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return
end

j)
/a(i,i) ON CHEBYCHEV INEPUALITY INI ORDERED LINEAR

SPACES AND APPLICATIONS (I)

IìEFI]IìENC]DS

SE\¡EIì SIL\/ESTRU DIìAGOIfII-ì
(Tiui;orla)

0. Il[rodnction. An olcler rel
callecl linear. ordet (01'
iI r, ( frz (ït, a:, e -[')
all a'e .\ aurl fol, all no
rvith a linear orcler is
1't. 12ó) or. 14, p. Bal).

\1'e shall introduce the followitrg concept.
0'1. Deiiniiio'. Let 1J¡e a set, of inclices ancl (ø¿)¿.. c [p. Tlie se-qrtence (nr)r., c ,II rvill be callccÌ (a¿),.r-s¡,ncnr.onoüs-'lasyiròtrronousl

if for every i, j e I the follol,ing lnecluat"i'ty"holds

(0.1) (u,- a¡)(:c¿_ rù > (<)0.

._" - l,,l_ù"-r u*,rve shall esbablish sorre irìequali1,ies of cirebychev type]lr solne clâses of orclerecl linear spaccs and lre shall gir.e some aþplicatiäirsof theirs t'o obtain sorìre critelia of (0), (.) -äonoe"getrcó-in these
spaces.

1. tl
s,e shatl p 

"'::l'å-"ìl-le-[6, P. ancl weshall give Eilbert
sp¿ùce.

or re (;){:,'',:, ffi,rrí:::lo;:;,,5î'1ki,.., !,i i,'rT,¡i',1sylrc sequcnce we haae tlte inequ,ulie¡ :

,ät',.ä, 
atþ¿n¿ l,F, p,,.4 ar(ir¿ ) ( 4)

(1'1) 
,Ð orpr,ä ^rini -l ,\ orro.\g,r,,

tuitlt erytctlity iflL (u¿ - ø¡) (n¿ - n¡) :0 for. all i, je I,
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Proof . I-rct (ø,) t6¡ c -lJ l¡e (ø"¿)¿.r-synchlonous (as¡'11"¡t'urtous). 'Ilìelì
the follon'ing ineclualit¡z þ61,1'. ,

ø1cti+ a¡t:¡ >- ({) a¡ri I cr.ifij lot all 'i, j e I.
tsy multipl)'jng n.ith 9¡r¡ 2 0 (i, i e 1) rve obtai' :

^(iu-¿þ¿o¡ * þ¿qf(¡n¡ > (<) e¡^(¡l¿rtI a.¡þ¡(¡ut fol all i, i e I.

Summing these ineclualities, I'e tlelive easil¡. (1 .1 ).
The follox'ing tl'o llârticrì.la1 c¿l,ses holcl.
1.2. Corollaty. Let (ø,),.¡ - [R, (Pt)o.r-IRI a,n'cl, (r¡)¿.¡ c- X be ã

(a,)r.r-sy'tt,chl'otLous (asynchronol.IS) seqttcl'ùce. 'flt'ett, Lue llûue :

(7.2) E p'L a.,þ¡t"¿ )- (<) E a,p¿1, p¡tr:r
'i.I i€t iet ie[

The case of ecluality is zls in abor-e t'heolcm.
1.3. CorollarJ,. # (r.)..., is (a¿),.r-syncJtt'onous (cr'synch,ronorrs) tlt en,:

(1.3) caltl -r 
,Ð, 

o.,*u > ( <) 
Ð,",,8,n,.

'Ì.his is the coresponrling resull, of Chebycbev r'nequa,lity in genelal
environrnent of orclelecl lineal spaces.

7.4. Rent,a,tlt. I1 (d.¿)¡enrc[Q ancl (ro) r.^, c 't ale tri'o sequences of
the same rnonotony (of rlifferenl, monol-on-v) tJien

(1..1) ,rio.,*o >(<) 2o,in, (rr,e [fl)
i:\ i:l i:1

rvith eqnality iff (o),¡:a or (n¿).-* is constant.

