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1. trntroducúiorr

In this note-rr-e at,e inteleste
the co_nvergence of Nervtãn;;;; ts concerning
Banach spaies, 

"'iru" tr.óliiil rl,; equations in
js onl¡. fo6¡.,dr continuous. atol invoh'ed

Using lhc ltheinbr
srt"¿ nvlilìnäïã*-i,rri"rr r' alg¡'¡ss- f1l establi-
existence of the solutio of the meflrod_ancl the
as in [1], f. pX"¿ioio [ 'r t]re same assumptions
t,ion anrt iilãìöu'' 

"* 
e uniclueness of the soìu_

Our r,esult improvcs the assurnpl,ions
11l, [4]. In the case-when ff"f¿""îàîctitiorr is\4re can reduce oul ilreolem to the Kantoro

t,oa, lhard garre sulificient c

?ìppe solvin
equar fYstem of oldinary clifferential
as in_121. An example ii his problem in the sa're-üãî

rnt' x and y l:e tsarrach spaces ald ret us consicrer the operatorX- : Ð c -T * Y. For' .of.;ing-l,h'"'ii1îatio',
(1.1) [t(æ):s,
lve aonsjder 1,he |tsurtsn-Kantorovich iter.ations
(1 .2) ïn+7 : .t)n - L4tt(ft,)l-L Þ,(n,,), n, : 0, I, 2,. . .

whe,re p'(n,)1-te L(Y, Å) (the Rana,ch space of the liounrled Unear.opelaf ors fi.otn T to ' 
.I-).'

As in 11ì anrl J4 J, rrcre rve onr.y assumc thal, is Fr,écrrer-cliffereni,ia-Irle anl rt'(.i is uritäer,-ãriiñ"åir."
ìMe shall give sufficient oontril,ious, rvhich p.ovicre that the sequence\nn)ue¡t is wetl clefined antl convergu*'.to , -"r,iì;;'äì iî,r1.\I/e say that r'(') is Hölcler contin'ous ove. a ilomain y'l if for somec }0, ?e10, ll,and all *,Euø,-'

þ"(n) - p,@)il< cll ø,* g[n.
fn this case, we say that ?,(.) e IIok, p).
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Now /(ø) : Í(b) : 0 ancl henóe (8) yielcls

ll/'ll < +ll/" 11. We cleduce that

lA* (s; CI) - g(n)l : lAff; n) - /(ø)l <

< ll/lll,4(¿0, #)-1 l+ + ff" lllil(e, - u; c))l * 
,L 

A((e, - u)"; n)llÍ,,11

To finish the proof, it suffices to remalk that J,, : g,, and ll/ll :: Ile - ,s ll < 'u ,o'' ro" r.
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\'Ve s-ill neerl the folorving ìreÉull, rvhose proof oan l)e fourLrl- in 13 l.
Lerrtnt¿r '1.1, Let P: X -,Y u,n,d Dc-I.llre crssun,eth,a,tDi,sope*o,ntl

llr,at P'(.) err,sls e,l, eû,(h, pcti.tt;t oJ Ð, Il Jor sonte cotr,t)efr set II c- -D wa
hu,ae P'(.) e II¿(c, p) tlten

Yr, ,y eD, llI,(r) - I'(!t) - P'(y)(* -,r/)ll a.+- llr - yllt*,,.
Ltp

2. llcstrlts

Concerning ecluation (1.1) arrcl itelations (1.2), rve carr git'e the
follorving

llrcorenr 2.l.Il I' ds L'ré,ohet-d,í,fferentitrb\eon,S(no, r):{ne -X llø-cu ll (( r'Ì - I) utttl, iJ thare ¿a:¿sls li) 0, I ) 0 u,¡rtl,2e 10, If sttch,lhnd

(z.I.a) llo: : 1tr"(,;:ru)l-1 e L(Y, ,{);
(2.1,b) lll'ol'(øo)ll < "l ;

(2.1.c) ljlu(l"(rir) - l,"(lt)) li< -lf llu -y ll", V,r, :ry e S(¿0, ?')i

(2.1.d) lt z: Ii't" < --lL- t¿7rJ t'> (I i ll)'n.r+p
I'ltctt,

The ser3tence (a,,),,ç¡¡ç1i'uen,bt¡(7.2),iswell dcfinecl, rent,a,ins d,tr, 8(nu,r)
and, conaerges to ct sr¡l.ulict,n t:* o.f equntion, (L.7). _ I

Tl¿e soLution, r* of (1.1) ds tlniqtte it, S(ø0, r) i,J r <I{ þ

Tlte f olkttoing csti,ttt,ntt:s ute true

(2.2)

lln* -rr,,ll< (1 ip)'n,- t 
. ,. l(1 + lù',ol,lL{j, n:0,r,2,...

