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A DUAL VARIATIONAL METHOD FOR THE PROBLEM
OF HEAT CONDUCTION IN THICK NON-CONVEX PLATES

DOINA BRADEANU, CRISTINA BRADEANU
(Cluj-Napoca)

L. The dircet variational problem

a) The formulation of the problem and its operatorial equation. In g
homogeneous and isotrapic plate Q@ of thickness h, with the average
section in the plane Owzy, the stationary distribution of temperature 7¢ @,
Y, ®) verifies the Laplace equation as well a8 the boundary conditions of
type III (Newton), [17]:

AT(z, y, 2) =0 in Q@ (1.1)
xﬂ 4 (T — 0,) =0 on T (plate contour) where 7' — T, (1.2)
on
o i h
A— 4 «(T — 0,) =0 on the face (8,)) : 2z — o= 0, where 7 — T,
oz
(1.3)
T h
A— —a(T — 0,) =0 on the face (85) : 24 s 0, where T — T,
oz
(1.4)

Fig. 1

where : A — the thermic conductivity coefficient in the plate, o — the
coefficient of convective heat exchange with the exterior and 6, 6, 6,
— the known temperatures of the environment adjacent to T, (81), (8y).
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Determination of functions

’ 3 —h
To=1T(x, y, 2) on I', T), = T(m, y,EI) and 7, =1 (w, 7/,—2—)
(1.5)

as well as of their partial derivatives leads to the calculation of the heat
transfer between the plate and the environment.
By choosing a linear temperature distribution on Oz, [2], [1],

T(x, ¥, 2) = ~lo, y) + = (w, ¥)2 (1.6)
(vg = (1) - T2, = = (13 — To)[h) (1.7)

the problem (1.1)—(1.4) gets reduced to two Helmholtz equations in RE?
(in the plane Ozy; A — laplace operator, Q® = Q, 5Q = I', ¢ = «/2)

(I) ATO,Qi TOAM& =0, in Q,
I 2
Gjo + {7y — 6y) =0 on 3Q (1.8)
Cn
9 —
(IT) A<, — 6oh + 2 [ &@] =0 in Q,
h? oh + 2
L4 ogr, =0 on 9Q (1.9)
on

These problems partake of the following operatorial equation of two-
-dimensional of Helmholtz type

Av=f (z y)el (1.10)
it we consider
2 2 0 9,
u(z, 9) = <o, g) = ¢ = =20 f= ——h“-(eo ——*—) for (1)
(1.11)

b2 66(0, — 0, _ ;
wa, y) = vlw, y), ¢ = 6(°;z+ ), f= ol ]h‘ﬂ %) for A1) (1.12)
, ‘

in the Hilbert fundamental space I — L,(Q) on which 4 is an operator
defined by its definition domain D(A4) and the action Au thus :

D(A) = {ue 0xQ) 0 OYD) | Auwe I(Q), LL 4 ou = o} < H,
i Al

Auw = — Au + qu (1.13)
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U.The paper [1] shows that 4 is a linear operator, symmetrical and
positive definite on D(4) [3+ > 0 so that (dw, w), > v(u, u),] if

(@) ¢ >0 and « >0, or
(b) ¢ 20, «>0.

Moreover, the positive definiteness constant v is given by (¢, — the Frie-
drichs econstant)

v = ¢ in the case (a) and v = = min (1, —(’) in the case (b) (1.14)
. A
_ 4t
o
}Zr:O,G
PR S
M = (-,0) ; n=(1,0)
]
| .
0 a=04 =06 X
Fig. 2

b) The divect Ritz variational method. The problem (1.10) is solved
by means of the Ritz metho‘(l, in [1], for the non-convex polygonal do-
main (shown in fig. 2). The following solution has heen obtained in the
Ritz approximation of the third order (n = 3):

U2, y) = (1 + o0) + ¢, {-'L‘ + —{—co[c(a? +y) — (—a2 49 )]}

Jo ay
(1.15)
where ;
ole, y) = —ayla — 2)(a —y)(x 4y —2d — (o — D + (y — @)
((& ~<ol6; d=04; (= Lyl .t
15 I 3]
¢ = 28,631653 ; cy—c¢, = —0,431220 (with ¢=10, f = 355) for (I) (1.16)

¢ = 14,980212; ¢, = ¢; = 0,000267 (with ¢ = 2730, f = 40950) for (II)
The variational functional equivalent to (1.10) is the energy functional,

(4]:
H(u) = S S (Iwnl? 4 qu2— 2fu)ds dy -+ = S wrds, we QU (1.17)
?

