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SPACES AND APPLICATIONS (I)
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(Timisoara)

0. Introduction. An order relation on a real linear space X ig
called linear order (or order compatible to the structure of linear space)
it o < @y (@, w,e X) implies that o, + o < @y -+ @ and a@; < oz, for
all w e X" and for all nonnegative number o. A real linear space endowed
with a linear order is called ordered linear space (see for example [3,
P. 125] or [4, p. 341).

We shall introduce the following concept.

0.1. Definiiion. Let I be a set of indices and (0:)ier = [R. The se-
quence (@g)ic; =« X will be called (a;);e,-synchronous (asynchronous)
if for every 4, je I the following inequality holds

(0.1) (o — )@ — @) > (<)0.

0.2, Remark. IT (@)iesy (§4)ie;= X are (o), ,-synchronous (asynchro-
nous) then (#; 4 ¥,)rep (a@,);cr a6 ()i -Synchronous (asynchronous) for
all @ > 0. We also observe that if (@)ie; (L = IN) is monotone increasing
then every monotone increasing (decreasing) sequence (@);e;c X i8 (o)ges-
synchronous (asynchronous). In the case when (e)ic; 18 deereasing and
(@s)ie; I8 increasing (decreasing) then it is (04)ie -2synchronous (synchro-
nous).

Further on, we shall establish some inequalities of Chebychev type
in some clases of ordered linear spaces and we shall give some applications
of theirs to obtain some ecriteria of (0), () — convergence in these
spaces.

1. Chebyehev inequality in ordered linear spaees. In this section
we shall point out a generalization of Chebychey inequality (see for exam-
ple [6, p. 37]) in general environment of ordered linear gpaces and we
shall give some applications for selfadjoints operators in a real Hilbert
space,

1.1. Theorem. Let I be u finite set of indices, (a;)se; @ given sequence
of real numbers and (B)ier, (Vi)ier < RI. Then for all (z)ie; = X a (o) icr
synchronous (asynchronous) sequence we have the inequality :

Y Zz B, + 3 By Y, wvamy > (<)

i€ fe i€l &7
(1.1) Z “iBtlz Yils Z aiYi_E By,
igT {ET ieT ier

with equality iff («, — o) (@w; — @;) =0 for all 4, je I,
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Proof. Let (2,)ic;= A be (a)icrsynchronous (asynchronous). Then
the following methtv holds :

o b ooy 2 (<) oyar + way for all 4, § e 1.
By multiplying with B; > 0 (4, j € I) we obtain :
5P+ Peayviwy = (<) ayiBars 4 ey for all 4, jel.

Summing these inequalities, we derive easily (1.1).
The following two particular cases hold.
1.2. Corollary. Let (a)ie; = R, (Biier=RY and (@i)ie; = X be a
() ie -synchronous (asynchronous) sequence. Then we have :
(12) E. B E “ = <) E “ZHBL' Z ‘Biwi.
iel iel iel iel
The case of equality ]‘s as in above theorem.
1.3. Coxolary. If (x)e; 38 (o:);e-synchronous (asynchronous) then :
(1.3) Cfudf}_Jocml>(<)EociEmi.
iel rel iel
This is the coresponding result of Chebychev inequality in general
environment of ordered linear spaces.
1.4. Remark. If (a;);emc R and (ay)iem = X are two sequences of
the same monotony (of different monotony) then

n

)20,20,1 {(n € IN)

i=1

(1.4) 7 Z sy = (
i=1
with equality iff («;),_g,; or (@), is constant.
1.5. Observatron. Putting in (1.2) 8, = «, >0 (i€ ) we have

(1.5) Yo w > (<) Y @Y o

i€l iel el iel
Now, we shall give another result in connection to Chebychev ine-
quality.