L.-c. Obseruotion,. Putting in (1.2) 9¿: u¡ > 0 (i e 1) l'e have

(1.5) 
þ,",nÐ,uf,ru 

>- (=) 
,å 

a.il,,a,at.

Norv, lve shall gir.c arrotlrel resull, in connectiorr to Chebycbev ine-
ctrualil,y.

1.6. Theorurn.Letlbea'fi,'tt'ítesetof ind,icesan,cl(v.,)¿.rc[p, (ø¿)¿.rc-Y
tuo sequ,ences su,clt t'hctt th,ere enists t)) ll e X uith' th,e properh¡ :

(C) ,a 1 (a,-r¡)4yJctrattilj.
&¡-&j

Tlten Jor e,Dery ïùonnegatire seçþtence (9,),.t tlre Jollotuirtg inetluctlitu lt'olcls :

f å, P,,Ð 9,"?, - ( lrø,P')21ø ç

(1.6) 
",Ð, 

F',Ð a¡þ¿$¿ -nä "'P',ä þ¿r¿ {

E 9,"? - (I otrþ,)zf lJ
CI ¡CI

ProoJ. Multiplying inequality (C), b-v (a, - ut), Þ 0, i, je1 ancl
i * j, n'e obta,in :

(ur- ct¡)2n {(a,- o.¡)(:ti- c:¡) {(ct¿- o"¡)2y, for all i,,.jeL
¡olv, l,he ploof follorys by an argument siniiar to that in the proof

of Theorem 1.1 ancl rre omit the cletails.
1.7. Corollary. fl (c.r),., c P ctttcl (n¡)¡., c X scdisJy conclition

(C), thert :

lcarrì -I E-o.i - (E o.,)'l r ( carcl Il,, a¿u, -E o.r I ,, <teI iel f€t Et Et
(1.2) ( fczrrclr,ä,uï -,8,",r",,

1.8. -I?e'irzr¿rl;. 11 a js a positive element jn.l then the inequality

,8, P',Ð c¿¿F¡.r'¿ - ,ä,o.,p' Ð,9,*, u-

(1.8) , LE, Fu,Ii 9,"¡ - ( ), ø¡9)2f n Þ o

obtaine.cl flont (1.6) gir,es a, r'cfinernent of Cliebycher- inequalit¡' in the
case of syncblonic'.

1.9. .lpplicafions. Let (-f ;( , )) l¡e a real lljlbert space ancl ,Ø(X)
be th.e liriear slacc oT sc'lf-acljoints operator.s l'hich map ,Y jn X. With
the c¿rnclnical olrler' :

A, {U"L1Urr, n) < ([irm, n) for all ne X,
tlrc spacc ,ø(X) can be lcgarclecl as alt olc'lerccl I'ector, space(14],p. g1).

if (U¿)¿et c,Ø(X) js (ø¿)¡.r-synchronous (asynchronous), i.e.,

(r, - a¡)(U¡r - Uis', r) > 0( <0) for all i, je I,
ancl (9r),., - R*, then :

(1.9) I I,X ø.upu(Uit:,u) > (() X ",guieI ieI ieI

2

(1.10) calcl I
for a,Ii ue X.

Ol Chel¡r'chc'r' inequaìì[y

ui(U¿r,n)>(<) Io.,ieI

151

I, þ,((J.,*, *
¡ er

1., (U¡r, a)
ieI

Non', ìel, (ø.r)ie¡-[R, (U,),.,c"ú(X) ancl [/, V e.ø(X) such that

(un, n) 
";= 

(u¡n - u¡r, r) ( (\zø, r) fol' all i I i
arrcl for ail t: e Ì. 'llhen the J'cillorvillE jnequalit¡' is also va,licl :

[carcl r I "? - ( X ",)r](Un, u) 4
iel íeJ

(1.11) ( carcll l, u.t(Urr, a;) - \ orf, (Urn, n) <iet i.èr ièr
( fcaltl I I ",' - ( I ø)21(Vn, a)

iet ier
for all neX

níeI

( lr,Po,
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1113
2. chebvcìrcv ineq'aritv irr l,cetor rarticcs. an o'derecl vector spaceX is called r'õctor t^fti¿iìi-iå"'åì,Ë"1i"* e X rtrere ãìi.i* irr" elernent ø \,r 0(see 14, p.411).

lrordsrf 
x is a r¡ecto'rattice, trre fo' arr n, y e,rI trre foilo*,ing inequarity

(r) ll*l - ly ll < ln - yl,
rvhere_løl-clenotes nV(-r), re X (see i4, p. 421.By the use oj this-inecluality, we cañ g'ii.e ilre'follorving ¡efinernentsg!* Ch ebychev incq ualit¡..