\l - ¡t)'rtP

ProoJ. Let us consicler the operal,ol P: D c- ,Y - ,{, P(o'¡ -: ;n -
- lolr'(æ). lVe r¡l¡selve that the filst itelation of (2.2) cnn be written as

(2.3.a) n, : P(nr),

ancl, sinco 1¡ is llréchet-cliffer:entiable over iS(rn, r') it follows that -P is
Ir'réchet-rtifferentiable oynt,S(*rTi and

(2.3.b) Vr e B(ø0, r'), P'(n) - I - lo7¡'(ø).

Now usiug (z.I.c) 'lve get

(2.3.c) m¡ !!€ SJru, ?'), llP'(r) - P'(ùll : lllu(r) - It'(y)H < Klln -ull,,.
that is, P'(') is Ilöltter continuous over B@ll.

Using (2.1.b), by (1.2) rqe have

Q.a.øl llæ, * nnll : llloF(a:n)li < .l 4 r, bhus æ1e B(ro, r).

so, ll is Fr.échet-differentialrle in ø., and ir¡, (2.1.c), (2.1.d)

llI - fol¡'(ør)ll : lll,,(Ir.,(ør) _

- I,"(,?r0))ll< 1f ln,, - troli', ( 11.4r, ( '4_ a U,

ilrus LÍP

Q.a.):) JIJ : : l.toli,,(rr)]-re L(X, .rll) and ltflll ç a+,"
rvhich implies

Q.r-t.a) XIll: : l-1"(ør)1-r e L(A, )t) and l-r : f/[.0.
l{o.lr. from (2.8) antt Lemrna 1.1 u,e har..e

liloÉ'(nr)ll : lle', - p(ør)ll : lip(ør) - p(e,o) _ p,(e;)(:r, _ øo)ll (
1 /t ,.... ,rÈt' / Ì\"¡,1+r'\ I + p l:r:t - 1)oll'"'< 

fr,
and, by cstimatcs (2.1 c), e a.lt)

(2.5.b) llf,Í'(4,,)li : lj¿/t'i'(n,)il < ll¿/li lltuÍ,(ni)li < __l_ Irf,,
L + F L -I{.rD,al-so, for all fi¡ lJ €,S,(rr, ?,),

(2.ó.c) lllr(f"(ø) - E'(y))ll< llUii lir,,( r,,(rc) _ Í,,(y))ll < _L, Iln _ yll,,.

F'orn assurìì¡rtio's (2.i ) rve ol¡rai.ed 
'erai;ionu 

(2.5), t,rrat is, give',tn it lollol,s l,hal, r, is rvell úetinc¿ ù.y ([.2), Since (2.5) ar.e similar lviLh
liå il; Íil o, a'd (1.2 c), ;;;il,r1-äoiti,í"" ;, 

",ì;;;ä,'rr.om 
ø, to e;,,

Iirst let us consider. ühesequences (I(¿),enr(r?n),e ¡.and (D"),0"¡¡whichare clefined by the recnrrent 
"eiâti,rn,

2
C)n Newton's I\{cl_l¡r,rì

1 Il,-.'4t;!i
l lP 1-I(o-;r¡,?,-1'

17g

ïo

(2.6.a) K": Ku_t
1 - Ku-tn?,-t'

lLu - I{o\:o, m : 1,2r. . .,
rvhich ean be writben

(2.6.b) îo:.1 .h.'tllo-t.K^: Kn-t
L + p 7 - ltn^tt 

4ñ + 
1--¿*r_--,

/¿u: 1 /-!tt--\t"=(1 
+?F l¡f+,, 1 ÍÙ :7'2'"''