1.6, Theovem. Let I be o finite set of indices and (o;)ie; =R, (#:)1e;, =X
two sequences such that there exists x, y € X with the property :

(C) m<—1—~—( Ty — @) ijall@.,—é]
Ay — &j
Then for every nommegative sequence (B;)ie; the following itnequality holds :
[Y B2 Bood — (} af’]e <
iel  1el iel
(1.6) <Y B z w B, — Y, 0‘131'. L By <
iel ie7 iel iel
[)]B‘Z af — (Y aP)?ly
el el iel
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Proof. Multiplying inequality (C), by («w — «;)2 >0, 4, je I and
1 # j, we obtain :

(2 — &)’ < (o — o)(@; — a5) < (o — a)%, for all 4, je L.
Now, the proof follows by an argument similar to that in the proof
of Themem 1.1 and we omit the details,

7. Corollary. If (o)ie; € R and (@)ie; € X satisfy condition
(C), then:

feard Iy of — (¥ e)? o <cardl ), aw, — Y, o, % o <
iel ied el iel iel
(1.7) <leard 1Y) af — ()] «)?ly
iel i€l

1.8. Remark. 1f » is a positive element in X then the inequality

¥ BzZ wB iy — Z B Z B, >

iel el el iel

(1.8) [Y B Y 2 | Biod — <ZI

obtained from (1.6) gives a refinement of Chebychev inequality in the
case of synchronie.

1.9. Applications. Let (X;(,)) be a real Hilbert space and &/(X)
be the linear space of self-adjoints operators which map X in X. With
the canonical order :

B)law =0

U, <U, S (U, ) < (Uye, 2) for all ze X,

the space /(X)) can be regarded as an ordered vector space ([4], p. 91).
I (U)ier c (X)) is (a);er-synchronous (asynchronous), i.e.,

(¢ — o))(Uwr — Uy, @) 2 0(<0) for all ¢, jel,
and (8,)ie;<=R,, then:
(19) X (31 S ZB Ugﬁ = ) Ocz i 2 Bz U(L w)
iel 1 I
(1.10} card LY, o (U, ) 2 (<) Y, o Y (U, @)
el ierl iel ] =

for all ze X,
Now, let (a)ie;cR, (Up)ie;c#(X) and U, Ve o(X) such thab
1
(Uzy ) < ———— (Uwx — Ujzy &) < (Va, 2) for all ¢ £ j
Oy — Uy

and for all xe X. Then the following inequality is also valid:
[card I ¥ «f — (Y, a)?W(Uw, o) <
rel rel

1€

(1.11) <cardl y a(U, 2) — Y o, Y, (U, ) <
icr iel ier
<feard I Y af — (Y a)?)(Va, @)
igr iel

for all ze X.
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2. Chebyehev inequality in veetor lattices. An ordered vector space
X is called vector lattice if for every w e X there exists the element g VO
(see [4, p.417). ‘

It X is a vector lattice, the for all z, y € & the following inequality
holds :

(I) Hel — Jyl] < |z —y],

where |z| denotes x\/(—a), we X (see [4, p. 42]).

By the use of this inequality, we can give the following refinements
of Chebychev inequality.
= 2.1. Theorem. Let X be a veclor latlice, I« finile set of indices,
(0);erc R and (Bi)ie; <R, Then for all (w)ic,= X a (o)ser-asynchronous
sequence, we have :

(21) EI B, 5@1 B2 _;;1 oc,-&{;[ Bir; >

>3 Bs 3, wibila| — PN wufe 3, Bilal] > 0

| % 8 2 Belas,| — X Bl & Belzil] >0
or
(2.2) p2 By Y, B - B Y, wbay >

> t-?; Boo 31 B l:] -3 B X, Bl | > 0

I3 Bulay] 3 Bela] — X B Y Pelawmi|| > 0.
ierl 1el ter ie7
Proof. Let (2,),e;< X be (a;)ier-synchronous. Then we have :

ey — a))(|@;] — |a;])| > 0
(o;—os)(w;— ;) = ’(“i—aj)(mi*wf) | >
(ol = T DM@ | — Jay])| = 0

for all 4, jeI.
Let us only prove the first cage.
Multiplying by B,8, > 0, we obtain :]
BB — o)l — Jayl)| < BBty — o) (s — )
for all 4, je I what implies :

L, & Pee — w)lml — (o] < %, % 1Ba — @) (o] — Imy]) | <
< Z Z BiBila; — al(@: — a5).
el jerI

A simple computation gives (2.1).
The asynchronous case is similar and we omit the details.
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2.2. Corellary. If (%))ie;= X 45 (9)ie-synchronous or (o) ier-asyn-
chronous, then :

lcard T ¥, o, lay| — o Y Jal] >0

(2.3) card L 3, aw;, — ¥ w ¥ @ > (€7 ‘er {er
1 ‘erver leard I Y, || —- Y lal Y Ja]] =0

