u(r') in |0, r*1. \{¡e s'ill
shori- that the functior-L øo(r') is positive on 10, r'*1.81. the conditions
(Lr) arLtl (c)

-tu(r) : t),(r)- tr < - 1 + B"(R, r¡ L ôB'(R' r) 
-ar

: r'(t') { tr'(t''t'¡ : a'(ït') :0. (L2)

E[ence, zu(r) is positive on f0, r"*) anrl ì:y fr'Hospit¿ll's Theorem ,u,(r) adrnits
a continuous extension on 10, r*].

We rvi1l no\\' sho\y that the function r t u(r) is nonclecreasing on
10, r*_1. \\re har.e

(r I u(r))':1+ nr"(r'): u(r\lto(r) * tt'(r)l -a(r)w'(r)
(w(r))'

Btrt,

ç(r') :cc-rl ß2(Rì t) dt' w(r)lzu(r) I a'(r)l : tu(t') r:,2(n, | - Br(r) * ôr3t(R' r)
âr

9(r) : 13.(R, r).

a(r)-q(r) *ü(r),
'u(r') : a(r) - a*,

u(r) :I - B'(r)'

rvher.e ø1.is the rninimal value of a(r) in [0, J?] ancl t'e is the minimal

lroint. I1 ø"(r) < 0, ihãii ø(r) ¡as a irnitl*e áeto- t* in (0, t'*1, since cr(?')

is strictl¡' con\¡ex.
Moïeover, u'e tlefirre 1,he scalal' iterations

ancl

- a(r)w'(r): - o(r')l- ß''(1)): a(t') B!(r) > 0.

Elence, the function r + ø(r) is nonclecteasing oir 10, ?'*1. The scquõnce
{r',,} is rnonotonicallJ. jncreasing, since the ftLnction u(r) is ¡olnegati'r.e.
Irct us iì,ssume thal' rn ( t*, then Tt¡+t: t',, ! u,(r,,) < r{' * 1r(1'x') : 1'*.
1'hat is the sequence {r,,} is monotonically increasing and bornrled abor.e
by 1"t' .?nq_âs such*it conr'erges to some rf e [0, r.*]. Mor.eover. rf : rf *
f ru(t'f). Ilence t'f : 1''r.

That completes the proof of the proposition.
As in [3], let us clefine the sets

U
U(20, R), if ø(l?) { 0 or o.(Il) :0 ancl t* : B
U(zo, R), if ø(E) : (l antl f* < I? '

p , {, ut(øo, r) | ll.a(ø)-l (þ'(ø) * G(z)) ll ( ø(r)},
/ e [0, /{3]

and

u'ltet'e

(e)

(1cì )

|'tt+r: t',, ! u(r,r), r'o e f0, T"r<'1, tl' :0, L' 2' '''

sn+1 : s,, f U(s,r), so :0r '11' :0, !, 2'" ''

tt'(r') : '(+'
ull')

I

l

i

I

I

ll

il

li

D-
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and

R": {r e 10, r*llllA(r)-' (P(ø) * G(z))ll( ø(r), llø - øo ll < r}, (1õ)

proviclerl that ø(-E) ( 0.
\Ye can 16¡r pÌove the rnain theorern.
Theorerrr I. Bu,'pltose th,at t(Il,) { 0. ?ltett,

\i.)..tle equatiotr, (!) h,as a, solu,tion n* in t1øo, t*¡, wltich, ,is tcnír1ue in, ij ;
(.ií.) fo,r^unr¡ .ro. ?, the i,teration, (1) ,r,s weti d,efiñéd, for utt r, ,--0, t.ent,ctini
itt, U(ø0, r*) nntl sotisf ics the eslimal,es

ll- - tt t |'n+r - I'r, (16)

an,cl

prouicletl lhot ro e R,o
n* gn,tl

a+ad

l)rn*, - eà li < s,,+1 - s,,

llr't - ,rn ll ( ?"F - s,,

for all n :0, 7, 2,. . . .

