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1. INTRODUCTION

The study of convergence of Chebyshev and Halley methods in
Banach spaces has a history as long as that of Newton’s method. It has
been considered since the early fifties. The first result was due to M. A.
Mertvecova -[Dokl. Akad. Nauk. SSSR, 88(1953) 611—614]. After that,
a lot of research studies surfaced by M. A. Mertvecova [Izv. Akad. Nauk.
SSSR. Kazan Ser. Fiz.-Mat., 8 (1955), 154 —163]; G. S. Salehov and M.
A. Mertvecova [Izv. Akad. Nauk. USSR Kazan. Ser. Fit.-Mat., 5(1954),
77—-108]; R. A. Safiev [Sov. Math. Dokl., 4(1963), 482—485]; R. A.
Safiev [Z. Vyccisl, Mat. Fix,, 4(1964), 139 —143]; B. Doring [Math. Ann.,
187(1970), 279-—294; Apl. Mat., 15(1970), 418—464, Numer. Math.,
15(1970), 175—195; Apl. Mat., 24(1979), 1—31]; A. G. Alefeld [Compu-
ting, 11(1973) 379—390]; @G. Ponisch [ Bertrage Zur. Numer. Math.,
11(1983), 147—1527; T. Yamamoto [J. Computational & Applied Mat-
hematics, 21(1988), 75—86]; V. Candela and A. Marquina [Computing,
44(1990), 169—184 ; Computing, 45(1990), 355—367]. In this paper, we
consider a family of Halley type methods which contains Chebyshev and
Halley methods as special cases. Undor standard Kantorovich assum-
btions, we establish {he existence-uniqueness theorem and give the best
upper and lower bounds for all « in [0,2].

2. THE CHEBYSUEV-HALLEY TYPE METHODS AND TUEIR ITERATION §
Iirst we redefine the equivalent iteration form for Halley type met-

hods. By the original Halley type methods introduced by Werner [8], we
can write, for all # > 1,
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We rewrite the above iterations in operator form in a Banach space as
follows :

(2.2) Y, = X, — P(X.)2P(X.)

H(X”’ Y") o P,(X")¥1P”(Xﬂ) (yn — Xn)
A
Knyy = Yo — % P! [I — g H(X,, Yn)]] PUXNYn — X2

From now on the above will be called Halley-Werner methods in Banach
space. Note that F'(«.) is a linear operator and F''(g,) is a bilinear opera-
tor evaluated at x = x,. Moreover the derivatives are assumed in the
Fréchet-sense [1], [2].

Now we try to find the expression of P(X,,,) related with the
9(tayy) 80 that P(X,,,) can be estimated by ¢(t..,).

LEMMA 2.3. Let F: D < B, - K,. Assume:

(a) The nonlincar operator P is twice Fréchet differentiable onD, ;

(b) The iterates generated by (2.2) are well defined for all n > 0. Then
the following approximation is true for all n = 0 :

(2.4)  P(X.,)) :SP”( Yo+ U X — Ya) (1 — 0 X,y — Ya)?

—'% P”(Xn + t(Yn — Xn))di(Yn == Xn)P’(Xn)_l

DO ™y =

-1
[1 r *;‘ H(X,, m] P(X0)(Ys — Xa)?

+

-1
E“[I — _;- H(X., Yﬂ)] P(Xa) P (X)) (Y0 — Xa)

1
SP”(X,, F Y — X)) (1 — A Ve — X,)2

_I_ [1 - 'g H(Xﬂ, Yﬂ) ]h‘l

S[P’/(Xn + t(Yn — Xﬂ)) (1 = t) _% P”(X”)] dt(y" - "X“)z'

0

3 The Malley-Werner Melhod

Proof. Using (2.2) we have in turn,
P(Xny) = P(Xuyy) — P(Y)) — P(Ya) (Xay, — Yo)
+ DY) + P(Y) (Xayy — Yo)

1

:SP”(Y" + U Xy — X)) (L — AU X,y — T,)2
0

4 P(Y,) + P(Y.) (Xuyy — Yo

») +
Observe that from (2.2), we have
1 , . i

KXoy — Yo = — 5 P’(X.,,)—l[l ——;f H(X., Y,,)J PX)(Ya—X )
So, we can have
-P( Y'n) _"‘ P}( Yn) (Xw}+1 - YW)

1 ~ ? -1
= P(Y.) — o P’(Y,.)P'(X,,)‘I[I — —; H(X,, Yn)] PUX) (Y—X )

— P(Y,) - % [P(Y,) — P'(L)]P'(L)l[z - 2 H(X,, Yﬂ)]_l-

d

PUX) (Yo — X

1 : L -1
o PP [1 -2 H(X;;)] P(X,) (Yo — X.)?

