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1. Introduetion

Oonsicler a clomajn O - IR2 ancl Uìe function 1@, y): O _ lR. Inmany problems the following matter.is set: to approiìrri^té,the intle,gralsof the type;

i in,, v) ùr,ry: , ra.t
o

abov tffiU,l imation ("ïfr?,1'ï)nt"*..îå,?,t:î.åt:
gous forrnula of a sr'¡gle-"uat ínr.iãnlá.More followjn la is est-abtishecl ;

Cnl : Arl@r,, U) I Azl@r, t/) -f Arl(nr, as) * Asl(nn, Un)
rvith fou
ot prec,"s íl;or1+)"1üå\li,:t,i¿lliillîi jriï".îä::
tence of en it is shou,n ttraCttiey are insicle f).Their co .,rutgtrts 7, ,*.ir,-Lï ,tu are del,ermi_necl next.

For the facility of calculation $re should u.se furt,her the coortlinateaxissystcmhavitrg1heoliginìn1lregraritycenfei:1u'lri"¡ii".on the"t,,a,'g.l;;line of ect_uation y : ,nl, nx : ßE læt"): 
--"-- \ "

2. rleterminalion of orthogo'ar pory'o'riars o{ tregrce P

The sought polynorniais (B jn rrurnber) have the folm :

?''o(n, !J) : rz * azû ! ctry I ao

?t'r(r, y) : ull I bzn * b{/ I bo

flo'z(fr, !l) : ltz I crn I c;ry I c6

For the cletermina,l,ion of thc const :0, l, 2), n-e iin_pose these Þolynornials the conditio oltirogonlít on il*
flr?c9 of pol¡'nomials.of clegree_1 5J, trrI îo achjeyethis il, is errough tìrat they are.-ortho -irf ,*åi t¿ , ;,'-;i _
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I'roposition 1. The integral Itlt,t¿ -
o

fi"tyu dçt is cnlculøte¡L co,ith, the

relatí ot¿

1 ß+1 tr,lt
i

In.,il I
t':0

Int'¡* t-' - ( -L)\n )*t- 
rly1.

tt!l
(1)

1

nt{tt,+2-i

a,-c{bcota

üil|+n+ 2-i 
lr',,

whet'e

ft't,1: 
- I)

117'" : -go¡ n

1 a2!u,clcz
:1 ,í):= -- 

- 
I3 tt{c

Plo¡rosition 2, IYe ltuae t'lt,e foltowing recur'?.ence relntions z

frt_|.1 _ ørln,o

I'ttiz'z : þrfnr,o { p¡,a-r,o I þry'o-z,o

Int-3,3 - ^nIr",o * ;¡rf,il-r,o { ^¡rftn-2,o

(21

(3)

(+)
luitlt

&t: tu,, f nz,

2 - frr,

o_1
lJr-

l¡2 [å,. - c)' + (ø - cf ó cot ø) á cotø],

o nl,r - Ttz ^. Qt - c)(az I cuc ! c2)

3 "" ott(ø{c)
t) 1

U,O,,
3

(ntrlmr)þnl*n?)
,-,:- 

¿

nt? - ntï tn, * tn-
Tz : -Ln:llot t.t : 

-f 
l'o ¡

- Irurther, using the recurrence relatibns (2), (B), (4) toc, ancl solving
tlre -algebraic sysl,erns,(a), (b), (c) the I'alues of the unkno-ws a¿, b¡ ã¿

result as shol'n in the Appendix.
IÌemark. Because of the fact thai; út : 0 ¡ t]ne zeto lines of the poly-

nornial f)z'o a,r-e the straight lines : & : Øt¡ fi : dz) d.t ø, - l,he i'ooTs

\

r
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a basis of IPr. The follos.ing algebraic s¡'s,fisrns resirlt :

lt'our+ Io'tor+ Io'oao: -I2'o
I''oo, I lr'rcr,, ! Ir,oao : -I3'oIt't*, * ln,'o, I Io'7eo - -I2'r
It,obz+ lo,l¿a+ lo,obo: _It,\
Ir,obrl lt,rb, I lr,obo: _yzJ
Il,lbzl lo,rb, ï l0.rb0 : _I1,2