2'1' Thcoren"t. Let x be ct, aecttt_t' .ru,ttice, r u fitt,ite set of irtrrices,(-a¡)rctcp an'd' (Po),., - [R+. Then, Jor alt çi,1,.,Lï ;'(;;;,.ïasu11,ch,r.o1Lo1.Ls
sequence, we lt,u,oe :

(2'l) 
,ä P' ,ä, '.¡þ¿r¿ -,ä ",g,,F, þ¡î¿ Þ

> I Ð_ 9' .[ ø,P, ]n,l - X u,g, n 0,l.r,l I > oiet le¡ Ël ¡ã¡'

l-X- P' E,Ø,1u,*,1 - I p,l",l p,þ,la,ll > o

or

(2.2) Ð ",p,.8- g,*, - X g, \, a¡p,n¿ 2¿er i€r ¡Er' ¡?ï

> lE þua¿.T,_þ,lr,l- Xp,tr þ¿uolnull>o¿eI ¿et - ¿-e-¡' ãt'

l.ä P,l"'l .E 8,lr,l - Ð g, Ð g,lo,n,ll > o.,ier ¡ë¡ ¡êt ier
Proof . I'et (n,),.rcX be (ø,),.r_synchronous. Then rve have :

(u,-a¡)(n,-n¡):l(u,-a¡)(n,-n¡)l> l(o, - o¡)(lrtl - ln¡l)l > 0

l(l ",1 - I"¡D(ln,l - lnt l)l> 0
for all i, j e I.

I-,et us only prove the first case.
Multiplying l¡y þ,þ¡ ) 0, rve obtain :]

lþ,P¡(o,- a¡)|*,1 - lø¡l)i < þ,g¡(o,_ al)@¿_ n¡)

for all i, j e I rvhat implies :

l,L E P,P¡k, - a¡)(ln,r - rr¡r)r <.Ðr- rg,þ¡(o,- at)rn,r - rr¡r)r <¿eI ìeI det iel

* 
,.=f, ,F, þn\¡Gn - aù(n, - u¡).

A simple computation gives (2.1).
The asynch.onous case is similar. and we ornit the cletails.

"rr,onlou?,' 
,tor::t,t*t' 

rl (no),.r,=x is (o.¡)¿.¡syncltronous or (a¿),",-asyn-

(2,3) card I l, a;r¿ - I ø, I;eI Er i-.1
*, ,l"u'ot,Ð "tlr'l -,ä t','=r. ln'll > o

or
Jcarrf r Ð,1o,*,, - I,l",l_I lr,ll>o

(2.4) \,noÆ,*, -card r-! ø¿ï¿ ) ],ä 
"'å lr'l - card r 

,.\,n',.*'ll > 0

' er 
I 
,Ð, "t Ð, I*rl - card r l,,ln,*,¡ I > o

rt is also knou'n that the folorving ictentity rrords in vecbor lattices :(II) lnyø -yyzli ln¡,ø _yAzl: In _ul
for all ot U, 3e-T. Fortheproof of thisfactseeforexamplel4, p.441.

"o"" "r%Jl;ri}ì,: "t 
this identitv we can give anortrer rerinement or cheby-

2.3si,,",i,q !$j"ij¡i#w."?"j ft\"[t;);;;*or' (a¿)¿., e, tlr,e"fottowing inequal M,:
(2'5) card r 

,\u 
oo*, - å o, E n, ,

) lcard , 
Æ,o,r*,Vø) -Æ, o,,Ð (r,Vùl i

1- lcard r p,"l*, a z) -,.Ð, ",,þl (n, A z)l > o

o'l'

(2'6) 
''E' ""ä n¿ - caÎd' 

' Æro'*' '
) lcard , ,$,or{*ry z) _ 

Æro,,Ð. 
(ffi, V ùl +

-¡ lcard , 
Æ,o,r*, Ã z) -,F, o, ,& (n, 

^ 
ù I > o

for øIt ze X.