Prool," \Te I'ill fir.st, shorv thlt the sequencc {r'o} rnajolizes the
sequence {2,,}, tt, ) 0. The estimate (1?) rvill then toliorís fröm (16).

L.¡et us choose zoe D. Then l,hele exists 
^ 

r.oÇ _R,o such that
l. .ol z. yo q 7,;N (1g)

ancl

ll,ø, - øojl : jl,{(zo)-t (l'(øo) * G(øoÐ ll < t(ro) : rt - ro. (19)

By (18) ancl (19) rve get

llz, - ,o ll ( rr. (20)

\I¡e r.r.ill shorv (16) -llø,, - 20ll < ll'n b¡r ip6l¡ction on r¿. tr'or n:0, (16)
is (20) ancl llao - *ll ( ro is (18).

Irel, us assume that

llzn - pn_tll ( r" - !.n_r ancl lla" - ø0 ll -< r,,,

are frue for r¿ ( /¿.

Then, from (3)-(6) ancl (12), rr-e har.e that A(øt.)-l exisl,s,

llA(ø¡)-1 A("\ll ( ø(r¡,)-1
ancl

llern, - ull : llA(zù-' (E(zù + G(zÈ))ll

( ll-4(2..)-1 A(ø0)ll.ll-4(20¡-t {tt(zo\ I G(ør) - A(ør_r)

' (2, - zr-t) - l(zr-r) - G(ø.-r)) ll

(or(ry)-t llÁlBo¡-t (F'(zr,_t I t(2, _ ør_r)) _ A(zr_t)ll

llz, - ø,-rlld, + llA12o¡-r (Gkù _ G(zr_r)) ll

{ ø(rr.)-r (Br(rr, ft-t t t('¡',, - r,.r)) - Br(r*-r))(rr - r.r_r) df f

I Br(tr, ,,, _ r.u_r)f

4 5 On the solution of nonìinear equations f29

{i

I

r5

ll,¿* - z,ll < 't* - t',, (17)

Il[oreorer, tlte serlu,ence g,iaen, ltu (17) corxDerges to
( eu(r¡.)-1

'k-j.
,E

( æ(r.)-1 
I I 

,r,o, ¿) d¿ - Br(ro-r)(t., - ?,r_r) -f Br(8, r,, _ r,r_r)) Ilr, J

: ru(r.t)-, (o:(rr) _ ¿.(r.¡.-r) | u(t,r_r)(rr, _ t.*_t))

: Lo(t')-r r)(?,r,)

: ?,1,,+L _ ,1.*.

this shor,vs (16) for all 1L > L\. Moreoyer,

llzr*t - aoll < ile.*, - zt,l I llz, _.poji ( r.r*r.

a Banach space and as such it
T eqrraLion (2). fn particular.
) is majolized by the iteratiod

r*,is unique in -D. Let ø* be anyntity
z* _ n7 : s-4 _ (no _ A(uo)_, (F(uù * G(¿ro)))

: - A(no)-t Lllr*¡ _ ?.r,(16) _ A(no)þ* _ ßo)l _
- A(ao)-t (G1z,r¡ _ G(no))

(4) and (5) l'e obtain

i',A(nù-' (I(ø+) - F(nù - A(c:o)þ* _ øo)) ll :

A(ac)-r (tr"(no I t1p+ * nò) - A(n)(ø* _ øo) tlt

,(r',,, ü)dt - Br(rri(,ì.x _,¡.*_t) I Br(t,r,rr, _ r.r_)l
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( zu(s^.)-t Br(8, t) cll f ßr(R, ?.+ - sÈ)

: to(s ¡)

131

-!

