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1. f nt.rodnetion

rn 13l stetsenko ancl shaaban establishecl operatoria,l i¡ec1'alitiesanalogo's to thc Gro'rvail-Biha'i inequalities for monotonic operators.Let 1I be a Ranach space, ancr ret r{ c- E be the cone in rvhich the orclerrelationship n > t¡ if n - lr e fr is crefinerr. Theorern 1 from [3] pror.esthat if t¿ fnlfils the inequaiit¡,
(1) tt a Au, I J.

then r¿( y't, whele: / is a 1iixecl eletnent, _rl is a¡ tncr,easing operator,
.t7* is the unicluc soìution of the equation

y : Ay t ,f , Q/,*r: Ay, I h.
From (1) the Gronrvall and Rihalj inequalities follorv irn'rccliatel¡..

If ue Afa,, Òl satisfies the i'equatio. ø(ú) < C(t) + j ,frl Tzfø(s)lcls,

¿¿ ( ú ( 0, r,vhere ø(s), V(y) arc contjnuous and posii;r,e functions, Zbeing rno'otonicall¡' increasing and Lipschitzian, it'á;"ïirl ( y*(r), r,here
y* is the soturjon of theequarión yft): C(¿)+ 

I 
ø(s) lztz(s)lcls. rf C(t¡: g

(constant), one fin<ls tsjhali's inequalit¡,.
r' this paper rve srralr creri'e an inecl,ality anarogous to the iìiccati_type ecluation, ancl Wendorff_type inequalities.

2. I[¡rilt I'csult,s

'flrcor,em 1. Let tt(t)e Cla, bl, 
1(^t)e CLct, bl, u(t) Þ 0, Jor exerllte lø, bl a,nit ?¡ r¡ r' e [R*(Ø, < 4pr). rf n.(t)>'-i,tzi'rttd, it aeri.fies

(2) u(t) < C+ ( tr"trl u,2(s) lqø(s)u(s) f rø(s)lds, c ) a
I
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yr(t) being u, pa,r"tic,tùctr. so¿utiolv oJ tlte egu,a,tio?I,

(3) U'(t) : p.u(t)yz -f q.a(t)y { r.a(t)

then u(t) Ju,lfils tlr,e inequality :

atr,d, if u* is the solutíort, oJ the equcltion,

(6)
Au

il,,. t, d¿) u1
ôn

J'O

?¿(ú) < ""r(j Qlta(s)y,(s\ f qø(s)ds)

then tn(u, y) { u,F(n, ti.
(4) fry

Proof. DeÏine the function g(u,y):C+ 
IIr,,rs J'o

t')m I t)dstlf

C

5,
pu'( ü )exp (\er"tòv,(,) t qa(")lct.) u'l-'. ancl deline the operator,

Am(n, ,) : i$ ",r, t)m(s, r)dsctr, u 2 no¡ lt Þ !/0,
to lo

whieh is monot,onicatly .inc'easjng. since by virtue of (5) .lve havem,(æ, y) ( 9(ø, u), it follorvs thaÍ

Proof . Define the operator. r{ by :

iAu: \ ,(r) l'(ø(s))ds, te fa, bl
¿

rvhere v(u(t)) : pa(t)u2(t) l- qu(t)u(t) -f rø(t) is positive anrl increasing
ff y+ is 1,he solution of the equation : '

ôg

0n
t:(u, t)dt g.