(X=¥3 sel iel

or

'Y o ;; |2;] — card I Z[ o] >0

e i

(2.4:) Z oLz Z T, — card I Z Iy =
i€l del ier | Z dtz

ter ter ’ il ‘o i;l laiw H >0

It is also known that the following identity holds in vectbor lattices ;
(IT) lo Ve —yVz| + lzAz —yA2| = |o— g

for all @, ¥, 2€ X. For the broof of this fact see for example [4, p. 447,
By the use of thig identity we can give another refinement of Cheby-
chev inequality.
. 2.3. Theorem. Let X be s above, I a finit set of indices and (oti)ie; @
groen sequence of real numbers. Then Jor all (z,);c,= X a (%e)ie~synchronous
or ()ier-asynchronous sequence, the following inequalities hold -

(2.5) card I Z Ly — Z &y Z Ty =
ter iel tET
> leard T Y (@ Ve) — ¥ o 3 (0,V2)] 4
iel 1€l tel
+[cardIZa¢(fvz[\Z)—Z %Y (@A 2)| 20
1€ terl el
or
(2.6) Yy o« Y @ —card T Y wa >
rel ier tel

= |eard Iigl al®y ¥ 2) — ¥ oo Z[ (2: ¥ 2)| +

iel de

- ,C&l’dIZ“i(wiAz)_Zail_‘ (‘TiAz), >0

iel il ier

Jor all ze X,

Proof. Let (z)ic;c X be (%)ie,-synchronous. Then we have the
equality :

(0 — adas — @) = [(ors — o), — ;) | =
= s — )@ V2 — a; V 2)| + |(ag — @ N2 — @y A 2)]
for all ze X and, 4, jeT. "
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Sumining these equalities, we derive -

30X (e — ) — ) —

i€l eI

=¥y ¥ |(bci—ocj)(a?¢VZ—«73j\/f?)|+
< 2,

iel |

+ XY N — w)a A #—a; N2yl »
i€l jel

21 ¥y % (2 — ws)@e V 2 — @,V 2)| -
iel jerI

Ty ¥ {oi —a)l@w A2 — @ A 2)] >0
iel jer

from where (2.5) easily results. _

The asynchronous case is similar and we omit the details.

Finally, we.ghall give another result of' Chebychey type which ig
included in the next theorem.

2.4. Theorem. Let X be a vector lattice and (et)icr, (Bi)ies two synchro-
nous sequences of real numbers. If (z,) e 1= X satisfies the condition :

(11T) @ — 5] < 1B — By]a, where re X, » >0,

then the' following tnequality holds :

jcard I ¥ ww, — Y « DA

(‘2.7) i€r i€l i€t <(card L'y a8: — Yoy B
lcayrd I E lai,aji ‘E '&"E mil iel reJ ier
iel tel ie7

Proof. For any 4, jeI we have:
[(ai — a)(w: — @)
S o — a)(z, — ay)| <

[(foee] — Ty ) — %) |
< e — @B — Ba) o = (a — a))(Be — By)a.

The proof follows by an argument similar to that in the proof ot
the previous theorems and we omit the details.

2.5. Corollary. Let (8))ic; =R and (#)ie; = X satisfy condition (I1I).
Then the following imequality holds :

leard T 3 Bai — ¥ By %
i€7 iel iel

< [eard T Y B — (E/ 8:)* .
leard I ¥} |B|w, — 2"; Bl Y @] . ©

tel

Further on, we shall give a vaviant of Chebychev inequality in orde-
red normed linear spaces.
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3. Chebyehey inequality in ordered nornied  linear spaces. Let,
(A,' 1) be a normed Iinear space and suppose that X is endowed with
a linear order 5> 2. The space X is calleq an ordered normed space if
the norm I s monotonous, i.e.,,

(M) 0 <2 <y implies that lell < |y (see [4, p. 807).
The following proposition holds,

3.1. Proposition. Let X be as above, («)ic,c R, (Boier<R, and
(@i)ie; = X.

() If (2)ie, is (i)ie -Synchronous and Y owBe Y By > 0 then
iel iel

(3.1) ,-§ B Hg wifai) > I%} @By ] | -E: Bimi |
(ii) 1f (@), 18 () e ;-asynchronous and E B, > 6O then
(3.2) ',.);, aBel | Zé‘lﬁimi I > };}Bi H,Xl.owﬁfxf .