1 -1
= P( Y") > _2_ [1 ra Em H(Xn)] P”(AYH)(YH - AXM)Z

1
1
B ERP"(L + UV — Xo))al Y, — X,) P(X,).

0

v a
-[1 ~ L H(X,, Y,,)] P (T — X

4

Denote by A =7 — g H(X,)

= [[ + o PN P (V- M] P(Y,) -

1
oy ATPIX) (Y — X2
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1
_ é SP”( Xo 4 U0 — XA Yo — Xa)P/(Xa) Lo
0
ATP(X) (Y, — X2
—An [p< Vi) = - P (Lo Xm] 2 AP (X
PUXNY. — X)P(Y,)
1
- % \ P Xa +HYy — X)AUYw — X)) P(X,) L.
0
CATTP(XN Y. — X2,
with
1
PY,) = SP”(X,, U Yu — X)) (1L — A Y. — X,)2
0
So, we have
P(Y.) + PY ) Xupy — Yu)
1
_ A—ls[P"(Xn P AT = X ()~ 5 PO A — X
0

i
+ —g A_ll)l(Xﬂ)_ll)”(Xn) (Yn — AXH) g P,,(X" + t( Y, — X")) .

(1 —0di( Y. — X,)2

1

Z
0

The result now follows,
3. SOME USEFUL INEQUA LITIES
LevmmA 3.1. Suppose that:

(Al) H :Yn - Xﬂ” < Sn — t'&
(A2) [ P(Xa) < — g'(t)

_ 2 S X AU Yo — X NAU Y0 — Xa)P'(X) AP (X, (Y0 — X )

(A3) P < g ()

K 1 Y
A4 =" — ¢} 2
(A4) g() : ] - B
Then

ek HIJ“; PX,) P (X,) (Yo — Xa) “
; 1 —l— 75 gl(tﬂ)_lg(tﬂ) (Sii B tﬂ)
(C2) | Xuyy — Yoll < tuyy — S

1
(03) “S [2P/(X, 4+ U Yy — )1 — 1) — P(X) H <2 v, — 3
0

(04) ” P(A%nq.l) ” < g(t”-l-l)
(CB) 1 Yuyy — Xopall € Supy — tam

where 1, = 0, tu and s, are defined for oll n = 0 as follows:

(3.2) 6 — 1, — f{(t,.)
g'(tn)
hg(tn, 811) i —gl(tn)‘l.(l”(tu) (S" £ tn)
and

p. ' tu “lg"’ [
tr1+1:3”—~—£—3—(3"_t”)2 g( ) g( ) .

1 % Ry(tay $2)

Proof. (C1): We have, in turn

“1 + 2 PP (Ve — X) ”

a I 1" 7
>1.— E‘ P (Xa) [ X — Xl

P/(X'n)_l}

v

P 3 (— g'(8a))g" () (80 — 1.)

=1+ g 9"(1)g" () (0 — ta).
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(02) : From (2.2), we have
-1
Xy — Yy = — é DXt [1 — % H(X., Y,.)] PXY (T, — X

Then by estimating both sides, we have

‘ PX)

- 1 rep 7
10 — Ynllég 127 CA ) 1Y — K|l

o ."1
[r— mox, v

r-

1 - A ‘ 7 -1 e a -~
s —2'I| P'(Xn)’lll[l —%IIH(X.” 1:n)ll] P (L)Y Xl ?

< 1, ol -+, 2
Sy 0l [T bt s | a0 )

- tﬂ+1 — Su.

(C3) : Moreover, we get

” S [2P"(X, + Y, — X)L —1) — P"(X,)]dt

— ” 8[21)"(){,, +UY — X)) — 1) — 21 — t)P”(Xn)]dt“

1
S 25’“ PrX, + (Y — X)) — PU(X) (L — da
0

1
N
<2N|| Y. — X,,I[S (1 — e =2 | Yo — X

0

(C4) : From Lemina 2.3, we have
MZ

. T X
Y k o MX, — X,|

) | a
lwmmms?mm—ymwwg+1

1
2

o MY, — Xn”
i . .
I
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—N If" - XN 5
Ly I Lt
6, o MY, — X
2 i — M| X.— X,
@ L]
[(2 + a)M2 N ]
- * iy, x|
o — — M. X.— X,
< - - R B —+ >
=< 9 "XR-Q-l Y [] 1 =" ’CV; _B[”In . .X,;“
1 -
? - MK — X
e
That is,
K (2 — o)K? % it
> - — 5,2 i Lt )
i P Y"+,1)||\ 3 (tns1 Sa)% 4 1 i o K(s, — 1)) §lte )
2 1 m
B
(CB) : Furthermore, we get
| Yourr — Xnaall = | = P X)) " P(Xu )|
<P (X ) P(X i)
< — §' (i) (i)

