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REMARKS ON SOME SUANTITATIVE
KOROVKIN-TYI-'E RESULTS

I. G.¡\VIìE.,\ I. IìÂ$Z\
(Cìrrj-Napoca)

X. I'or Je ûfa, öl ancl h > 0 let
r.or(J, lt): sup {ll@ -l t) - l@) I :0 ( ú (h, sr) lr + te lu, Itl}

^r(1, h) - sup {ll@ -l 2t) - 2l@ _f t) | f(n)l : 0 <, < h,

n, u -l 2t e fa, blj.
The motluli of smoothness co, ancl q? are frecluentry usecl in quan-titative Korovkin approximatjon. TI.II. Gbnska 1¡ï1, I,Ërnma 2.6) ãsta_blished

(1) o,(!, tt) 
" f, + 2 ! 

=) 
.,tt n¡ -¡ -9!- ¡¡y11\ ¿ ) ''"' b-a,

for all Je Ola, bl and 0 <"h, ( ö - ø.
(ll.ll is the uniform norm.)

trn the pr,oof of (1) he used the inequality

(2) tjs'll < ,= llslr -t- (b - a)lls"|

valid for every o e Czfa' å] ; see also 12.1, I.,emma Z.

. -Ll f?o^t,_{q" ç¡e Czfa, l¡'l the follorving inequality oI /4. ì.,andau holtls -
(sec l4l, lì.9.71):

(3) e b'-t''
lls'll < 

øt_-; ltull F ::--:: ¡1n"¡¡

.If"(3) i,l userT.insbead ol (Z) in the, p'oof of f:emma 2.6 i' [B], rveobtain for all Je üfa, ó.1 and û'<h, 4 b*- a,

(4) 
^,(Í, h) n (r -t +")(ùz U, D + #; ilfli

2. I-;et p and q be real numbers such that
(5) ll/'ll < plllll + qlll,'ll
for all f e Ozfa, b].
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.- I2'o 75|r,, I c)(a, I 4ac ! cz) '

l)o: - nr(roi 6, - 
2b(a - c)(a2 l Suc + cz) .

15(ø * c)(az l- c2) '

,. 4lt(u - c)Qtz * uc -f cr)(a" i $uc I c2)
' 15(ø -f c)(uz I c,)(a, I 4a,c I c2) "- 

'

^\(co : -1gk, + rf 
{a,a { 2ct3c ! 2øc3 I ca I (a2 ¡ 4øc -l cr)(a- o {

f ú cota) 0 cota) ;

4b(ø-c)(u,]_Sctclc2)
15(øfc)(az!c2)

" 2(a-c)

?n;

fiå(ø f c)(a'I c')(a' I 4o,c { t¿)
{- a2c2(3u,2 ! 4ac{3cz) t

(o,a l- TaBc | 10a,2c2 ! 7øcs * c4)(a - c ! Zr cotø)(ðr cotor) ;

A: -bt; I) : -bri C :bl)¿--bo:

: b'l(w,,,,,
50(a f c)'(ø2 I c2)z(ccz l- 4ac ! c2)

7¡':o+1-óu7c!3a2c2!5ac3{ca-l(az|T u,c!or)(a-c ! tt cotø.)b cotu 
1

Ð' : b(rt2 | Tcrc { cz)(n - c ! 2bcota.) ;

n":b2(o,2 lTttctIc');
1

G' :::Itr(u, 1- u,t'! t,2)Qt2 f 6ar l- cr)
12

4(a-c)'(a,t+\ac{c2l
9.25(a * c),(u, * cr)(a"I 4uu { c¿) '
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Ilewt,ø¡'lts. (i) Thc' âbo\-e ptoof g-i\.es us, in particular,,

l/'(r)l < l.f@) -.f(- ø) n2 ! 6,2

lll" li2a o.,zw
for all,/. 9j[-,,, ø] ancl all øe l_ø, tt](See also l¡1, 9.2.87)

(ii) For' lJ : r.t, aucl z; : ¿/, (6) Ì:ecomes

(8) ¡¡,,1a ll(t) - [(u¡l b - a

tt_tt, -+---llrll
(iii) Let 0 <n (r¡-ø. crrorse r-l ilntr ø s*crr r.,,.at z-!r:r¿tll+z:øI å. Ilrom (tr) rve obtäin

h ,.", t __;_ t:J ll.

4, t'et A : CLll ttl_- Clu, ål be a ltositive linear operal,or". Forl1,9Lt, ltllcL Lf e ciu,-å'lbeiúe Jr,riqu" atfine tunct,ioir rvhicrr.oi*cides'with./orr r¿ ancl ü. Lcf- á* be tlle ììor¡lóan ,junì r¡f t,he olierntor,. A antl L,tlrat is, A'+ : iL )- L - A " L.
]Yritq elt):¿¿, i:0j I, Z, t,e la, bl.
'Ihe followin_g- thcoleni iín¡,iovcj a resLrlt fr.om [J l.Theoreur 2. -F,or 

ut| g e C2L'fl, bl ctn¿l ct < , i ¿ 'uie'' trare

IA*(s ; ø) - e(ø)l (
l(h- t'¡z h ^< [=ai' lA(co; ù - 1, o \n tl(e,-,n ; ï)t +

+f, at¡, - tr)z' *)] Ils,,ll

Proof. Let /: g - Lg. Then, for all te lw, bl,

l(t) :/(,r) f l,@)(t- #) + (,, - tr,\J,,et)dtr,
J

It follorvs thaf,

A(l ; r) : Í(n) A(eo; m) 1- ,f 
,(n) A(e, _ n ; ù _l

* " (l e - u) f"(u)tttt,; n)
4

Siuce .4 is positivo we obtaln

lA(1; n\ - l@) l< lJ(ø) IIA(eoi *) _ 1l Í ff,(æ)llfu(e, _ n; t:)l 1_

+|tUr,-n)ø; ùllÍ"ll
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It is linonn bhat 1) > .-?-- ; moïeorrcr, ifi" b-ø
p:-L.-,then orlt _".