The proof is obvious by Corollary 1.2 and we omit the detailg,
- The corresponding inequality of Chebychev for the norms in an
ordered normed linear Space is embodied in the next corollary,

3.2.. Corollary. Let X be as above and (a)ierc R, (2, X.
() If (2)ie, is (@) ier-synchronous and Yoo Xa>0 then

i€l L=
(8.3) card 1| 3 aw ) > | Y | A
iel iel ier
(i) If (@),e, is (oci),.e,—async}womus_ and ¥ wx; >0 then
€1
(3.4) IRl 1Y al > card T | A
ieTl iel ierl

. Now, by the use of Theorem 1.6 we can also formulate the following
result.

3.3. Proposition. Let (¢:)ic;c R and (%);c;c X and there exist two

positive elements &y y such that the condiiion (C) of Theorem 1.6 holds.
Then ’

[card T 8 o — (% w)?]ja) <

i€l i€l
(3.5) Sheard I 37 oy — % o, % o, | <
i€1 iel =
Sleard T % of — (Y a)?] |yl
i€l i€l

3.4. Applications. It is known that if (X'; (,)) is a real Hilbert §pace,
then @(X) endowed to the usual norm is an ordered normed space,
Let us assume that (¢)ierc R and (Uerc (X)), Tt (U)er is
(e)ier-synchronous and Y Y, U, is a positive operator on X, then :
tel iey
(3.6) card T || E Ul > IF} “ | | Bﬁa Ul
=y i€l

i€7
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It we suppose that (U,),e; is (0);er-asynchronous and 2 o, U; 18
positive, then fer
(8.7) [ Y ol 1Y Uil >card I | Y, U,

cel iel tel

We also remark if (a;);em <R, and (Udieme #(X).
U; > 0 (1€ N) have same monotony or opposite monotony then:

(3.8) n Z (Z[U%) > E oy Z U;H
=1 i1 i=1
or
n n | #”
(3.9) Youly Uil >0y oU, ”
i=1 =1 i=1
It U, Ve (X), U, V >0 and the condition
{0) U<»1*(Ui—Uj)< V for all 4 # j
Gy — Oy
is valid, then :
(3.10) [card I a — (Y «)?2] U <
1€l tel
<leard TY, o0, — % o 3 U,| <
el tel tel
< [eard I a — (Y )2 V]
i€l ier

4. Chebyehev inequality in mermed lattices. Let X be a vector
lattice and |.| a norm on it satisfying condition
(L) lz] < ly| (x, ye X) implies [a| < ||,
then, (X, |.{) will be called a normed lattice (see for example [4, p. 152]).

In normed lattices we have the following inequalities of Chebychev
type.

4.1. Proposition. Let (X, ||.|) be as above, (0);e;<R, (B,)ierc R,
and (@);erc X, If (@)ier 18 () ic-synchronous or asynchronous, then
the following inequality holds :

(4.1) I3 B Y B — Y, afs 3 o] >
iel i€l iel iel
>3 B B |, — 2 of E Belo:| || =
ierl i€l i€l i€l
> 3 B B ey | — y Pele| 37 Belagl .
iel i€l iel el

The proof is obvious by Theorem 2.1 and we omit the details. -
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4.2. Corollary. If (z,);e,c X is ()i r-Synchronous or asynchronous,
then '

|| card 1“;] o @ | ~i§ 0!1’_62] EAN|

(4.2) leard T ¥ a, — % o, ¥, o)) :
T Jeard LY, e | — % [0 Y, Ja )
ier el iel

4.3. Remark. Let ()ien <Ry (4);em=X be two monotone sequen-
ces. Then

n i "
nYy ole] — Yy |l
i=1 =1 iz

(4.3) ! n Z Oliafi — E Oii :}‘,‘; 2 .
i=1 i=1 i=1 l n n
n Y o | — ¥y o | PMRES
i=1 i=1 i=1
4.4. Propesition. Let (X, ||.|) be ¢ normed laitice, (a)iers (B)ier twe

synchronous sequences and (@) ie; = X such that condition (ILL) from Theorem
2.4 holds. Then the Jollowing wnequality is valid