\
Q 119

(QUF) = 0%Q) n " (Q))
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The approximate minimum values I, of functional 7, for both
problems under consideration are [17:
— 3226,3766 for problem (I) (1.18)

T = — % lla = {-196380, 2437 for problem (II)

i ot § ssociat y " the approximate
where || u,l, is the energetic norm, associated to A, for the app

solution .

2. The dual variational problem
a) Construction of the dual functional Fo(v) for th:e opemto:)"l?al fquaiion
(1.10) in the case ¢ > 0, « > 0. The arbitrary vegtorial function p : B> —
— R? is considered [3]:
T = (v, v,) € (H'(Q)2, (H'(Q) — Hilbert space) (2.1)

)

By using the Gauss formula V- (4 7) = v - yu + uy 5,. the ﬂl‘lx— diver-
gence formula and taking into account the energy functional I'(w), (1.17),

we write

F(u) = i(u) — 2 [SS Vv - (uy)de dy — Su$ -ﬁds} -

aQ

S (|vu|? + qu* —2fu — 2y « Vu —2uV cpyda dy 4

.

o0 Q

al S(iuz 4 2u 7y - m)ds :SS{(VNV —27 +V ¥+

n

+qu—%U+v-ﬂ}—%U#V'WPMdy+
A5 (o 5ot ) 2 e as

. . e oy sl | . . the enero
If we conbinue introducing quadratic forms, we obtain, for the energy
functional, the following expression :

ﬁww=“%Vu—mh+4u—%U+v-mIPwM+

Q

R

(2.2)

2
+ig@+imﬂ ds -+ Fo(v)
EN ¢4

Q
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&
Q 90

Obviously (¢ >0, « > 0);

Fo(v) = — S S[B + %(H v -E)ZJ dz dy e gl S(&? ‘m)zds  (2.3)

F(u) > Fo(¥) and inf F(u) > _sup  Fy(v) (2.4)
w e HY{Q) ve(HY(Q)?
If in (2.4) we may obtain the equality, the functional F,(%) is dual with
the functional F(u).
By examining (2.2) we notice that #,(?) is a dual functional if the
following conditions are fulfiled :

v — ¢ =0, (2 y)eQ (2.5)
w2 (f + V%) =0, (2, y) € Q (2.6)
q
AL
U+—7v-n =0, (2 ) oQ (2.7)
o

Proposition 2.1. Conditions (2.5)—(2.7) are Julfiled, considering wu,
to be the exzact solution of the equation (1.10), if we choose

U =1y and T = yu,
Proof. Condition (2.5) is automatically verified. Concerning (2.6)
and, respectively (2.7), we have

U L L VD) e~ L [V (Y )] =
q q

1 AL A
=My U =0 = (2.6)5 ut B0 =y —H - Vg =
q “ *

| ;._*:_( »»»»» +_‘u/0):0_ﬁ(2.7)

Yropesitien 2.2. The functional Fy(3), (2.3), is dual with the Sfunetio-

nal F(w), (1.17), so that
inf M(u)= sup Fy(?) (2.8)
e HY(CY) v e (H(Q)?

with ¥ = V uy, while the variational problem : determine the Sfunction % so
that

Fy(3) — sup (2.9)

e Q)

s considered to be dual with the direct variational problem formulated on
the mintmum of ihe functional P(u), (1.17).

-
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bY The Ritz algorithvim for the dual veriational problem (2.9). Two
unknown functions v, and v, appear in the dual variational problem,
Approximate solutions of the Ritz type have the form

Vi =Y Do, v =%, el (=1, 2,...) (2.10)
k=1

are the trial functions (given) and by, ¢, ave unknown

where o, and ¢
which are determined with the condition

real coefficients,

(g, ve) - maximum (2.11)
v EH Y vzr.lean‘.