It'ocz )- Io't., + Io'oco - -f 
o'2

I''orr+ ft'"r+ Ir'oco: -lt'2ft''", + 7''", I lo'lao - -Io'3

(a)

(b)

(c)

rvlrere ItJ -
O

ntyt c7(! (the inner ploduct is (,f, g) :
O

Ø(x) /(x)s(x) cio;

the 'weight funcl,ion is zo(x) = 1)

Y6 'l:
I
I

I

I

i

I

I

A 0 ' I= lBx

01: !=m1 xryg

D2: != m2x * ig
1

2

xo.

D
I'1

2
o

X

A

I
ù

c

b
B

I9

Yg

Dz

D.
:¡
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of the equation u2 j clru i ao :0, where

4 5 A cuhnturc lolmula 165

o¿..:_ 1 l@-c)(aziTuclcz) |r 2't - -bkt, + lac + ,irf1=-=- q, + ,, 
- 

i

ù
o

I
I

\{¡c'shall apply the follorvirg tr.heoten (}löller,) flom [1 l, para. 5.7 :

..-. , T1,,,:,'cr}.1, II m is llt,c lu.rgesl, ntt¡n,lter oJ linecr,rlq_indc¡tetnlent1ta¡yu,o_
nntt[s oJ p, tuhÌclt, h,u,üe ze]'t¡,- tt,t, tt,LI not{.es o.f O,"J' u¡il,lt, deurec (C,,.f) : b,r "_ l,
then, lh,e incrlucrLíti,e.s

v L@'l \ac I cz)z I etzc2l rbP
tx> sJ-1

a f ø(s, O), ??¿ ( ¡r l- 1 - a(s, e)
and

(5)

(5',)

lfherefole ar,, do not cÌepencl on ø., l:ut onl¡r 6¡11 l¡ ancl the ratio c/ø. This
is an important observation on x'ìrich the icle¿i, oT Sectiori 5 ls bas'ect. Thezero line of pr'r js the hyper,bola

(r-A)(v-It):C
with á, B, C a,s shou'n jn the-A-ppenclix. the zelo line of pn,, js apalaþle.

3. Ðeteunin¿rlion of lhc Nodes oI Cuilature fonnula

th are in IncL a basis forof ;r",,"11fl:i"$,i"H,l::
of

fn rel¿rbirrely rccent
theorel,ic

We tr l'
of wrrich ornia'ls zero lines

trt it ln shown that in cer,t'in conctitions, sal,isfiect,,' rn1itåiä:t*å?;it
the follor'r'ing _rninirnum nurnbcr of nodês fol a cuJ¡ature toirnula. Crj(n - t}re number, of nocles) :

Degree of C,,f s n, rninimal

Ir,oltl, uhere 2ø.(s, Q) is tl¿e, ranh of !.
I,f n:/t+'t)+ o1r, {\),th.en,r¡¿-.ç*t z(s, t)) an,ttil¿crtt,ree' \2 ¡

ltolyttottziuls .1,0, 7t' Pre ffi, (wittt, po : üpt I ypr) h6,,ue tlrc cornn1oyù

"l)' E

"l) .3 isirrr.¡loserl,s,2 l,esull¡,
of ¡rolynomials [p, flre basis ,i

,,r"u,üfl}iprevious 
section. Mai,rix

A : l0 .t:'t) rvjth úzt: Ia(pt,7t)l,t - po,r1,3,o) É 0\nr, o J ""zL

TheleÏore_ ø(s, o) : 1 ancl rve imlrose 1,he minimurn rrumbel of nodes
1L : 4' Then ri¿ : 2 anrl cons-equent!.1. luu rra'e 2 ri'ear,ry-1n¿;p";ãð;;
pol¡rnomìals in IP, l'ith zelo lines which pass thlougti ttíe ro"r1 lrã¿é*.