ú-0t 2

I:et us l,crlrarlt l,lrat rrvcu it 1l 2 
-? 

, vr,o lta,l,e necessarily q )b-a
b-a - rr

2 " : . rnrlecrl, fol'll givcrr p 2 - L, rct us considor {,ho function2 b_w
l@) : 12 -2ar { 2alt _ bz+ b - a. 

x.hon (5) irnplies q >- b - e

ï)2
14¡e shall prescnt an improved forrn of (B).
Tlrer¡ru¡r 1. Let a 4 !/ < u < b and, le û, la,, Isl. Then,

(6) ll./'ll < tïþ) -,f@)t l¡-ø*løftt-y-rl
ll"f" ll

(7)

p-y 2

íX, l, >. fiProu.f'. Leb o(r) : {
[o' ' 

<o
l,'trr all üt L e la,, hl u'c huve

f$l : l@) .f'(a)(t - ll) +
(

* \ lo(r, - a) - 6(at - ¿)l(ú - w,)f,,(u)ttu,
J

Using (7), it ,- ";-, bo oirtain

ff'(nll " 
I'fþl-'T(vll

ø-y
,9.

+lf"tt;!n! ,,, - v)o(u, - n) + (y -w)o(tt'-y) - (ø -nr,)o(u -zlldzt,

t-tr" 
"oofti"ient 

of ll"f"li equats

,1îa<n<y;
1

-- [(m - y)z + (n - ø)'], tf y ( ø4 øi
2\ø - yl

Zn-U-z,rif.ø(ø<á.
2

Now (6) follows immodlately.
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O\T N]iIVTON'S METHOD trOR OI'ERATORS WITH HÖLDER
CONTINUOUS DERIVATI\/E

IOAN LAZÀTì
(CIu j-Napoca)

1. trntroducúiorr

In this note-rr-e at,e inteleste
the co_nvergence of Nervtãn;;;; ts concerning
Banach spaies, 

"'iru" tr.óliiil rl,; equations in
js onl¡. fo6¡.,dr continuous. atol invoh'ed

Using lhc ltheinbr
srt"¿ nvlilìnäïã*-i,rri"rr r' alg¡'¡ss- f1l establi-
existence of the solutio of the meflrod_ancl the
as in [1], f. pX"¿ioio [ 'r t]re same assumptions
t,ion anrt iilãìöu'' 

"* 
e uniclueness of the soìu_

Our r,esult improvcs the assurnpl,ions
11l, [4]. In the case-when ff"f¿""îàîctitiorr is\4re can reduce oul ilreolem to the Kantoro

t,oa, lhard garre sulificient c

?ìppe solvin
equar fYstem of oldinary clifferential
as in_121. An example ii his problem in the sa're-üãî

rnt' x and y l:e tsarrach spaces ald ret us consicrer the operatorX- : Ð c -T * Y. For' .of.;ing-l,h'"'ii1îatio',
(1.1) [t(æ):s,
lve aonsjder 1,he |tsurtsn-Kantorovich iter.ations
(1 .2) ïn+7 : .t)n - L4tt(ft,)l-L Þ,(n,,), n, : 0, I, 2,. . .

whe,re p'(n,)1-te L(Y, Å) (the Rana,ch space of the liounrled Unear.opelaf ors fi.otn T to ' 
.I-).'

As in 11ì anrl J4 J, rrcre rve onr.y assumc thal, is Fr,écrrer-cliffereni,ia-Irle anl rt'(.i is uritäer,-ãriiñ"åir."
ìMe shall give sufficient oontril,ious, rvhich p.ovicre that the sequence\nn)ue¡t is wetl clefined antl convergu*'.to , -"r,iì;;'äì iî,r1.\I/e say that r'(') is Hölcler contin'ous ove. a ilomain y'l if for somec }0, ?e10, ll,and all *,Euø,-'

þ"(n) - p,@)il< cll ø,* g[n.
fn this case, we say that ?,(.) e IIok, p).

ú76 J. Gâvrca, I. Raça 4

Now /(ø) : Í(b) : 0 ancl henóe (8) yielcls

ll/'ll < +ll/" 11. We cleduce that

lA* (s; CI) - g(n)l : lAff; n) - /(ø)l <

< ll/lll,4(¿0, #)-1 l+ + ff" lllil(e, - u; c))l * 
,L 

A((e, - u)"; n)llÍ,,11

To finish the proof, it suffices to remalk that J,, : g,, and ll/ll :: Ile - ,s ll < 'u ,o'' ro" r.
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