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Proof . The proof is entilely ana,Iogous to that of 'Iheorem 2, lnt
xy

here Arn(r, !t) : ! I 
,',r, L)m,(s, f)clsdú. fn Ll¡is ca,se

xo lo

wl(n, y): tt(n, y) + ! io(s, 
r)rr,(s, ;lexr (i ir,[, 4)rl[rh1)tlstlr,

fol'OS¿

O}T THE STRUCTURE OF' THE SET OF POINTSDOMINATED AND NONDOMINATED IN AN
OPTIMIZATI ON PROBLEI\{
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ând wo get quite the genelalization of the Wendorff-type inequality
L2l.

IìEF'EIìENCIIS

1. Cot'dtrncanu, C., Ecualii difeten!iale çi integraLc, Universitatea Al.I. Cuza, Iaçi, 1977.
2. Lakslrnrikanthan, V., Lecla, S., Maltynyuk, Â.,lr.., Staltility Analysis of Notúinett Sysfetns,

À{alccl I)cl<lcer'. INC., Ne.lv-Yolk, 1989.
3. Stetsenlro, V. Ya., Shaaban, NI., Ott Opercilorinl Ineqttalilics Attalogotts lo GtonualL-Bihart

orte.s, l).4.N.'fadj., XXIX, No 7, 393-398, 1986, (lìuss.).

rLcb (x. +. , rt).{yrd (.y, +, .,./f) be tcal or comprex rincar spa_
3ï-;t., ñ bô a'norrioiri sr'usär'o'r _î ,i,î-rài-'zïä-ål ooouojcl subsor

LeL f : -{ + Y, g : ¡ - Ø(y), lt :,I --R be given functions.
Dcfiniúior r - an element # of /s is said to rre a nondominâted pointofrs wittr respcct to l, !, ¿ irt t["*îoes not exist any point ae ñ such

(1) T(ù e h(r).\þ) _t s(ø).
fn the following,,!\f: gz h,,g) will denote the set of 

're 
nondomi_nated points of S wiûh resféct, tÃ, l, g, h, ancl

P(f, g, ft,, /S) : S\Z(t g, tt, S)

#:,$;}:t" the set olÌthe dominatetlpoinrs of ¡S with respecr to f, o, tt.

P(1, g, /4, S): ftf e B:thereis øe Bsuch thatf(y)e h(,1).Í(n)i_gØ)j.
l?,emarlc 1. a) l.o¡' T : R*¡ h: I _ 1ì defined by tt(t):1 fol each

'rir: ,:\i, ,$i' ä,J",ru!l\,Íii'îïîL ,-t,'S, 

";*bffhlåi*'* 
. i,-in" îäï .

tr) tr'or h,: T - Il, h(J):1 fol all te. I anù_g: X _Ø(I.) definedby g(n): D fo'eacrr-¿í. i, *rri.åä i* r gir.en .ouî"t ãr ï, ,re set lt(.f,
í¿ }' rfJ""i!îiidcs 

rvitrr ure let-of ;;á";ìiî"¿*ö;;îì s *,rn respeõú

If ø, y e X an,d, n * U¡ then rve denote by
lu, yl: {(1 - t)u I ty:te [0, 1]],
l.n, yl: {(1 _ t)r * ty :te [0, 1[],
lr, Ul: {(1 - t)ø I ty :te 10, 1j},
lu, yl: {(1 _ t)u I tE : I e 10, 1[].

Theorem l. IÍ
(i) f :X -Y ,is an, o,ffi,ne. fu,nction;

Iioccivcd 15.XII.1992 Departtnetú of Mt;lltcmatics
7'ccl¡tical Urtiuet silg

15 C. I)cticoDíciu
s+oo Cluj-Napoca

Romania



Points donlillaletl ancì lr onclomilla ted 195

Ilence

(8) l@n:_Í -r)y):h,(t")Jftu+ (1 _ h)u,)l(r _r)tt
From (6), since d,e g(u,) anrl $,e have (iv), it foilorvs(e) g _r)d,es(kut g _k)u).