"rr(rr,-' {5 
A@o)-, (tr"(a,, -¡- t(zr, - n,,))- A(n,)). zt, - nt d¿

( ø(sr)-l 
Lttr,U, 

s, f f(r* - sr)Xr.* - s,) clf * Br(Ë, ,.* - rr)]

Br(llr* - noll, tll"* - øoll)ll2* - ir.iiclú

llr*-^oii
r

J

t/,

-1 ("(r*) - ø(sr)) f ?'{. - s*

13-(R, t) rlt,

ancl
llA(nù-t (6(z+) - G(¡ru))ll < Br(ll:{' - ,.u1, l:'' - roll)<

( Br(fi, liø* - ¡'roll).

lYith this majolization l'e h¿lve
irr*-voll

llz*-noll*ø ( lle{'-î,ïli < [ ,r(o,/)rL ]- lJr(R, llsr,-øoll),
I

Îr'orn rvhich n'e obtain o(lla* - c.,'i) > 0. lhat is

llø+-iroli (f*(r*-so,
We rvil1 nou- shol' that

llz* - ø,, ll ( 1'>i! - 5,,, tt,:0,I, 2,... . (21)

We hawe pror.etl thai; (21) is true 1o,- tt :0. Suppose that (21) is
true for all m < /c. \\re obtain,

llz* - nt,+tll : llz* - a7, ! A(n)-t (F(ar) t G(n,,)) -
- A(n,,)-t Q'@*\ -| G(z*))ll

:?'* 
-sk+1 -0 as /c - oo.

ilencc zt' : fr*
]llt?t c-oml the theo.e'rNote that ri"s trràirfïio) : tr,,(rò. To cover thecase .A(n) I X,, lLr

llA(20¡-t (,{(¡) _ _.1(¿o))l:< /rr( ¡): _ z0ll) + ¿,,

llA(zo¡_t (8,(r ! t(u _ n)) _ z1(ø))ll <
I3r(r', lln - øo ll * ¿ily _ nlt) _ ß,.|ln _ ¿oll) * c, de [0, 1]

anc-l

llAçpo¡-t (0@) _ G(y))ll ( Ë,(r,, llr _ yll)
lor all nt lteù(po, r)..- ùQo, R) rvil,h 0 < ll, _yll < R _ r, anrl b I* c < J. Lct, us'dófinc t:¡é rí,,ätiän*

ancl the sequences

ç(r,) : (¿ - 1'* (u,t n, t) dt
)

.¡(r) : l,r1/-, r1

u.(r) : ç(i,) f -,¡(r) f (b ! c)r,

E(1') : ø.(r) - ø.*,

tT(r'\:1-b-ßr(t),
a(r)1t\Ì'): _'-.,r(r)'

li"*-."0i

I

ç zu(sr) ßr(llno - noll,llno - rofl -F tt,t3:r - rtll)llz* - n¡,lldt

I'n+L : F" { t1(F,,), r-o e [0, Il,l, tt, :0, I, 2r. . .

5,+r : S,, *,¿.7(5,,), so :0, n:0, L, 2,... .

'rher folLou'ilg rhc u.oot of LrLc L,roposiL.ion antr rhcorem 1 *,c can tleveropitrcnricar .esurts il-Er, 82, D' sariJiy" il"-(;j;ìrrj;"i"iälin" inrroducrionanct ä(-B) < o.
_ Note lhab in lilrjs..case lr¡._ scl,ting. 

_ 
B, _ *0, Bz?, t) : w(t) ,arrd.ß.so, t).: ?(t), our'co'tritio,,* r,ð,ro"o tã'tr,ãbnuí-îu#åii"t" conditionsgircl_iri i3, p. Bgl.

Pro¡rosif ion 2. Bup?tose t rr* 

^*t,lljr,otheses 

oJ' ,l,heorarn l are true, then

ú[ro, lø'*l)--D.
\ 2) i

* ll-4(øo)-'(G(ø*) - G(r.)) ll

* Br(llø* - nrll, ll,z,' - zrll)

'[l
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Proof. \4/c have

l"*l: l"(r*) - ø(1*)l( l?'* --¿*l:t"r'-l'r'.'?"Fr
since

- 1 < a'(r) ( 0 for ?'e [0, ?'* ].