Prolrosition 3. 1'lt,e foltowing Linear co¡nbinution,

(búz - brcr)7t2'0(*, !l) * ø"crp!'r(n, lt) - a,rbr7t0,z(*, ?/) = pr(n, g)
hu,s an e\l,ipse as 'tlte zero l.ine

From the calculations it lesults :

Pr(r, y) : Dnz Í Eny i tt'r, - G - l,:(D,sz I Ð,ny I .tr,,!¡, _ G,)

Q' ,1" given in the Appen-
D'nzIlJ'r,!I.,,y2:*'
, is indeed an ellipse. fn
21, lt : 4i,, c : l, coLø. _

,, ^L,.ei, frr =,trr'o. 
Oq-"-i9.]ls1l.,.j. an{ ?, ar,e lineall¡._inciependent andthe follos'ing thèolenr (t\Iölter)'fro'm 11l,'pala. r.i i's velitiecl :

T'heo¡r,rn !. Lpt tlegt'ee (C,-f ) :2s -.L, a,rn; n: lt + tl+ 
o(r, ni.

rl¿ere tl¿ene.rístm -s+1 - e(s, e) Litr,eør,ly-.irr,ttrpeuitf,r,t2poLlynoor,tto,L,

Pr: È ø,,¡P'-i,i, i:l(I)m,
j:0

hauing colnnto'tL zeros crt r,rte n,otles of c,,! uitlt, tlte Jottomin,ç¡ Ttroqterties:

- Q)_lrum_nQ1t1l8r: Qot Q¿eVK,, ¿ :0, I) z, it fottou;s th,at Q,:d,epentl. Iineurly ott Pr, . . . , ll'*, 
-

1
Pz,t : 5(1+4rlr2)

v
D.)

2 l(1 + 5r -l r2)2 * rrl (r : c la,)
I
J

1

4
7

12
77
o^

31
40
49

ylier;e s is 1hc cleglee of the pol.vnonrial.s, rn this case Ìye âïe placecl intne ïramect Ìo\\-.
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(ii)

0 ttr,o út t

{l'1,s (,

0{ '6,s

r¡ank :si2
út t-t ar 

"

0 e,rn,o úm,t Qm,s- L û^,,

(äi) rh'ere enist e$(Lclt,!¡ 2s-}a(s, e) linearly-incl en,delxt ,)ecto,,,s be pa,,
such, l,h,at, the polynomial

7t1, - *z Ð urn, + üll E lt,,¡ipr + ,t Ë b2m¡rpi,e lps+r r
i:l i:l ¡:-l

tolticlt is remrilten ss

¡'o : I L,(u)P,,
i:1

L¿(a) e IP, for ,i, :7(l)m ¡

ïn accolclance rvith the following theorern (Möller) from 11l, para.
5.7 :

Slrerolenr 3, IJ ttte lin,etnh¡-,ind,ependentpuluttontials p,: j u¡,1,pu-!,i,

i :7(7)m, : s l- 1 - ø(s, f)), sa,tisJy U), gi), untt (üi) oJ" Theorent, 2,

tlten, th,ey.¡ lta,øe n: ItI 
t)-F o(r, {t) cornmttn zeros. If these u,t.e rectl

\2 )
ctnd, il,isl,i,ncl,I,h,ey can be ta,lten, cts ttoil,es of a atbatu,re formu,ln C,l ol d,egree
2s -X. &

\Ve eal 1al<e thc nodes (li'igur,e 2): (ar, F,), (8,, F), (d* Fr), (*r,
[r) - lle comrnon zeros of 1,he-tr¡,o lineariy-iñriepcäneït poiynäinìuis
I'r., P, fr'om thc present case - as the nocles of a, tubatule foimula :

ûnl' : Arl(dr, F¡ -l jLzl6r, ß") * Arl(d, F) I Anl(dr, Fn) (6)

Oùserrat.iou,. 'Ihe Möller theorcms cìo not give effectively the
linea,r'lt¡- jnclependent pol¡,nornials, but onll' theil exi¡lter.ce con-
rlitions.