Now, (8) ancl (9) imply

Í(rs i í - r)y) eh(T)J(kc:+ (1 - k)u) _f gØn * g _ k)u).Btt k,n + (1 - /r)ø e B. Ilence
(10) rr | (I - r)y e p(J., g, tt,, B).

"*i?"ì;, 
tä 

ë"oî¡iJT'n]tu;'" 
ha'e (10) and veP(t, s, It', B),'ive get

(b) If u e p(J, g, h, ñ) or y e p$, g, h, B), by (a) .we get
)n, ylc p$, 

çt, h, ñ), which contrad.icts lr, yL ¡ Dff, g,ft,, S) ¡ O.

.on rrfoï"me 
no'w that there is øe ln, ylnP(Í, g, lt', B).l]Len, by (a),

lr, wl - pff, g, tt, S) and lw, yl ç pff, tt, h, B).
these inclusions imply

lu, yL: fu, wlu lw, yl=p$, g, h,, S),

Q. IJeîce Lfr, !/
there exists a

"il""1äf"år¿,1

" "o*f;,oår:;i"". 
x. Il 0)-ev) øre satisfied,, then the set p(f,g,h, B)is

that 
Proof . Irct n, U e pU, g, h,, B)._{pplying Theorem 1, (a), r,ve get

7u, yl - pff, g, h,,, B).
IlrlL u_e'P(f, g, h, ,S). Then [æ, U) = t|y, g, h, B).fn the following rve givc three e

,. -puanrpte I. ]tel" I,: [0, 11, le and (iv)'
{or all te ú and-tet,g:X:"àfÌj'a h(t):¿z
where ¿ is--a-nonvoid subset of ll *=-x;
10, 1-1. A c A. t'Y that

Obviousty ¿(l0, 1]) : [0, 1] and for any te 10,11 we have
17, h(t)l: Lh(t), 1l c 10, 11.

-A,lso, for each n, w e X, we have

1 - r)g(u) : (I - r,\A

1g4 ; j¡: L, l-rìpsrì, ll. l)trca:rncl D. I. l)ircc 2

I

i

I
I

i
i
I

ì

!

I

il
:

(ii) S 'ís a ttottentptty co-n'tset.sttbset -uÏ :\; -,
i¿¿i¡ n: ? - Rn î,s" cr, fu,nctiotr' stt'clt, t¡'at [1' l¿(Ú)] c ¡1T) for eaclt'

te T;'(it:) 
Íor each n, u, e S we lt'ctra

(t - r)g(æ) c ,J( . .'- 
- 

(1 - r)/i(¿) \
- \r * (r - r)/¿(¿t " + i1 1i -.ù,¡¡4 ")'

forallreI0, 1['
ihen, t'lte .fottouitr,g ctssert,io'ns are t'rue :

Ìa,J Íl ".^i and, UeP(l: tt7.-\2 S),-t'hen' l*: v).' P(1,{r h,.af)'

irri 7l nt lJ e s "'"a V, ìiin"nti, 9','h, Ñ) i a,-ltt'en ln, v) ç E(1,

9, ft', S)'11 ' é) 4 ï¡ '! e B q'nd' lu, yl¡P(f, g, h,, S) * (Þ, theru )n, yl ' P(1,
g' l" 

P;ool. ø) Because 1t7 
e P(J, g, lt,, s), the.e ar'e ø e rS, ú e ? a'cl

iIe gþr,) such that
(2) l@) : h(t)l@,) I ct.

-Í'et' r e ]0, 1[. Since B is a convex set and cÛi .q e rS, lve have

(3) rntQ -r)Ye B'

Because / is an affine function, flom (2) rve get

(4) l(rn * (I - rjù : rJþt) l- (1 - r)l(v) :
: rJ@) -F (1 - r)(h(t)/(u,) f ci).