'Ilrat is, llzo- øoil < lg*l (r* fol any z0 et(ru, ]'lLl.Sctlleo-øo¡1 .:2 " \ 2l: ?'0. lfhe linear operal,or A(Bò-t cxisl,s nol' b-y (B), (li), and

liri(øn)-i -a(øo) ll ( eu(ro)-1,
We noq, obtain

ll-4 (zn)-t llt'12) * c(zn)) il

ilzn - eo ll rll

Theorem 2. Supltose tltat th,e lty'totheses of ,l,lteorem 
1_ ure true.

Il¡en
(i) ct'"(t'* - r") { 0 and, tke function a"(r') rtus a, u,nique ?e,, a* e [0, r,,r -- rrl;
(i,i) tha iteru,tion (L) satisfies

llø"*t. - 2, li < Dt,+r - [,,
and

lln,* - ø"ll ( D* - ù,, ( r* - ,r", ù ) ()

,fot' øo : p.

, 1'o _gg_.''pare our resurf,s rvitrr the ones obtainecl by crren and yama-
rrroto in [3] r,ve refer the leacler to the introduôtronaictietine the func_tions

t¡8 On tlre solutiou of nouÌincal er{ rr ¿ì tions 133

( æ (ro)-1 
{l 

atr'f -'(/.r'(20 r t@o - ¿0)) - -4 (¿o))
çr(r) :tc-r:-

* l;11p0¡-' (G(:o) - G(ø0)) -l lau ¡o ll -j- øl

5,,,,

w(t) r t

ill\!, t'

ç to(r'o)-1

: w(rò'r (o(r'r) - ø"'t), u'Ìrich impìies that, eo e .D.

'l'hat coirrpletes thc ploof of the ploposition.
'Io obtain furthel l:ountÌs on the_tlistatrccs ll,!J,r,, - ¿l,i] and ll,i;* _

-'!l"ll as in 13, p. ,141 \Yc eettêralize t,he funcljo¡ ø.(r') as fòllori's:
rroÌ any ze Ð, n'e choose ¿¡ nurnJ¡el r"e Il,. l'hich ri,e fix :rncl q-e

deline

¡¡" : )lA(z)-' (-tt'(¿) f 0(z)) ll,

'/o

{[ t,r,/?, /)rtt , Iì,çt,, ?'u) -i i', i . , ,t.t, - 2,,,n]
r J "l a.r(r) : pr(r.) -F ù,,(r) I (b --l- c) r,

r.r,(i') :ør(r') -øf.,
ut(r):I -ruo7) -b,

rr,r(l') : at(r)

u'(r) '
and the iterations

ancl 
]"n+t : ri,, -l u,r(rl), r'oe 10, Rl

sj,+.r : s', I ur(si,), sá :0, n 2 0.

rI ør(-rl) ( 0, chcn and yamamoto srro'ved [8, îh. rj sìrnila.r,c-sull,s llnd. in particula-r

ltzun, - ?" ll < ri,*, - t',n,

llø" - u* ll ( rr* -- ri,
llun*t - fi, ll < sí,*r - sí,

and

llr,, - øo ll < r{ - sL.

F/e can norv justify 1,he craim -made a1, rhe introduction.

il" : 1, iÎ z :.¿o arrtl r." : 0

utþ'")-l , othclu'isc
ancl

a,(r) : ø, I tt"( 
I 

ata, r" + t) -l B(n, r" -l ù - r)

Moreover', let us definc the setlucnce

't)n+t : r, * --*!,, ùro : o;'tt. -or r, 2,....
Gr',to\|'. + ur)

'l'bcn under l,he hypotheses oT 'I'herrrcm 1 aucl irlentically r.r,j1Ji tÌreproof of 'Iheorem 2 in 13, p. 45] ,,ve c¿ln sholy
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ii) Br(R, ú) clú f ßr(-i?, r) ( 1.0( c(t)dt + (b I c) r