Irlopositrion 4. i,vh,ateuer tlte larnt, ctJ a is eesltectiueru t,h,e aa,rues of
pcerørneters 1, lt () a), th,e nodcs (æ¡, F¡), ,r, - I, j |I,2; i,:2, j:ii,
4, en,ísl, <r,rtd, the,¡1 are real, d,i,sti,nct and, belon,g to {1. g

4. Ilctcrlninafion of tho \Veiglrts oT fhe Cubat,ure Folurula Cnf

lìor thc determinal,ion of the weights of the cubature formula (6)
lve impose 1,he conditions : Q/ must integrate exactly the monomials 1,

... ii,)
ltr

Í.66 Ðan-Florin Ðìrnri lrcscrt 6
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fr,'!¡ ffz, frll , !12.îI're lesuiting algebr'â,ic s-vstc¡tn of etluations is:

egments 6i.1 , çi,t . Obviously, on the verl,i_iving up, the index_7 we have u,r 
^.nd.,cr, i . I(I)nr, _ 1. L"et us try to detelj

t,ios c,f ø, a,re constant, independenl, of i.

ArIA"+ Ar+A¿,:.Io'o
-r(-,1. -l- Ar) * a.z(AB * /.) =- ¡¡

0r1, * F"A, -l Frã, -l- FqÁ r : n

ãi(Art ttr) ï "3(A"+ A+): I2'o

dr(þrA, * FrAr) -f tr(fl-rÁr-f þrAò:r''1
Fî.Al + FiAr+ F3A, + þ;lAr:10,2

(7) )6

bl b bl

l'roposition l. St¡stcn'r' (i ,\ is cort"pcrtibl'c an'dj i,ts sol'u'li'on is : A

A1

A2

^3

1 1!4r!-r2 v1 v2 vl I

4
I
¡

I

At-Az--At- a,h
pr(p, - þr) 72(\ | r)

As: Aa: A, : 1 1{4r!rz abE

l(dr, þn)l:

Þr(pr - p ,) 72(7 +,Ò

folmula

lr1¡¡1o'r, Pr¡ a

I *o

Finally, \\¡e lìaYe the cubature

CnI : ÃrU@,, F,) * "f("1, 
p=r) I +

l{4rlr2
I

ì - !U@r, F=') -l-.f(ã', P-,)l +
Pr

(8) B

72(pr-prX1 *t') V(d,v)

1_j- L Li(a* Fr) *,f("r, 0=o).1
ì
I

uh Fig. 3

Remarlts
(I) Frorn the u'ay in rnhich systen (7) s'as obtainecl, it results

bhat the cubature formula Cnf has the precision clegree a1, leasl, 2.
(II) The rveights Ar, A, arc positive, therefore the cullature formula

Cnl is positive.

Irlrrposif iou li. llrtl,,r:.: p: cr'rlts.l.forutr,4i:1(1 þn,ilrcrr,¿,r: (l_- ?)d, b¿+t: pb¿, i'-: J(L)t¡¿ - I, iu,'ìh "9 :' ¡.r¡,i ;'t'"''
Às a result ''e har.e thc foilo*.ing c*bat'r,e ptilce'Lrre:

C|t'ttÍ : 1*ap* ?2

- ! ur-t, Fr'r) +
Pr

72(pr-prXr*p) I
5. Determin¿¡tiou o[ a Cub¿rture Frocedtlrc Cf"'I

\\re st¿rrt vith l,he observàtion l,hat in folmula (5') the erpression
for þ'.0 clepentls only on theratio r(r = clu) antLthelefore in (8) 1,he shape
of thõ-Oornain O is itrvolved only tJrroug'h the agenc-Y of r. On the basis
of this obscrvation we shail construct a procedule of economic cubature.

We shall try to clivide the clomain O into subclomains of the same type
rvhich keep r constan.l,.