Takitrg

(5)

it is easy to see that

(6) 0<k<1
Because r + (1 - r\h(t) e [1, h(1)], from (iii) it follorvs thal, there is Ú0e ?
such tha{,

(7) l¿(Úo) :r+(1 -r)h'(t).
From (5) and (7) I'e have

h,(t")f(h:n+ (1 - h)n) : [r * (1 - r)h'(t)]'
(1 - r)/r,(t)

'h:, r: 
; -t Í -- r')h(ù '

( - - =l- i(r,) *
\r*(1 -r)h(t) r+(1 -r)h(t)

/(")) :

: rl(n) + (1 - r) (h(t)f(u') + d) - (1 - r)d"

and by (2) it results

h(t')f(k'a + (1 - h\¡tt) : r.f(a) )- (1 - r)l(v) -
- (1 - r)d, : lTa * (r - r)Y) - (1 - r)cl.
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{t

-!' 
-r+--g-rlüú) ,u):á

r + (1 - r)lt(t) ?'+ (1 - t)lt'(t) I

Then'
(7 - r)g(u) : {!t e nT, llyll < (1 - 1") mâx {lu¡1 : j :7,. .,,n}} 

=

={r. nT,tyr(max ll;2,.,*t- r.(ì!#hl ,i:r*}} :
: g(rn | (I - r)u,).

Ðefinition 2. xvc say that the point ø0 e ñ has the (r) property iffor each be X therc exists reR, r> O such that
æo *¡ sZr e ñ for a,ll s e 10, rl.

Let

1(/S) : {r0 e B : ø0 has ilre (I) ploperty}.
Thcoronr 2. rJ lhe conditiorrs (i) -(it,) are rerifiecr, then, the Jottow,inga,ssertíons are true :

(a) I.f P(1, g, 'h, S) ¡ rÞ, then I(S) - pç, g, tt, S).
(b) ry Ð(1, E, Þ, B) n 1(,S) + (Þ, then U(J, g, /¿, /S) : /S.

- Pro_of-. (a) If ,{;S) : rÞ, then 1(S) c f'(1, g, l, B). Le¡ non I(B) +¡ @ ancl let øe1(B).
Beca*se P(1, g, i¿, B) : cÞ, ther,e is a ø € P(J; ç¡, lt, B). T*,o casesale possible :

i) ll : n; then U e P(1, g, tt,, S).
ii) ll { n. Tl:_cn^f'¡,å 

=y -ueX, there is n reE, r.}0 s'chlJaat y * s(y - n)e ¡S for all'.se 10, r,l.'
f,et z:A++ fu-n). Evirlen1,ly, aeB.2-
ff u,etal<eq:;j-r rve have0<q<1 a,r.Ld y:(I-q)n*qz.2Ir'

Fg".q 1¡ e lo, z[ - B. Bec¿use ne P(f_, g, h,, B), n,e have by assertion(a) of Theolem 1, [*, "L - P(1, g, tí, ß¡,'i.e."y. p:ç, g, i, ¡t.- îh;
asserl,ion (zr,) is pr.oved.

- (l¡) Assume that ø(d,, !l;1.t, S^) + !'. 'lthen_ pU, ll, lt,, S) I rÞ ancl,
þy asse'tion (¿r_), y.n go.!' l(Sl=pU, g, !r, S),^*,liicú'ó'Jrtia,lícís \ff, g',
/a, S) n I(B) + (l. Therefo,-e E(f, !"iti,' Si:'ß.

Remarlr 2. rf_(Ì) is not satisfiecl, then Theorem. I can not Ìre tr,ue.For tlris let X - R}, ! : Il2, f , R, - Rz definerl b¡,

l(r* az) : ( - rr, r.t! l_ ri) for ¿r,ll (nr, r") e Rz,

B : {(,rr, rr) e 712 j r\ à A, c:, ): n* q 2 _rz},
? : R, 'lt,: Il - Æ clefinecl J:y /r(ü) :1 for all te T,

ancì
g I n2 - Ø(R2), rìcfinerl hy l@) : l?i\{g} for each n e IÌ2.