Yo

From a known linear inequality FJ it results

y@:c+ lpa(s)tcz(s) *qø(s),¿¿(s) f rø(s)lds, c)0 'l,vhich leads

g(r, ll) { uÅ.(n, y)
obr.iously to m(n¡ ù { u*(u, y). Sjnce t#(r, A) :

o(s, ü)dsdú, Wenclorff's inequality [2] results clearly, hencethen rve have :Cxp
i 5

9s

y*(t) :*r (l Qpa(s)y,(s) f qø(s)ds) .

m(n, 3t) ( C exp (! i '"' r)asaz)

ro J'o

C 2pa,(s) exp (i rto,tr)vtt)* qø(.)) u' 
) 
u,]-' TXreorcm,S. Consicler the functi,ons tn, a,h,e Cfffiz*, [R*]. IJ nt,(r, y)fu,IJiLs'the ineclnalitt¡

from which there lesults : tr(t) ( 37* m(r, ù {h(n, Y) + i i o,r, t)m(s, t)ctsdü,

1o lo
øncl if u4(n, y) is th,e solution oJ the equation

Theorern 2. Letlnt De CIR'*, fR*], C>0. Il tlte futr,ctiott, nt(n, E)
aerifies th,e inequality

v v
r

ø * T u(r, t)lt(u, t)clt
I

)o
m(n, y) : C + j j ,,r, t)nt(s,l)clsclt, 

'nÞ 
no¡ '!t 2lJo

ro lo

#:(\ ø(n, t)dr
(5)

then m,(n, .t¡) 4 ua(n, y)
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Proof . The proof is entilely ana,Iogous to that of 'Iheorem 2, lnt
xy

here Arn(r, !t) : ! I 
,',r, L)m,(s, f)clsdú. fn Ll¡is ca,se

xo lo

wl(n, y): tt(n, y) + ! io(s, 
r)rr,(s, ;lexr (i ir,[, 4)rl[rh1)tlstlr,

fol'OS¿

O}T THE STRUCTURE OF' THE SET OF POINTSDOMINATED AND NONDOMINATED IN AN
OPTIMIZATI ON PROBLEI\{
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ând wo get quite the genelalization of the Wendorff-type inequality
L2l.
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rLcb (x. +. , rt).{yrd (.y, +, .,./f) be tcal or comprex rincar spa_
3ï-;t., ñ bô a'norrioiri sr'usär'o'r _î ,i,î-rài-'zïä-ål ooouojcl subsor

LeL f : -{ + Y, g : ¡ - Ø(y), lt :,I --R be given functions.
Dcfiniúior r - an element # of /s is said to rre a nondominâted pointofrs wittr respcct to l, !, ¿ irt t["*îoes not exist any point ae ñ such

(1) T(ù e h(r).\þ) _t s(ø).
fn the following,,!\f: gz h,,g) will denote the set of 

're 
nondomi_nated points of S wiûh resféct, tÃ, l, g, h, ancl

P(f, g, ft,, /S) : S\Z(t g, tt, S)

#:,$;}:t" the set olÌthe dominatetlpoinrs of ¡S with respecr to f, o, tt.

P(1, g, /4, S): ftf e B:thereis øe Bsuch thatf(y)e h(,1).Í(n)i_gØ)j.
l?,emarlc 1. a) l.o¡' T : R*¡ h: I _ 1ì defined by tt(t):1 fol each

'rir: ,:\i, ,$i' ä,J",ru!l\,Íii'îïîL ,-t,'S, 

";*bffhlåi*'* 
. i,-in" îäï .

tr) tr'or h,: T - Il, h(J):1 fol all te. I anù_g: X _Ø(I.) definedby g(n): D fo'eacrr-¿í. i, *rri.åä i* r gir.en .ouî"t ãr ï, ,re set lt(.f,
í¿ }' rfJ""i!îiidcs 

rvitrr ure let-of ;;á";ìiî"¿*ö;;îì s *,rn respeõú

If ø, y e X an,d, n * U¡ then rve denote by
lu, yl: {(1 - t)u I ty:te [0, 1]],
l.n, yl: {(1 _ t)r * ty :te [0, 1[],
lr, Ul: {(1 - t)ø I ty :te 10, 1j},
lu, yl: {(1 _ t)u I tE : I e 10, 1[].

Theorem l. IÍ
(i) f :X -Y ,is an, o,ffi,ne. fu,nction;
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