5

--^-- T"9.^ Q.7) and (2
ljs-E1q Lhat (2.lr7) hol¿(2.11.b) l,e har.e'

.5) it results flra,i, (2.11) hold for n, _ 9for /r; : !,2,. ..,r, _ f---,ifuîî**'i_O
', il-l
lln^ * ,, ll * .X- llnr*, -," ll * ît ,J.. ( , rt 'l

¿:o ¿r¡ t-X* (rT"f" t(l + p)1/þhl
Further, by (2.8) and (1 I p)* > 1 + ptü, vtc e N
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,1. Wo
,b) and

(l + þllt -t
þ

llno -norr<r i' ,, *þt(l + ?)l/þhrr: r¡'o-* , + <(1f p),¡(r.

elations (2.6) rve can easily ob{,ainIc : 7¡,

ry is a Cauchy sequence. fndeed, for

| ,r1_1il_1
llfrn+,, - r,, ll< X lluu*t _ ørll (

h:n

x I
(1 + p)rt, i(1 + P)ttþttl

1t+ ilt-l

n-l---rI

,t+r,¿-l
!14{--1

þ

ancl, by (2.8) ancl (1 I p)r > r + \stt, ytr e N
llfru*,, - n, l/ < ., 'i-t 1

rã (1 f ,p)t*+ì[ t(l + P'ro¡n'l\!t!;øl-

1: 1 .r-.---- ---l(t ¡o¡(L ¡ p¡"¡1' ''

1

o (1 * p)G+n¡¡p

(t+þft-t
,/oh J--t-

(¡p¡n+k- ,
þ

,

1

(1 ¡ Ttaro¡
x
It:g

l(1 + p)rro¡r11+Ð1'a U

' O; rr^ i(l + 1t)rnnrv#="f' ,r*,
À:0

tr'inatty, *irr"u'i-t hr : 
,!_:J!! < (1 + p)(r _ .tt,,) rve fincl

(2'12) ll,o*^-n,ll <e¡p)n--.-t (!t-Ð"-1

1t ¡-r¡,,þ t(l + p1/1t)hl--þ--(r - h,no),

å.uoil:to"u' 
using (2'8) it res'lts that (nn)*e¡, is cancrry, rre'ee it is conyer-

X_tet nr:li1 #,,, Frorn (2.I2), for ø :0 antl nt,+ @ we get

lle,* - #oll ( (1 f p).a ç r, ¡rus æ*eB¿*, .r).
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(2.8)

and

thus

(2.10.b)

Ioan Lazãr'
4

lMe har-e 1,hc follolging inequality
(2.7) Vp e l(),11, g,(I * p)1-, < I
since the funcbion i;,10, l^l -El,:f(p) : ptnp + (f _ p)ìn(1 *p)is convcx,
f,* ftrl :0 aurl ./(l) : o'. -'/r \r '

From lo ç ---t-, rvc obtainr+p
(]_]_p)hi {p'(I *p)l-n <l

11
(1 +ef Í- h")*, 

(l *P'
ühus, by (2.6.b)

h'((1 *p)-l¿l*r.

We observc that h, < [(1 | qt)h,[)h, < /¿0 < a+_ ,r-lp'
so, 'we can ea,sily get (by intluction)

(2.9) h,, ( (1 i p )hi,!i ànrl 'tt,,. ( ? t ,n, :1,2,, .rlp
which imply

(2.10.a) Þ, ( (1 * (t)t rtt tþ) +. . . ¡ ¡t1¡)@-r¡,5rî,øf' _
(1'r þln-1: (r a'p¡--il t.e+þy, .- I

(7 ¡ p¡rp l-(1 + P)unl¡l\rÐn, n

and by (2.6.b)

1 o
)a

l
Ïr:- r*p

lLn-l\n-t

L - ltn-,
( /¿¡:r1n_r ( l¿,*r ...hrltn-r¡o,

1 (t¡ þl1t-r
T" ( 4 l(7 ¡ p¡rtr¡l-V-, n, :0,I,2,

(1 -l- P)"tn ''

Now, by induction, we shall prove the following, for al| neM,
(2.17.a) æ,e ,S@oJ¡ ancl JI., ::1f,1'(rn)l-te L(y, X);
(2.11.b) flt,-?'(*;,)ll < l,;
(2.1I.e) llT^(F'(*) - n,@))ll < ll,llm - yllo, vn, y e E@0, r).
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Xte,rations (1,2) catl be rvritt,en

(2.13) ,[t'(¡r,,) * LÌ'(n,,)(r,,*.,. - nu) : 0.