[lcard I Z wr; — Y, ‘7‘-;'.53 A
i€l

i€l iel

(4.4) (card I

iel

%Py — E e thei) il =
el e fleard I Y, Joglws — ¥ leo| Y] @)
iel iel felrl

Partiewlarly, if o« = B, (i e I), (4.4) becomes

leard I Z %y — Y, @ Y @
(4.5) (cardI b of — (¥ «)?)|z| > o el e i
i&7 = [card T 3 agla, — E lae] ¥ @4 ||
iel iel icr

5. Chebyehev inequality in normed lneay spaces. Let B be a con-
vex set in real linear space X. Then the set

F::{aX]or.e[RHa:eE} -
is a clin in X. If, in addition, we suppose that 0 ¢ I/, then ¥ is a cone
in X. By the use of this cone we can define the tollowing order relation

E
(5.1) x>y Ut w —yek,

which is eompatible to the structure of linear space (see for example [4,
Pp. 1257).

5.1. Proposition. Let (¢)ie: R, ()ier= X with the property that
(oy — o) (@ — @) eF(—F) for all +, jel (I 18 a finite set of indices).
Then we also have: "

(5:2)1+, 1y card Iy, am, — % o ¥ @, ¢ B(—F).
pA 2 i

iel iel
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- B B :
Proof. For all i, jel we have (o, — a)(w —ay) > (<) 0, aLer,
(#)ier 18 (o;);e-Synchronous (asynchronous). By the use of Chebychev
inequality we derive

card L 3 o2, > (<) Y] oy @y

iel ierl tel

and the proposition is proven.
5.2. Gorollary. Let e, e B, o, c R, (3 =1, n) ond (o)_—~<R @
monolone increasing (decreasing) sequence. Then

(5.3) nlloqt- A a)met . daye,] —

—(oy+ A e, + (n

Proof. Let us consider the sequence : (%), given by :

— L)nges+ .. A nuen]e (—1).

Tyt = et e (B> 1),
Then (a; — a)(a; — ay) € #(—F) tor ali t, je{l, 2,..., n}.
Indeed, if i > j then o, > o o, < o;) and
g — & = Njy1liy1 + - + 0, €l
and the (o, — o)(@; — ;) € 0(—F).
Using Proposition 5.1 for (2:);_17 as above, we easily derive (5.3).

5.3. Remark. 1f in the above corollary we assume thab P S
+ a, > 0 then (5.3) becomes

(5 4) (al+ = '+a")7]1€] + —_ '+C/‘""]n€u . ?'L'Y)lel + (” - 1)'1’)262 + .. —I— Ylnen
. oy + B + Oy (i B

€ I'(—1") and particularly

(5 5) (OCI—I— JI— (X")Gl—{—- + 0pCu

A I e

Somey (v —L)e, ... e”elf'(—j?).

n

Fuarther on, we recall the theorem of Vulih-Danilenko (see for
example [4, p. 125]) :

5.4. Theorem. Let (X, ||.|) be a4 normed linear space and ¥ be its
closed bounded convew set such that B + O and O ¢ B. If we consider the
order given by the cone generates by I, then every monotone inereasing and
(=)-bounded sequence of positive elements in X 1s (=)-Cauchy. Partioularly,
(X, 1) is @ space (Q)-type with a monotone norm.

The following result is also valid. _

5.5. Proposition. Let (X, | |) be a normed linear space and (a);cr=R,
(#)ie;= X such that (o, — o)), — ;) € F( — I for all t, jel, where
F is the cone generates by a set H asin the theorem of Vulih-Danilenko.
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el rel ierl

(5.6) card I | Y o] > (<) ool 3 .

Finally, we have :
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It 5_1 ¥, w e (Y we, € ) then the following imequality holds

5.6. Covollary. Let e, e I, +, e R (0 =1, n). Then for all (o) _i=

Facully of Malliemalics
Universily of Timisoara

The proof is obvious by Corollary 3.2 and we omit the details.

P n v 1'“
¢ monotone increasing (decreasing) sequence, we have
(57) n ”(“1 + ... + an)'f)l()l + ... +0'."'f“,(’” ” = ( <)
fog 4o anl |l ne; 4 (0 —L)neey + o e,
and, particularly
(5_8) ’ ( 1 ~f— —-{ O(.“)()l —'— “‘[— OLuly > ( g)
ot ot oa
ne no—L)eg ... e
> ( <) 1 + ( ) 2 1 + " .
"
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