The straight lines AB and" A'B' tt'otrl tr'igure 3 int,elsect-in the point
AA' inlo m equal parts, thlough the points
A, : A', and' join these points rvith Jz. lYe
: AA', Vt,' ' 'tIi¡n-tt Ir*: B B' such that the
't?'t fi 't1, subdornainS Ou'J, 'i : I(l)mt j : $)n',

ail the clomains f)i,' stretching on t'he same abscissa, D¿, The subdornain

(e)

+ l@!, p=;'i)l + ! úr4, p=¿,r) + f(u¡, pl,t)l\b¿u,
Pz ' -J

The main Ìemaìning difficulty is the carculal,ion of the or.clinates
þ1'!,*^, but this can be rü,.1ìrirl'ãrirninared, too.
..^ P.ulrnsilion. !. !h.e..sf,rnight lint tuhic.lt,1,árrrr il¿t,ou,ulÌ, (d.r, ß,), (ør, Fr)r's cor,clt't'renr toitl¡ ilte Lines Aß, A,lJ, (ttti,t Ttuss tttiügh,'fí 'i. \ at r'

corolla'r'. TIte points Fl't, F|'t, for ilta sàme i,tieånthe s*merine E
_ Cousecluentl¡., il, is sufficient to cleterrnino tïe point pl,r. then theotheÌ points: p=i', i :2(r)nt,,Fl'j, ,i:r(r)nt, res¡lt frorl ¡re i^te.section

of tlre li'e cleterrni'ed of V and. p|,/ rvith the r.cr.1,icats of atrsãi;;;;";:;t:2(I)mt ait i:I(I),m.
4 c. -3925
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Pallicular.h-. l1]ri1S,ttr,:n,:2t,(l¡:0(1)...), A _0 rvheri h _q>arril consetruorlli' Cl^.2;j: : 1,i,. 
- 2

Notc

,, 
"lrJjì"|ìT.l. 

c6 : b : r:: I an<t u:.90o, the eubatur,c for,rnuta ïol squar,es
(rr) rr'or c : a.ilre <Jornain .0 be.tilne_s oï 1,r,iarg'l¿¡r,for,rn anr[, c.lres_porrrìirrgt¡', \ro'l,rni'a,'iiiiari,i"lâ,ìrniitr"io,r'i'i,i-",'rr,ill,,,.

6. lllft.cli.r,c Itesults; Nr¡lnericr:¡l Expr,rirnelts
on tha basis of trrc ¡lge¡'¡¡hrrr rrrggesretr í, fo.rrrrrr-r, (g) *,c eolrsl'uc_

[:ij],ilj],,;ïilri¡re nnrr r,*i,,'*.Ìi''r,,, i.,-i,iii 1," ;;,;ì ;;;"ii,l,l rì,,, rrrr, ri¡1¡o,u¡o*

-f(,t,, .tt) = þ i- t j,l {, ¿\

i l" I k,-",{;+)J lt' 
- ,) (rr)

The exact ínteglal ofl that fnnc,liorL js

tr,.f :tlTqiar ' 4tL- r'-!¿J 
ì ¡u -+ nf -,"," 

10' - r'! lt t'ttlz) lt c't'tlu l (r:,)'
[1 , j
[;+ õ-),(!t - ,'''.-itr',¡ta)ltt,rt 

"l(;"_,,t,,,,1,, t j] ,
\,\'c consit'lei,ed the prrlticullu. case fot._O ,,u.:2,, tl:4, c: :7, ssleL _:1/3. .[ìor trrcse crxro'ete l,al¿res tlie.-erar,t integlal of tile test_functionconsieler,ecl l.rrer;ioush, is

o
l r,"ï "- (7lfrln2 - 4T:J) = :t.2Jl,cE?,s(J962î

'[Jsing fo'rnul¿r (0) 
'.e ol¡l.ainerr.L thc ïoÌlor.r,ir.tg 

'esnlts:frx nt, :lt, :20 :7 þn x ,n :7) On.f :2.1L1gi2217
f or' 'lll':¡¡,-2 1 2( ntXtt,:4) 04.[ - 2.2 71{) I

loy n¿:tL:22:4 (,nt,xn 16) Cur : 2.23848õ63t)
fo¡, tn, :,n, :2:r : g (,nt, X tt,:64) Col : 2.2¿,9[,Í8866