Iy(vy,, vy,) given in (2.3)
(L, = span {oy, ..., ¢}, L =span {d;,. .., d,})

On this purpose, it 7 = (cos o, cos B) is the exterior unit normal on the
boundary gQ, we calculate

, e 1 vy 5.\ )
Jﬂd(/vlm /U'_)‘u) — Tr L/UIH _{_ Vin TL e (f+ n - _I‘ ’“‘_’) J(LI' (i;’;’ —
q gr Y .
}" 2
— & (g, cOS o + v,, cos B)ds
o
90

Replacing v, and vy, with (2.10) we find the function (2n variables b,

and c¢;)
ﬂwmm%J:A—Z[%%gg%%®ﬂy+w%gg%%dwa~
L Q a
i : % E
o gg (74 % boole + G onbi) a0 v (2.12)
q j=1 j=t
Q
_ g [(i b; cpj) cos o 4 (}3 oy 4),) cos BJuds =
o ) =t i1
00

M . s)
= Ghy, -y by Gy €)

The extreme conditions (necessarly) appear from (2.11)

1 g8 =0, j=1,n

— i =, =

2 9b; (2.13)
i_%,zo’ J=1n

7 A : iali
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N “]ll(/ll ]?5 11 {In ] ] me < l? (I b ns e (il)l n l 6] i neal
o io\ T sxrad D 14 ’ ROn! : ’

?:1 (omby +Biee) =75, j =1, n (2.14)
]\}:f,'l (virbe + 8pey) = Ry, § =T, n (2.15)

with respect to the unknown by sy by ey e, ¢,, where
2 ‘1 M2y s oey Ly WHLG

. —_ | 1 ’ 14
ik == PPk 1 Py QM;) da dy -
5 q

A
+ —\ 95k cO8? ads;
a
o0
1 PN
Bjp = = by dao dy - = !
; : PioPry QX AY = —— § @, cO8 o cos B ds:
q 2 ’
Q oL

Yik

! ’ N )\
gg Prabyy do dy - gu,’ncpk Cos o cos B ds;  (2.16)
o ! i

Q o0

1
q
8. — | ! 1 s ) A
it = Vi Gp | CZ %’ykﬂw) dedy + — g 4’1“4')/.: cos® B ds;

S

g Yy da dy
S

a0

' 3 ; .
o, de dy;

T

0
o
g
o= e
g

)
S

)

e) Iustimaiton of ihe approximation erroy f ) ]

1ROy ) 7 a 2 rror for the Rily solution :
dz‘/:cttp)obllc{nzz. Let us consider the energetic .‘-';j{?l.[:@ H,, -vwo(:ij-mf{?}igftz]iig
operator A(from Aw = f, fe H, where H — Hilbert space), th Al

1 " A(iror =T . > ert space), that e
be 1dent'1held with the Sobolev space HY(Q). The functitfnul )a.’f. t—i»lEJ:‘J‘ 2311
zf,hillgm is tlmeal‘ and bounded on . Then, since H , is a Hilbert 1:1’}&0{5‘

Te exists, according to t tani theok 5 e ' & e
oo ; ording to the Riesz theor em, a unigue element 4 e H;

(fy W = (%, w)a, Yue H, (2.17)

In this case, the energy functional 7', (1.1 led
QU to I, in t}ie form [6], Fo] A iy e extendad e

Flu) =llw —ally — a3, we H, (= H(Q) (2.18)



144 Doina Bradeanu, Cristina Brideanu 8

where [ -], is the energetic norm associated to A, for the elements in
D(4) and H,. From (2.18) it results

min P(u) = F(@)) = —| )2 (2.19)

i GHA

The unique function 4 € H ; that verifies (2.19) is the generalized solution
of the equation 4w = f, (1.10).