"rrrllif' 
Let (r,)r.,<-x be (ø¿)¿.r-synchronous. Then we have tho

(o"o - a¡)(u¿ _ nù : l(o, _ o¡)(r, _ n¡)l:
: l(ø¿ - qù(a¿ V z _ n¡ V ø)l + l( c,"t_ uù(,r¿ li z _ ut A z)!

for all øe X anù, ,i, je I.
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On ChcJrt'chcr-
Sunuling l,hese eclualitr.es, \\,e cleri\¡e : ,

,Ð. E,(o", - a¡)(r¿ - ø¡) :ieI ier

' ,-å ,Ð, 
l(o-, - u"ì(n, V p - cri V ø)l *

+ å ,8, l(", - o.¡)(¿, ¡t, z - n¡ A 41 2

> 1,.ä E,G,- ot¡)(nt V z - ø¡ V z)l *
+1,..pr,Ð, lou- c¿¡)( ri A ã - n¡ A ùl > 0

fronr r,r'here (2.5) easily r,esults.
Thr.as)'ncÌlt'oltorrs case is sirnilal aucl l,e r¡mil f bc rlelails.Iìinally, rve.shall gile anol,her r,csult of ChebSrshev tvpe n,hich isinclurled in íÌre rrext l,heolcrn.
2.4. fhecr.etn. Let X be a .aectct, latti,ce tm. (a¿)¡.nr, (F,)r.. Ir.o, s.tlrzch,t.tt_','ous seql'Letaces of rcar ncun¿ìers. rf (no)r.r-x s.r¿¿si',ä ìl¿L' cott¿r¿tion:

(III) la¿ . a¡j < lF, - þilu, r,r,here :r;e ], a 2 0¡
Ll¡en th,e foltowing ineEtality hol,d,s

jcard I | ø¿ø¿ - I ai N r¿ j

(2.7) lel ier ¡e¡

lcarct r Ð, ln,lr, - tr lool Ð ,r,l 
=("o t,Ð o''90 - -I o''-X p,)'*''

/e, tel 1eJ

Proof . Idor an¡' í,, j e I we haye :

l(oo- q.¡)(r¿-:t;¡)l

J' cl¡ebv.he'irrcr¡rr:rrif.v in r¡¡,tiererr ¡rolr¡rer! Iil¡e¿r¡.sfr:!ces. Let('r' Jl ll) be a normet'r rir,,iãi"'"rin.e.ar¡tr ,upl,o*'irrrt -t i* errtrorvetr rvil,hff,l1i?i*"1iiïi ;1";;;1,*[l*ä']i,,'-""irì.iTi';llìlJ.,r ,,o;_i,-r ;p;.;,ïi
(n{) 0 ( ø _< y irnpJies that ilø¡i 

" ljyll (see [a, p. 80]).
'Ihe follorving pr,oposjtion holcìs.

fr,lr.r3-ti.Pl'op'silicn' 
Ler x be cts crbrue, (o,),.r-[R, (g¿),. tc-R.+ ctntl

$) U (ø,),., r.s (ø¿)¿.r_syncltrono,u,s and, \ o,gu ï, g¡frt Þ A ilrcn,¡?t "' 
'2t(3'1) 

,Ð p, )l\ o,p,øoll > i-X o.,þ,1 ll¡, p,r:ll
(ii) ry (or),e, is (a,)r.,-ctsyncrn,onou,s euztr D,_ o.,þ,r, ) û t,h,en

(3.2) 
I p,oop,l il å p,a,llÞ,Ef,llÐ o,þ,*,11.

(3.3) carct J ll \),onu,il > I ).., o,lll\,*,ll
(;i) Il (æ,)r., is (æ¡),.r-øsyn,cltronotts a,n,tl, E, oo*n Þ 0 tl¿en,

(3'4) ,,äo,l ll )-ì n,ll Þ car,ct r ll¡- a,n,¡1.