'_llhel
inro + ,s. ìll:.îil'J,'¿"T;,î":1ü 

!"ïï1";1::Jiiì^:i,'''¿,il-.,1¿"::l::,ll";ìïl*'ì,i i 
,,l:,li-ttii;';'rì,;,, rLi)-,u',,,iärì ,,^í,lii',r,*,, ¡r,r,i¡",ì'Jñ

.,,Gc 1 ¿t'i2r:'!to" : - (n - a j_ 2b *oLø) 
;6 c+*le:

TtPPENI)fX

c')t" ù;
\ nl2c
3 øf <r

1.70 Ðan-Fìol'in Dulnitrescn 1.0

+ l(o.i.i, p=j,r)l + I Lløï,, p-3,,) + I@i,r, pi,)rÌ t)i,j(Li,j (r0)

'lhe 
'e¡rtricl,iYc 

hypothc'sis fi'om proposition 6 sirnplifies for,rn¿la
(10) tq thc forrn 1o) ,11ir' ta,king-into accolnt_r?r'opositi6ir z, ¡re calc¡ra-tio's lrorn fo.r'ula, (g) arc rnr.-crr rnore sirnple thïr in iorrn'ra (r{)).

Prolmsili,' tl. ff./e c1(o), ilrcn, for*,ttrtr, (10) (itttprict:rt¡ fot,nt,ttrcr,(9), too, tultiú¡ is a paiticttlar cias'ej c,onaeí,ges, i.c. ìi;i Cì;:;,/'_ tå'¡ ",

ProoJ: lSecause.TÉe ct(rÐ, anvone js trre *rr¡,iäairr o¿,j, trre¡e exist
Eí'i c Oi''j s'ch that 

\.ft*l 
ao'.,' : lo¡,i ll(E,'i), ¿'d therc exis1, Eì,i e {ri,j

such tlrat /(x) : ¡,[1,i, O e: - qi,i¡t, glact /((i.'), a,nrì consct1uenil1,

Rcnt,c¡,tl¡. Genelal]y, for an arbitr,a;,v clivjsion of O in the subclornainso¡'j still of tlapezoicral"f'orm, rve rrave th,,-f"ir;i;;g ;.rb*i.,,." procedu'e :
ùt,D

C'l'"'l : Z
7,-l

)2

{-# u@\,i, r¡-ri) +72( pL'¡ -Þj,rX1 * I'i,i¡

L!4yi'if(r't',

4

l:1
r,rt,i.l -- Z Ai'tl6i',) la¿,r 1¡1qi,:¡ - E,ti,/(xi,i)

l- 4 4: lJo'''i/(E''i) - X li,,f Ë''i) - I ,4!;i(x - Ei,i)'r gr¿d/((,,j)I t1t tt

* lin''l - + Airl .lfl + l'r1 r''\-l' ' ,4r--'I rri ' \,3,-'T')' 
tl(t)t'i¡ 'ìj'J'igrrtl/(x)l'

r'rrhere rve rvlote d(Qt'i¡ :,,,åïì.rlx - y l. Because the degree oT trre cul¡ir-

turefo'm'laisBneha,veilrat j Aor, : If)¡,iI a'crilre terrn in l]/ll clisap-
pea,rs. Finally, ri,e obtain tilã 

t j,r"r""*" ,

tra
4

,,/ - ¡ Ai'tf(xyt¡
¡

I a in",l . a1O',,, . sul¡ lgrartflx) II 'eo
For the whole clomain we have :

Içi ilx
i,j

Ial - c'i"'Il: i ¡ r,,,i[ -¡ É rl,f*i,)l :lõ i,jt-l "l
4

-Tl:t A|'toill)l 
" Ð 11.,,,,t 

-,i;ri,i/(x',, l"
< r l()i'il' rz(e)i;r) 'sÌq rg'arì/(x)r < A.re¿r.sup rg'aci/(x)li,j reQ xelj '