Ôbviouslv ihe eontlilions (ii)-(ir,) ale satisficd, brrt rrot (i). \\.eh,at'e E(J, tr, [, S¡ : {(rr, ir¡. w , i, 2 0, rr: 
-g¡."' '"

Btrb (1 - r)A c f0,11'A c- A' Ilencc

(J -r)e(,) =u(;.i, --,.¡rl,on 
i ,l',-i-ry,rø")

IÐaarnlt1e 2.Itet T : Rt let h: R ' R clefinetl by /r'(l) :1 for all

te 1'. Let ;r : R, Y: f?, B : R*, and let ç¡ : trì ' Ø(ß)be defined' by

g(n) :10, n:l for all ue R'

ObviouslY [1' /¿(¿)] : {1} : h(Ìi).
For each a, u, e S : /l+ rve have

(1 -r)9('rr,) 
:10, (1 -r)ru1 c 10, rn +(1 =-r:)uf :g(rnIQ -r)w):

- I 

- 
' ", ¡- 

(1 - t')/¿(¿) ,r1 .: gtf 
+ (I -rt(Ð' 

. r+ (r - r)tit) "")'
Enam,Ttle 3. I-,e1, T: lL, -l-"o[ ancl 1e1, lt,; T - -]? defined by h(t):

: 12 -¿ + 1. Int X - R", T : Il'", let I l¡e a nonvoid conYex subset

of -t?1i ancl let lJ : R" - Ø(R"') be rlefincd by

{l(n) : {U e R'i: llyll S rnax {ln¡l : ie {1, ",?x}}'

h(t)
Obviously, for ea,ch t e ? r¡'e have

re [0, 1]. That, implies [1' h(r)] - lt(?')
'Itef, n, t¿ e B. Because for anY r e ]

)l for allr+(1 -r)h,(t)for all te T.

0,1[ rne have

1"ffi¡

V Q -r)

?'+(1 -r)h(t)
h(t) u¡ Þ- (L - r)u¡: (1 - r) lu'¡1,r+(1 -r)h(t)

for each j. {1, . . .,n), 'rve get that

(1 -r)max{lcttl,..., lø"1} S

- tl rx¡ (l -r)\t)ttisltfa^<t---T-- tl r*(t-r)/r(t) rl,(1 -r)/i,(l)
: j -7,
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.t) Let o: (1J) e B, j/ : (1, _1)e p(J',9, /r, S). If rve tahe
(11) z:712n ]_tl2tt : (1,0),
tlrcrr u'elr¿ie; c Ln, qllr,rLtl;c. EU,...tt, /¿, ,5,). fTenco I,,, ,,il$p(J, g, tr, 

^y).Thc'el'o.c, tlLc a*sôl;ûion (r ) iorl'ii,ñ"n, 
",,-, 

I is rr,b l.rLc.

, ?. L-g,t ,r : (1,1) e!.,^ll :.(1, -1)S g. 1l.he point :: : (1,0) e Iì(.f ,l: /,1.l].,,]'j,"f 
!,r, !.Ll..r:)(.[ì lt, /r, ,S¡ 7'.¡,. Hrii-¡.i7li¡ n, r,, sl. r{errr,c

LTi."i!tÊ 
a(J, g, ir, 8). .I.heleforc tire as¡er,tion (t:) ot'itÌrôorem 1 is not

3) t,et c : (1,1)e S, 1/ : (1, _1)e B. lfhe ¡roint
tu :Ilt r.,î (1 -71+)y: (1, _1/2)e lt:, ,!ln p(i, rr, /r,, ñ)

ancl the point
z:7i2r¡, I ll2y: (t,0) e )t:, ylnD(f? g, tt, B).

I-:I9nc,o Jr, yl+P(1, ç1, h, B). ll-helefor.r: the ¿rsser,tion (c) of .lhcor.e¡r1ì,s
no1, tlrie.

.i) 1'hc poinl, a, - (1, l) e I?(j, ç¡, tt, B) anci lhe point
z : (I/ò) +/(S) rtt(l) g, tt, S). FTcncc¡ /(S) É pff, g, /r, ig).