&nd
(iii) BB(-8, r) 4 woQ) ! b

Ihen
ø(r) ( a,(r),

f't ( Ír,

?'* ( ?'ìf,

ilø"_r, - â,, ll < ?'r+r r,, { ?,'nr, - 1.1,

llr^ - n* ll < r'* -,', ( t'Í - t",,

llnr*r, - #,, ll < sn*1 s,, -< sj,*, - sl,
and,

ll*,, - #" li < ?'* - sn ( ri* - si,

proaid,ed, lltu,t ro : r;.
Proof. The proof follolvs immecliately using (i), (ii), (ìii) ancl tìre

definition of ø(r), ar(r),, {r,), {ri}, {s,}, {si,}, {2") ancl {ø,,}, n > A.

3. .AplictrÉious

Let, us consicler the scalar ecluation

t'(q) -l G(n) - 0, (22)

whele 1'(n) : a' - 7, G(n) : - lø | ancl let' no: .l and I¿ : .5. Wc clefine
the functions

woQ):e'r:to(r),
e(r) : llJq"(e¡)-' ll : .90483?418 : q

Bt(r) : ¿''1",

,Br(r, t) : e'tt

ancÌ
Br(r, t) : q(r -ú), 0 { f ( r anrl 0 < r < _R.

Then

a(r) : (t' - t' + r"! 1 q(R - r)
2

and

l'ith
a : 4.678840092.10-B ancl Õ : c : 0.

rt.is simple calculus to check that all the conclitions of Theoreln Iale satisficcl.
fn particular,_ a(Jl) : -.289281 < 0 ancl ar(l?) : .862448729 > 0.that is the Chen-iamairoto h¡,po-tlieses girren ìr¡, Theorem 1 in [B] arenot satisfiecl.
'l'heoreln 1 can .o*' be 

'secl 
to obtain the uniq'e sor*tio' fi* :0of ecluatiort (22) i:t t@n, R).

Propositiorr 3. Supltose tltat

(i) ø(-1?) {0 and, ø1(-R) ( 0;

( clú f

1' l' Ii' '\rgt'lo--, o¡t l¡'ctttl¡¡tt's tttelhotl and nonclisctelc tnu!ltcntctLit:QI i¡ultrcLio¡t.llulì. Austr.al.

tuttds fot À,¿¿¿Ion,s ptocess. Nurucr,. ÀIath. 34,
t 

i;Ìi{] 
A t¡ote on thc conuergettce oI xcutlott's ntetltort, s.I.^.x,I. J. Nrirnber. Anal. 1 (1924),

cory for o dass of ileraliuc pÌ.occsses. S.I.A.l\.I. J.

fo r so I o i n g- s11 s I cnt s o I tto nI i n ett et¡ t ctl io tts,
,lJanach Cc¡tel ptrbì. 3, (7g7gi, 12g_

rcgular-lulsi_oct,faltren. per.iod. 1\lath. IIung.

error bt¡tutcls for Nentlott, s ntelhc¡d Ltnclet Ihc

,;,,!,' I f f);,,1,1.ìi ]l,l * r,,,, I o r Z i nc e n k o, s i L c r tt.e, (9 arrd 10), (1982),98?_994.

'ñüí,,xl'l'iÍÍ1,:i'il,'*:'ói,1f i:';:'¿ii{î;:,;;i,!
13 r\' l Zitrccttl<o, sonte rLppro:tintale ntclltods ol soloíttg eqttrtlions toith rrctrrtilferettlkltleopera-lors. (r-rk.ai'i.n). Dopovicri Aì<acì. Navk. ût.airr." fi,sn iiüoäi,'r'¡ð_ror.

Iìccr:ivecl l.\/II 1î92 ])e¡xtlmettL ol, A[ailrcntalics -
Cnntet ott (Jttiuersitg
Laulott, OI(. 7Jj0J

ar(r) : (e' -1)(r - 1) + a + q,