Since fol all r¿ e -¿Y

llI''(ç")llç llli'(ruo)ll f ll'I'r'(r,,) -,É"(øo)ll< ll"'(ro)1¡ -1r lll"'(ro)fo(-Ii'(o:,,) -
- lt'(,?0)) 1¡ ç illir'(a;o) il(1 -F lf iln,, - øo ll,') ( llF'(øo) ll(1 + lí?',).

it' follor,vs that the sequence (?"( r,)),,.N is bounrlecl, so for 1¿ + oo iÌì
(2.13) rve get

/(¡'r) :0,
that is, ¿u* is a solution of equation (1.1).

Iìqnation (1.1) is eq_uir,alcnt ll'it,h lhe,eeuatr'on u: : P("n:), so, ø-'F

is a fixed point of P in S(a;', i'). If r'( -Il-p Uren fol all ,r,e ^sJãlfirvehatre

llP'(n) ll : lll - l-oF'(ø)ll : llfo(F'(ø) -?'(ao)) ll < frllø - o6ll?' (

< I{rP {1,
tbat is, P is a contlact'ion orer'ñ( ero, t'), so the fixetl point c* of P is

unique in ñ( ø0, i'). Ilcnce, the solutioll ø't of (1 .1) ls uttique itr rS(co, t').
fly Q.72) fol l¿ * cor thet'c lesult the cllot'estirnates (2.2).
Obserua,ti,on 2.7. IÌol p :7 in the above tlteerlt-'rn, the a,ssutnp1,ions

alcl the conclusions c¿r,n be recluce<l to the }ia,ntorovicìr tìreoren l3].

3. Applieations

;!t each step in hnplicit Iìuler's Discletization fcll solt'irrg a systern
of ortlinaly cUfelential ecluations l'e rnus1, i:iolt'e an etluation oll the fot'm

(3.1) 7'(y) : ',U - 'uo - h,l(y) :0,

'I'hcorern 3,1. Il Je CI(D) antt iJ Jor. sr,me pc IRr LoÞ0, LrlAct'ttcl '¡t e 10,1f ue hare,

(S.a.a) (tt, Au,) ( ¡r.(u,, u,) : rlluliz, Vue IR,,,;
(3.4.b) lff@\|( zo i
(S.a.c) llÍ'Qt) -.f'(r)ll(Zrliu - rl)',, yu, a e D,
t'hen tor D su,f.firient large .llte seqtraut,e (yr.)oçn gitett,_by_(B.S) cort*ges lou, trnir¡uc sorttrio, of equarit', (8.'J), Jtn. ítrt it'S 0 uttii.lt 'snris/.ics

(3.4.d) h, ctrh,it,r.ar,¡7, if p.i ( -1 ;

(3.a.e) h, bounclecl, ¿ ç ---I__, if ¡rì ) _1,
(1 l- y.= t
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) "'"'l
ProoJ. \\-e apply l1heolem 2.l,. Florn (B.4.ci), (B.a.e) we get

(3.õ) 
t,./¿ < 1.

ftrdeecl, if ¡rt ( -1 thelr p( 0, thus ¡_r/i { 1, ancl

if ¡-rã ) -1 then h ç 
-I-, 

ilr¿s v.h< 1 _L ar.(l * r,.1) i
Let (I - hA)ø:0r ol z:ltAø, Using (B.a.a) l,e get

(2, z) : (2, az) ( ¡rli llz,llr, or, (1 - ¡rlr) llø ll, < 0.
arrtl by (3'5)' it r'esults_2.:0, rr_c-nce the rnatr,ix r -Ita is non-sing*rar
Jig.9^1t1"- l"'(y') : r - hil, it'follou-s that there-exisis-
Ltu1'(t¡o)l-r, so (2.I.a) holcis truc.