-lvhere -we clenoterl by À : max cz(oi,r¡ the nor,rn of the division of o.
rf A * 0 lvhen ffi¡ ffi -.o',vå'obtajn trre rooried for convergence. r
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REMARKS ON SOME SUANTITATIVE
KOROVKIN-TYI-'E RESULTS

I. G.¡\VIìE.,\ I. IìÂ$Z\
(Cìrrj-Napoca)

X. I'or Je ûfa, öl ancl h > 0 let
r.or(J, lt): sup {ll@ -l t) - l@) I :0 ( ú (h, sr) lr + te lu, Itl}

^r(1, h) - sup {ll@ -l 2t) - 2l@ _f t) | f(n)l : 0 <, < h,

n, u -l 2t e fa, blj.
The motluli of smoothness co, ancl q? are frecluentry usecl in quan-titative Korovkin approximatjon. TI.II. Gbnska 1¡ï1, I,Ërnma 2.6) ãsta_blished

(1) o,(!, tt) 
" f, + 2 ! 

=) 
.,tt n¡ -¡ -9!- ¡¡y11\ ¿ ) ''"' b-a,

for all Je Ola, bl and 0 <"h, ( ö - ø.
(ll.ll is the uniform norm.)

trn the pr,oof of (1) he used the inequality

(2) tjs'll < ,= llslr -t- (b - a)lls"|

valid for every o e Czfa' å] ; see also 12.1, I.,emma Z.

. -Ll f?o^t,_{q" ç¡e Czfa, l¡'l the follorving inequality oI /4. ì.,andau holtls -
(sec l4l, lì.9.71):

(3) e b'-t''
lls'll < 

øt_-; ltull F ::--:: ¡1n"¡¡

.If"(3) i,l userT.insbead ol (Z) in the, p'oof of f:emma 2.6 i' [B], rveobtain for all Je üfa, ó.1 and û'<h, 4 b*- a,

(4) 
^,(Í, h) n (r -t +")(ùz U, D + #; ilfli

2. I-;et p and q be real numbers such that
(5) ll/'ll < plllll + qlll,'ll
for all f e Ozfa, b].
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Dan-Irlorin Dunritrcscrr

_ b'(a'! 4ac t c2)

18(ø f c)2 )

t2

%:Oi

(x,: _It'u - _ 2b(a - c)(q'z 1- 7øc I cz) 
.- I2'o 75|r,, I c)(a, I 4ac ! cz) '

l)o: - nr(roi 6, - 
2b(a - c)(a2 l Suc + cz) .

15(ø * c)(az l- c2) '

,. 4lt(u - c)Qtz * uc -f cr)(a" i $uc I c2)
' 15(ø -f c)(uz I c,)(a, I 4a,c I c2) "- 

'

^\(co : -1gk, + rf 
{a,a { 2ct3c ! 2øc3 I ca I (a2 ¡ 4øc -l cr)(a- o {

f ú cota) 0 cota) ;

4b(ø-c)(u,]_Sctclc2)
15(øfc)(az!c2)

" 2(a-c)

?n;

fiå(ø f c)(a'I c')(a' I 4o,c { t¿)
{- a2c2(3u,2 ! 4ac{3cz) t

(o,a l- TaBc | 10a,2c2 ! 7øcs * c4)(a - c ! Zr cotø)(ðr cotor) ;

A: -bt; I) : -bri C :bl)¿--bo:

: b'l(w,,,,,
50(a f c)'(ø2 I c2)z(ccz l- 4ac ! c2)

7¡':o+1-óu7c!3a2c2!5ac3{ca-l(az|T u,c!or)(a-c ! tt cotø.)b cotu 
1

Ð' : b(rt2 | Tcrc { cz)(n - c ! 2bcota.) ;

n":b2(o,2 lTttctIc');
1

G' :::Itr(u, 1- u,t'! t,2)Qt2 f 6ar l- cr)
12

4(a-c)'(a,t+\ac{c2l
9.25(a * c),(u, * cr)(a"I 4uu { c¿) '
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