.u*ottlor' rry 1ìre'se of rbeorem 1.6 r.ve can arso formura,te the fotorvilg
3'3' Ilronosition. trct. (f)r.r1F.cmd,.(uo)¿et-cx and, Lhere enist twoltositiae etemeîtß r, y such','riírt''tir-""ond,ition (c) or Theorem 1.6 hotcrs.Tlt en ,,!v I vtþubL.t.u.rL \v) oJ ,llìe

[ca.d tr Ð, "? - ( E, o,)rlilø l] <
(3.5) < ll car,ct I -Ð ø¡nr¡ * E ø¿ X ø¿ ll (ier ièt ,ä( [card t 

oU, "? - (r o,)'] ttvlt.
3.4.__App!it,¡rtiens. It is klrorvlrtnen d(X) endowcrt 1o the u*ruL-
f.¡et uS aSsumc 1.ha,1, / ¡r.ì.^ . - ñ)

( øn)r.¡-synchronous and )'or"'i' Oi
(3.6) carcl r ll \, a,(roll > lf,,a,l ll-)l ¿r,ll.

155'

( J(o, - u¡)(n¿ - "r;)l (
l( loo I - l"i l)(ø' - a¡) 

I

( l(ø' - a¡)(P, - 9,)ln: (ø¿ - ù(p, - þòr.
The Froof folr']vs rr.:' ¿-r,r1 âr'gument simirar to that jn tire proof oïthe plevicus theorenr. a,,rri .,",e, orñii inu ¿"t^ii;. - ---'"'
2'5. culollarv. Let (p,)n., ,=rp and, (no)urr<-x satis/.r1 conrlition (rrr).Then. ttte JrilLowiris ¡"ri,ìå'iiít - nàùr'"i

lcald I \ þ,*,_ E p, )-ì t",ller i€l iet 
<

lcard t"f, lþ,|u, - ,2), lU,t,\]ra,, 'èa '

. r+urth-er-on' we shal give a varia't rf chebyche'ireq'a,rity irr or,cìe-red nolmed linear spaces.
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If .s'e suppose thât (U¿),.. is (ø,),.'-aslnnchÌonous å,nd D o,,(I ,positive, then iet
(3.7) lI. ",1 ll lì Uoll > càr'rl I ll I ",U,lf.¿eI ¿eI i-eI

We also remârk if (ø¿)¿Eo.rclR+ and (U,),.'r L.ú(X).
Ut > 0 (¿ e IN) ha-r,e s¿ùrne monoton,i' or opposiie'monotó¿J, thenr

(8 8) 
" l[å ",o,ll, ,ü,o,ll å r,ll

or

(B e) 
É ",ll i u,ll, "liå "," 

ll

I1 U, Ir e sl(X), U, lr > 0 ancl ilre contlition

(c)

is valid, then :

(3.10) fcald I l, "? - ( I ",),] ll¿/ll <iel léI

( llcard T \, o.our -,Ð, "r,ä ¿/,ll <

( [card t 
,Ð, "i - ( X ",), llY Il.

4. chebyehev incquality in norrnctr lattices. r,,et, x be a vector
lattice and ll. ll a norm on it satisTying condil,ion
(r,) lrl < lyl @, y eX) implies fle,ll < llyll,
then, (X, lj. Il) will be calletl a normecl latl,ice (see for example þ, p. lSZl).

fn normecl lattices 'lve hâ\.o the following inequalities of Chebychev
fype.