Norv let z: : ln''(yo)l-17(yo). rlhen

arrtt e _ ttA)ø:tú@o)

(3.6) (ø, (I - lu|)z) : (2, Iú(,tln)).

Florn (3.a.a) the follo-n'jng estina,te js tlue
(2, (I - h_[)z) :lizli, _ lt(2, Aø) > (I _ ¡t"h)llzllr,

u'hich irnplies, b¡' (S.4.ì:) anrl (3.6)

(3.?) ll; j¡ ç -1loI -*| 
:i'.tt

so we llave alt cstilnalc f'or'(2.[.lr).
\\re similarlr. p'oceed_Ìot, 1Z.l .c¡. For, all ,u,ris e D, let z, i :: LþÌ'(,uù)ltr (tt,(u,) - lt,(u)). irtrãìr '-'-

(I - h,'l)z : h(l'(r,) - l'@)),

wltere
.t+-I -t-, ¡
p

sha,ll

'ivhere 3/o e [R", 
'lt ] 0 and / : l) c- IR'r¿ + [R?'¡.

In [2] 1'.J. I)euflhalcl gar.e sufficient conclitions rvhic]r plovitle t'hat
Newton's mel,hod can be appliecl to equation (3.1 ). One of the basic assump-
tions in [2] is that /'(.) is Lipschitz continuous. Ilere n'e assurne that
"f'(.) is only Ilölclel continuous, antl 1,hen Nel'tonts rncthod calt ¿rlso ]¡e
appliecl.

Nervton's iterations for (3.1) are

(3.2) jl'(ll") (yt;+7 - g'J : - I'(!J"), li, :0, 7., 2,. . .,

that is

(3.3) (r -lr1'(lt\)(y'''+1 - yk) : - (y' - yo -h.f('.Ur)), It:0) I) 2)

I-,et (.,.) be the scalal proclucl, of IR'u ancl ll'll
of (.,.). Let, A : : l'þlo). Concerning equation (3.1
we can give

the assoeiated nolrn
) arrcì itelatìon (3.3)
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ancl usirìg (3.4) rve get

(3.8) r¡a 
¡¡ ç - 

141-lju 
- t'11,,.

t - tLl¡"

\\'lìerc rr: r1 and 9 
= 

¿o <!r<...<_h,- l,,is a clir.isionof 10, ?,landtùn : t,+t - t,, n, : 0, 1, .". ., ¡r _ , *j,:q?,lt ;pr;;".iìnite r1t,,¡ by X,.
,." r,flf råi,""iijf rí ¡rí Q'îÐ, Nãivton's iferarìons 1aóöo.ainþ"î" is.Bij
(3.14) (I -h*1,(X*)XX**t _ Xr): _ (Xr _ X, _ tt,,,f(Xb)), tc:Q,7,2,....,

il"rlî', lår-.;k; ]Iï ït'll approximate the exact sol'rio' x o*, or(8.18 )
tr'irst, let us verify the assumptions of Theorem 8.1.The Ìunction / is differentiabtelier D and

so \\.e har.e an estimate for (2.1.c) rvith ll : : hL,

No$' rl'e put condition (2.1.d)

IiTt' : L,pf (r: 
?h)

I-Vlt

4
or

t+-[('.;) "'{#:'''ecluivalently l'ith
(3.9) (1 f ¡rr)1, ç r.
we obsen'e that fi'orn (B.4.cl) an_cl (B.a.e) inequalit¡' (8.9) is true. so,fol D surficient large rve can apprr- Theorem i.t, aictitrub tne theolemis courpletcly provccl

1

l'(x) : Ll

, VI:(y, ø)reD
4

3
y" o

Leb (,,.) be tlre Euc jdean scalar rrrnorm. ¡'oi"álf u--: (ur, ur), elR, rvd;f}""tin [R2ancl il'll the Eucliclian

(u,, f'(X,,)u) :- u7 ur)
/ÀL

', (ur+ LrI u".!-\ 3 -':t v: ",)') -
Ntuncric¿rl exarnplc

Tret us consicler the "sr-stcrn

: ull_ i,ri +,|,)u,u,. 
[, * îrï,r- "il] tru¡,,

thus (3.4.a) hotds rr,ue rvfth p :1 + !ø: + ril.
(3.10 )