As the Ritz approximate solution 4, for 4, belongs itself to the
space H, of the exact solution 4 (in fact w, may belong to D(A)c= H,),
it is possible to put w = wu, in (2.18) and thus, to obtain

ity — WL = F(u,) — F(a) (2.20)

However, F(ii) is not known. After (2.4), we have I'(#) > sup I7,(?). We
take a value I, as proximate as possible to sup F,(3) ; this can be I, =
= Fo(9,)( < sup F(¢)) where 7, is the Ritz solution of the dual problem.
Then, from (2.20) we obtain the estiinations
1
VY
where v is the positive definiteness constant of the Helmholtz operator
Aly = ¢, (114)), | . i
According to the expressions of the energetic norm in I, to the
norm in [ and having v == ¢, we obtain the error estimations in the
energetic norm and in the norm I, :

H W, — it i;:\ < Vzn(“’n)"If‘d(@)); H Uy — 1 l!H < VF(HN) '_f['ﬂd(fén) (221)

(Sg[ Vlw, — @))%+ qlu, — @)?)*dady -+ ot g(un — /17/)2(18)1/2 <
Q A 00
<VF(u) — P() (2.22)
/ 12 1 N
(gg (i, — @)*dw d}/) < V—(EVF(U") — Fy(B,) (2.23)

that can be used if, by means of the Ritz method, the approximate solu-
tions %, and %, are determined.
Consequently, a smaller difference F(u,) — Fy(#,) gives more
exact Ritz approximate solution of the direct variational problem.
In all the above relations, the exact solution @ may belong to D(A4)
i.e. is a solution of the operatorial equation (1.10) or (1.1) —(1.4).

3. Applieation. A nen-ceuvex polygonal plate

Let us consider a homogeneous and isotropic plate of non-convex
polygonal shape and of the dimensions given in fig. 2 (the same plate
has been considered in the case of the direct method) ; the physical para-
meters are given in (1.16).

a) Chotce of the trial functions ¢, and ¢, These fanctions are cho-
sen in the form

ez, ¥) = bpla, v) = pla, ¥) (3.1)
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where p(@, y) are two dimensional Tehebychetft’s pol i
(, _ ' polynomials [37], [1].
Approximation of the third order (n =3). In t}llﬂs case \Eze],hgwje

¢y (@, y) = 'ﬁbl(x) y) = 1; Pal@, y) = bo(2, y) = @,
(3.2)
Pa(@, ¥) = Py(w, ) =y
b) Caleulations of cocfficients « B, v, 3. Th
' vy O. ¢ formulas (2.1 ;
applied on the polygonal  domain Q ,(fié;. 2). . i
The following values are obtained :
A
oy :SS de dy = S nf ds = 0,32 + 0,12 A 0,68
o ¢4
0 §Q

: i \ 5 :
s Sg 2 —i—~—)dm dy - lngn%ds oo {0,093066 for (I)
JA q o 0,561183 for (II)

Q [7[e)
gy = 0,465066 ; oy, = 0y = 1,048 ;o %z = oy = 1,168
“ag = %op = 0,28645 By =0, (1,j =1,3; i #92, j£3), (3.3)
0,032 for (I)

1
mf:wszz{
p 0,000117 for (T1)

Y'z'j:()(@';j:fg’i ’i?éSa j7é2)5 Yaza = B

ftemark. The coefficients v,; are obtained from By by indi i
u (i1 3l dices substi-
tution (2 < 3); the other coefficients remain uncha,nz{edy: The rule stays
valid in the case of calculation of 35 by means of the values oy

S = e, By = ayy, S1g = oy,
g1 = o5 == gy, By = gy Oag = Ugp = 0lpy (3.4)
Og1 = gy = ayy, Ogp = Upg, Oy5 = %oy

The coefticients 7; and Ry, j = 1,3 have the values

_ 11,36 (T) -

Y, — 0 .f“
q | — 4,80 (), ° (3.5)

»
Q

=0, r, = _f gg de dy

R =0, R,=0, R, =1,

¢) The Ritz system of the dual problem is :

T wy 0 0 0] “)1 0

Wa1 Ggp UKoy O O B, b, Ty

Ogp Og2 azg O 0 0 by 0
00 0 &, &, d13 e [T]o (3.6)