_ !,7.. Proposifion.. Let'(X, ll.ll) ¿,¿ øs altoae, (n,),.r-[R, (g,)n.r-lR_
anrl .(:r,),.,cÅ. lf _(rr)¡.,_rs (ør)¿l¡-suncl¿ron.rru.s or"'às¡|*"nîi,i,åui,' tìòÄ,
Llte Jollouittg inequnlil,y ltolds :

(4.1) ll å P, 
,E* 

o,Þ,o, - ,8, ",P' E, n,n,ll >

" ll ,ä Fc [ ø,P, la,l - -Ð ",P, ,Ð 
p,ln,l ll>

> li 5 Êo E- I, lo,nol - T, Ê,lool Ð g,la,l ll.ier i-ei i.ër î€t' "

The proof is obr.ious by 'rheoiern 2.t ancl rve omib the rlel,ails.

u < 1 (1, - u¡) < V for. alÌ. r, ¡ j
d¿-dj

rhrn 
4.2. Corollary. Il (n,)r.rcX is (ar)¿.¡syncltt.o,¡tot¿s ot, asyncluronous,

(4.2) ltcard r .\ o,*,- I o, I *r,ll, 
llcarcl t'å "'la'l - l' "' Ð l*ol ll

i eI Et Et 
ll card r-X_ lo,r, i _ I lool 

Ðr lr,l lt

4.3' Remat'lt:. I,et (o,),.^ - IR, (ø¿)¿.0.¡ c -Y be tl,o norotoÌre sequen_ces. Then

lDl)

(4,8) ll n i, *,*, I" '\"'lt''l - 'E 
"' ¿ r'' r 

lf

ll r= il 1t i ,,'
n Erlo,"',I - I 1",/ I lr,lif

4.4. Floy¡osif iolr. J,r,l. (_\', ll ll). ¿r. u ,t¡ot.t¡tt,d lullice, (a¡)¡e¡t (þ,)¡et luosllnch,ronous.-s-et7u,'r,"es.ayt 1à):.r''-'ltiztur¿ rrrut t.o.t¿trittut¿(rIl )/) orir, îhcore'2,4 ltoltls. 'Ihen lh,e foilouitig\ut,quuti¿.tt is t.ttliil 
' " \-i

(4.4) (carcl r.I_ o,Þ, - tr o, E p,)ij ,ll , 
ll"u"ttt,F, o''' --E o,-I',,ll

i€r 1êt iet. . 
llcar,d r 

,E, I ø.¡1,,-t _ 
Ærlo,, ,Err,,,

Pcarticulc,rl,! il o., : po (r, e f,), (4.4) beco,ntes

ljcat'rl I L o.,r,- F a. l' ø.il
(4.5) (card I.Ð, "î - (I ",),)ltrll> 

¡Tt ¡?¡ t 4'"' 
'

'Er ier 
llcarcl r E,þ,1",_,ä lorl.T| null

5. chebychev-ineqrrari{5,_i* rro*'ettr ri'e.l sp¿ìs.s. r,et E be a con-vex set in real hyrear Ápaee"-y. Then tìre set.

1': : {aXlae IR+, ne Ð}
is a clin in -x. rl'. in a<rrJitioll, \\'c ri'r)r)osc 1rra1, 0 É D, trrclr É' is a colreir ,Y. B3' the use oI thls "oïd;;.iü ¡orin" thc j.oilolirrg orcre' r,erario'

(5.1) *t>y iff u-ye I11,

;li"frìT. "ompal'ible 
to the structure of unear space (see for example 14,

5.J . IDro¡losilion. 
.,Lel-. (r",),.,. IR, (,1,,)!. , c X tt.il.lt tlt,c ¡tru.tctlr¡ Lltat,öi,; ,Ì, (iir; 

il)ri,t(-Ì,') J';;'utt-;', i ."i'il;; ;"i;;,íi,:, s.t of i,,rtices).

(5.2) , crard r E üin¿ -,ä "r'Ð e:, e P(-)l).
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(.õ.4)
(,rt*

ht...l a.n

e X(-n') ancl palticulall¡.