'Ilhe.efclt'e the asset,tjo. (zr) clT 'llheo'cnt 2 is .o1. 1..e.
^ 5) 'l-he poi[t .q: (1,{)) . ]ù\1, g, h,-S) n_I(B), but ttr(f, g, tr, S)t'

t S, bt'eause I : (,L, -l)c ¡,Ui tl, i, Sl. II,,¡,,c' l¡ô ¿r**r,rltióir (¡l ótTheol'clrr 2 is rrol Lrirrr,.
Lìento't_'l: ¿ rf (r,') is nol, salis[.ving, t]rcrL Thcorer¡1 c¿¡ uot ¡e tlue.

!jt^:t 
=.R, 

!: !, ,f,t4 - $_,'I@i': a, fol e¿ciuuli, ^S: io, ri,
12,31,.!L':Il_, h(t)- I for,all'ièf, gity +s(y) uìiir glc¡ :pirifor each re X.

Bccause

.f(u) : J

t

/¿(1)/(0) f ,r ill øe[0, Il-
lL(1)Í(2) t (r - 2) if t e 12, B)

it follorvs llnt .P(J, ç¡, lt,, S): I0, 1t u I 2, B). ,Ihen Jtr(f , rt, /r,, S) _
- 

Jt) .)ì
- t\'taj.

1) Tire point fi :0 e ¡S aucl 1

10, 3l +P(f , 9, /r, ñ). I{ence the asii
2) Let n :0 zìnclr7 : Jl. \\-c'

fllrcn l{.), 3l n ltl(f, g, tt, S) I $.
10, 3l çll(J, g, /i,, B), ,l.her,etole t
tluc.

13) Lel r :0.arìcl y : J. Itccause 0.5 e 10, 3l rt p$, g, L, ñ) and
?. lO,, 3lnll(J, ç¡, tL, S), jt, r,esutts flrat ilre ¡Ljsér,tiô^ 1c)'ol'.nieo"n,,, Iis no1, tlrLe.

ng, then .llheolerns 1,2 cannot bc
13l+, I l, 1' : l_1, Llz ), t¿ : '1'_!t,

gþ(y) tlefiled b¡. g(u) : .10, 1/.+l

) : r for all r e .I. \l¡c have ft( l') :

If l-e takc I : _ 0.iî, r.c get

lL, tt(_0.õ)l : [1, z.õ ] + I{), 0.51 u 12, sl.
Elence 11, n(t)] g tt(,l,) fol ail t e ,t,.

J.) Ilecause ue hale
l'(1, !, r, S) =- j(|0, 0..; lu 12,{ l) . , I 10, 0.2:,1 : ,r;e lU.îj, t.l} : t{).7;},iLi¡ cas'to sec iirai I c,,S, ,.îi e I,(.1,?4,'i,, st¡. ni,r.ìis;,; e 10.?j, l.l arrcl0'875 + f'(i, tt,/r', ó). illhcrelolelhc ariciì:ibo'(a) ot lìli,",rrlài:r I is'ot t.*e.

Rttnurl, ¡j. I1' (ir ) is lrol sali¡lrL('t .f - Ii, I" - R, ò'.- f(), I i,T - LL, *-1, lt(t) - L li,r'"ai,t, i'
clefiricrl b¡' r7(ar) : lI, 2l ïol each n;
(iii) are szrtisfving. ,ßut (i1.) js not ¡i¿rl,ì
,tr, :7 e ¡.9 ¿lrrd r' :0.i, ri-e har.c:

0 .5ç¡(,u) : 0.5 11 , 2l : 10.5, 11,

't 
( o'i 

- ,r l- 
-o'i 

\
\ 0.'l -J (;; ' . 

ur-, ì1t,.¡ 
,)- !tQ'ï): Lt' 21

ancl 0.59(u) # g(t¡,5).
It is easv 1,o see, fl3.*t 1e I'(J, lt¡ /,r Ë) (rve har.e J(1) :1 :,(l)flO) *l ar'ìl L.a(0)).'l'lrcn 0.;:"Ò,, r?!.t1,'g,'t,)si'ì,'¡ J0.õ, llÉ+-PU' g' h, s).'r'rrcrr, rrrc ¿rsscrliorr 1:i) of lrrroo'enr l i¡ rrol 1r,tre.
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