0 0 8, 8, Oas Gy 0

Ys2 O Oy 835 Sy Cq R,
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The solution of the system (3.6) for the problems (I) and (II) is
obtained on the computer (Appendix 1) as follows

BV = — 3,33667 = ({» BO = — 1,617544 = 2
() q00 = —22,87350 = v (ID{p® = —11,088561 = o> (3.7)
b = 22,46607 = cfV bP = 10,891047 = &

The third order approximate solution (n == 3) for problem () respectively
problem (II) iy

\ y »2) B2 (2) 2
o = 0Ok U0 R 0y =0 ey
o = o + o+ oy o = o+ 4 oy

d) Caleulation of the mamimum approwimate value F, of the dual
Junctional Fy(vy, v,). The expression (2.3) of the dual functional is used,
as well as the solution (3.8) for which I, has the maximmm approximate
value Fg,. We obtain

_ : : R 1 N
— Foy = — Fo(vyg, vy3) = g S [ vig | Tps 71 (f 4+ by + c;)?

-
dez dy4-

I . 1 ' L30T
-+ = S (V1570 = Vaahg)? ds = [2bi + = (f + 20,)? ]S S dr dy +
“ o i O
+ 40,(b, + b3)88 wiiedy 4 205 -+ b3) SS x*de dy (3.9)
Q €}
-+ 41)21)388 ay doedy + S (195M1  va3m5)2 ds

Q 90

where the double integrals are calculated the same way as in (3.3), while

the curviliniar integral is
0.6 0.4

g(vmﬂl + VaaMy)? ds = 2 [ g v33(2, 0)da - g'v';’g(o,ﬁ s dy -
o) 0
0.6

-+ S’L‘é:;(&(?; 0,4) de
G4

The maximum approximate value I, has the expression
j— o~

Sy 0,32[%% + 1+ 2b2w2] 0,352 by(by + b)) +
q

o+ 0,086182(53 + 1) + 2| (b, 4 0,85,)° W (Br 0,60, 40,58 —
@ 3
]

—(by 4-0,60,3)% - (by + 0,4 b, 4 0,6 b3)3 — (b, + 0,4 b, +0,4 b3)3J

—
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both in the energetic norm and in th
inequalities (2.21) in which (1.18) —

After the calculation, the following values are obtained for the
problems (I) and (II)

with the coefficients given in (3.7)
— 3585,2586 for (I)

Fth = o
— 196470,5045 for (II)

) Test. Direct method error. This error can be easily estimated,
¢ norm L,(Q), with the help of the
(3.10) —(1.16) are used. We obtain

the values

400

410
500

600

18,9308 (T
” Ug— Ug ”A < V[( [ lﬂdl\'{ = : ( )
9,50057 (II)

A e (5,98650 (1)
% — Uglley ey € =V F, — Fopp =] 2
PO YT T T R T 01883 (1)

Appendix 1

dimension a (6,7), x(6)

call open (5, 'INTRARE DAT, 0)
call open (6, 'IESIRE DATY, 0)
read (5,3) ((a(i,j), j=1,7), i=1,6)
format(7t 10.6)

call gauss (6,a,x\

write (6,4) (i,x(i), i=1,6)

format (* *, "x(’, i1, ') =, f 10.6)
endfile 6

stop

end

subroutine gauss (n,a,x)
dimension a(6,7), x(n)
npl=n-}1

nml=n-1

do 600 k=1, nmi
kpl=Ic+-1

I=k

do 400 i=kpl,n
if(abs(a(i,k)).gt.abs(a(l,k))) 1—i
if(l.eq.k) go to 500

do 410 j=Kk,npl
temp=a(k,j)
a(l, ) =a(l,})

a(l,j)=temyp

do 600 i=kpl,n
faetor=a(i,k) /a(k,k\

do 600 j=kpl, npl

a(i,j' =a(i,j) —factor*a(k,j)
X(n)=a(n,npl)/a(nmn)
i=nmil
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710 ipl==i41

sum=0.0
do 700 j=ipl,n

700  sum=sum-}a(i,j)*x(})

Sl

S O

x(i) —(a(i,npl) —sum) fa(i, )

i=i—1

if(i.ge.1) go to 710
return

end
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