(5.5)

Scvcl' Silvcstl'lr I)r':ìgo,ì¡t l0

zezI..'*\nr,

11

(5.8)
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P.roo[. I¡ol ali ], je 1 u,e have (o., _ o.l(nu-- rîi\ >- (i) t,, i.e.,(*,),.',if (ø,),.r--sJ'rìchronous (zr,synchlorìoirs). ny irru iii* oi cúebyc¡eilinequalit¡. r't'e deriye

)I"'Erj,,
ieÍ ieI

and the proposition is pr.or.cn.
5.2. Corollarr'. Irct, c,e I!, 4i e [R+ (i :a, n) a"nd, (ry_,)¿:rr, - fR a

tnott,olr¡tac ittcreasilu4 (clecrco,si,ttgl serluertce. lI'h,en,

(õ.3) ,tt,l.(c^rj- ...-1o.,,)"4rerf ... !uu.r¡,,enl _

-(or*...*o-u)l-rt.r,re, | (rt, - l).r1rer+ + Tue,f en, (_F).
Proo.f . LeL us consicler the sequence: (n¡)o_¡ gir.en Lry ;

ü¡: : '1(tl . ..l.rire* (lt; ¿ 1).

1'hen (u¡ - c^¡)(e.t - u¡) e I|(-It,) fol all i, .i e rrJ 
, 2,. . ., nl.

Incicecl, if ¿ > ,i ther cr.¿ ) u¡(v.¿ ( øi) and

ï,¡ - {t:i : '4i+re,r_, + . l- .r¡re,e fi,

and the (a, - u¡)(t:¿ - n) e t,(- tr,).
Using .Plopositiorr 5.1 1or, (rc,1,:-ras âJtove, l\¡e €asillr cterive (5.8).
5.3. Rentct,rfu. ff in the above cor.oll:rr'¡' t\¡e asiJltì1e thab ørf ...f

* c,., ) 0 thcn (5.3) ìtecornes

Xf )-ì ø¿ I ,r, e 1"( X- z¡.,',e l,t) llrrn tlte .follotuitrg inequ.u.lilg ltold,sier ¡ëi '¡ã¡
(ir.6) car.cl r ll,I o,r,,ll > (<) l,E,ø.,lil-l-n,,lj.

-a'he proof is obliots J¡"y []olollar.¡, 8.2 ancl rye omit ttre tlet,ails.Finall1., ,u'e har-c :

ö.6. CorolÌaÌJ,. .f,et e,e tr,,, l¿ e [R+ (i : L, tt). Ilten fct-r ,:t[]:*(3,)r:,,ct tn ott,oton e i.n.creu,sin,0 (decrea.si1t,r¡) seque trcte, ue lt øt,e

(5.7) n,li(a-r# + an).\ret+ .+ d.,.r¡u, ¡¿ll > (<)
lorÍ. + aul lln.r,re, t (n_1)lrezÍ ...I.\ne*ll,

tnt tl, pctt ti.c,ukntl, y

L

carclf f, a,c:, è
¡eI

r,

(ot I 1-ou,)et+ , tane,
drl-...lan ll"r-r

I u,)'qút * . . . {a,,'r1,,e,, lt,'q(r!(tr, -t)r1
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(nrÍ ...I o.,)q+ . * a,,a,,
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,ttc, | (rt, - L)e, !

t-.T q.n

.I au
e l'(-tr').

')t,

Ilulther on, u'c recall the theorem of \ru1ih-Danilenrr<l (see for
exarnplc 14, p. 1251) :

5.4.'Ilhcorcn. Let (X, ll ll) l,e u, nonn,etl, Li,neu,r space ond, E be its
clctsecl ttottnclctl cort,L)efr sat su,ttlt, ttt,nt tI 4 Çj
ord,er r1i,Ücn, bt¡ t,he c()ùe qeil,erl,tes br¡ 1,), tlten,
(c)-bort,tr,ilatl serpr,e nrr of posil,iue cleut,eitls in(X, ll ll) is u, sprrce g\-tr¡1te uitlt, u, tt¿,c¡no

'llhe follorving t,csult is also valicl.
5.5.-l'nrposiliorr. /,cl( \.,1 .ll) l¡ra.norn¿eil Líneu,r s?u,cc u,tùd, (ø¿)¡e r-{R,

$i)ie¡--\' su,clt, l,ltul (a, - c.¡)(t,¡ - ;t¡) e I,'(-lr,) Jor atl i,, j e I, wl¡ereIt is Llte lon,e gen'el'(ttcs by ø set rtr asin tlrc tlt,eorb¡n o¡ l:ruiilí-Ðaítilenlcr¡.