'!t'(t) :'t/$) + "n' 1r¡, ,, u,
¿

ø'(t) : tls (t) + 7, For (3.4.b) Ie,t .Lo: ]t
4

1116")ll (y,l zl,), t@1,+ 1)r.with the initial r,'alues

(3.11)

The norm of a matrix -{ is ilre square root of the
I
I
y(0) : 1,

e(0) : 0.

of the matrix d+a ,

)'
since the norm in pz is the Eucli

spectral radius
for all X, : (!lr, ø, , Xz : (Ur, zz)'' e D we have

dean norm. So,

- _L-'roblem (3,10)-(3.11 ) has a uniclue'raxirnal solutir¡' (y(t), z(t))'wlriclr is tlefì:retl oler [0_, ?[. l{re, obseri-e tlnal y,(t)> y(ü) and'"i,(í¡>'O',
Jf"+ç: (y(t), z(t)) e [1, -[x[0, oo]::Ð, for ali¿e loi'i,l.so, piót:tem
(3.10)-(3.11) can be l'r'itten

+

.)

1;
?;)0 1

&:3

Ill'(X') - /'(x,)ll: ll

4
l1,:\'¡

\At - uá)
I
I
,I',(ú) :/(.{(f)), t)0,
-t(0) : l,

¿)
0

(,3.12 )

4 lt
11

rnax {lui -y21
I
3

31

I

- -3a2rvhere ,l:(¿) : (y(t), z(t))r', i,: (1, 0)?'antl

J, Ð - glr, ./(-ã:) -- U i rt,,,l, + 1)', vX :(t1, ø)" e Ð.

îhe rurplicit lìuler's Ðiscretizatior {or' (3.lp) onthe irLter"r.al 10, T'l(f" < 2) is

(3.13) ,Yo+t: X,, f lt,uf(Xu*rJ, r¿ :0,1,. .., ff - 1,

,
2ì
I.)

/lll

- I max {lyi - sT l,

1

tri - rTD * 1o,r* {ly, - yrll , i", -- rrli} *
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hence (3.4.c) holds true with -t,

"f'(') is not LipschiLz over Ð.

+ - 1,:-anrl 1, --.Wcñaô.1
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Furrherrer i: : 
[(r *i)",t81 : (# ir]'. rr *c Laric /r,,

such thab condition (3.a.e) boltls, 1,hal is, ¿, ç -1=, then ûhe
(1 - "i)'assumptions of Theolem 3.1 ale verifiecl. So, equation (3.17) ]ras a uniclue

solution and (3.14) is ecluivalent at each step È rvith
(3.15) Xk+l - 

-r'È 
- AQ;)(Xtc - .f, - l(N")),

rvhere AQt) : : (I - ll,,l,(Xt')-r.
. From (2.2) it results that

llÏl - I"rr ll < (1 + 1t)It.qþ : î rrri ,

where K ::"L+ , .rt : , ",,L0_ (flom Theorem g.l). We can tzrhcI-þhn' 1. -y"hn'
< 0.001, that is, /i, a 

--,1 * p.i,

where v : 0,û01 317

16
. fn this case aftel few iterations we are a'ble to gir-e

I Laots

a goocl apploximation for -{,,*r.
fn conclusion, -we nrust choose /i,, ( h-n- to approximate the solution

of (3.12) b), the sequence (X,)I:ogirrenì:y(3.13), and.lr,,( rnin (+-rO

=J -\ for' 
"ornpul,ing 

t,he exact, solution of (3.13) by (8.1a).7-w)
If rl'e tAhe h,on* : 0.005, T' :1..6 the erlor apploximate infmpticit

lluler's l)iscretizal,ion is boundeil b). 0.05 (sir.lce 1,he l,ipschitz constant
Íor iqr is bounded by 5 (I' :7.6)), anrl if r¡'e ma,he only four Nervton's
iterations (3.14) the error a,pproximate in Nervton's method will be boun-
ded by1O-tt.So, we approximate y(f) atrcl ø(rl) aftel n steps rvith y, anrl
respectively 2,,. The results ale the follor*¡ing :
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