= 841 — t’ﬂ+1'

4. TIIE STANDARD KANTOROVICH THEOREM

THeEorEM 4.1, Let P: Dy < Xy — Yy, X, Yp are Banach spaces,
real or complex and Dy 18 an open convex domain. Assume that P has 2nd
order continuous I'réchet derivatives on D, and that the following conditions
are satisfied :

(4.2) |P"X) < M, |P"(X)— P"(Y)|| <D|X =YY, for all X,Y €D,
For a given initial value X, e D, assume that P'(X )™ exists and

(4-3) [P(X) < By | Yo — Xoll <,
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IN .
(4.4) V“"‘M[t+—-”—"—]‘§ff,0§a<z
r 2 — 32 + «)M2B
485 0L a1
(4.5) h— Kpys [ 28 W 0S
0.5 if 1S o < 2,
(4.6) S(Yyr — 1) < Dy,

where S(z,r) = {2’ e X| |2 — x| < 7},

1., 1 )
(4.7) g(t):EKt _,EHFE’
1— )i —24
(4.8) = m—————,
(4.9) _1—-V1—2n
' 141 =2n

where 1y i8 the smallest root of equation (4.7). Then the Halley-W erner proce-
dure (2. 2) is convergenl. Also X,, Y, € S(Y,,r, —0), for all n €N, The
limit X*is a solution of the equation’ P(X) = 0. Moreover, we have the Sfollo-
wing error estimates :

(4.10) | Xa— X*||< 1y — tay for oll n,
(4.11) 1 Yu — X*||< 1) — 84y for all n,
1 — 0%)- P —
(4.12) L= VZ = a0p" 1< s, — 1,
1o 2 — «6%]
V2 — l/
—t,,_(]_e) My
. 03"
for all o in [1, 2), and
(4.13) (2891 gany o (1 — 0% ”/ 219 ] -
1— 6 _1 V1+26[V iy 13 1+26
216 2+20
. 92), _
= —1a é d ] )f] [V26]3"_1
V30

Ty

for all « in [0, 11.
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Proof. Tt suffices to show that the following items are true for all »
by mathematical induction.

(1) | Koy € S(¥gy 1y — 1)

(I1,) 1 Y0 = Xall < 0 — ta;

(I11,) YueS(XYgr, — u);

(IV,) I P < — gn)

(V,) “ I4-% POG) TP (Y — X ”

=1 -+ g‘ g’(tn)¥1!]”(tn) (Sn — tﬂ)

and,
(VIH) ”4sz+1 T Yn” < t1z+1 — Sn.

Proof. 1t is easy to check the case for n — 0 by the initial condi-
tions. Now assume that (I,) — (VI,) are true for all integer values smaller

or equal than a fixed . Then, we have (T,,,):

¥y — Yol < Xuyy — Yall + | Y — Y,

(bagy — 8a) + (80 — 85)

A

= tn — §

=iy — <7 — 7.
(I1,.,,) : From (CH), we have

1 Yy — Xagy |l <tuyy — SENER
(111,,,) : Moreover, we have )
I Y = Yoll<l Yoy — Xyl 4 1 X0y — Yol + | Yo — Y,

< (Supa = tuga) + (beeg — 80) 4 (8u — )
= Suqq — 8
= Supy — << ¥ — 7
Furthermore, from the identity
1
(IVayy): P(Xy,) — P(X) = S PUXq A+ M Xayy — X)X 0yy — Xy)

0
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we get
P (Kupr) — P(X) <M Xagy — Xolf
<H(buiy — 1)

= Kty < K,

,1— YL -2k
= K- i v
i T -7
= I =~ KB "
1-—Yi—32k
B
< 1 < 1

BT P

and by Banach Theorem [4, pp. 164], P'(X, ;) exists and

bl PLxy)!
| P(Xuu) < ) S X ]
L — P (X)) [ P X ) — PX)
§ :
L= BK [ Xue — X,
. 1
=T y
e KXy — Xoll
2
LI
L Kl = 1)
1 ,
— = — gt
g

(Vi) : We can also have, in turn

¢4

zl— 5 [2(X) TP (X[ X — u]

I —{—- ‘;‘7 PI(X”)—I P,,(Xﬂ) (I"" . X") H
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il

>1 - % g (£) (80 — 1)

=1 2 g0 1) (30 — 1)

(VI..,) : Note that
1

-1
Kues — Yupy = *E P’(erﬂ)-i[f —g H( X, Y'=+1):| :

: P”(;‘:l!-{-l) (lru L Xu)z-

Therefore, we can get

F 1

”X-vu_z . 171!-(—1” é E“ P(X"+1)41“
| oo R 754 R 2
”P~§me,hmMMwmmmwm—me

1, o -1
£ — 0y gty [1 - 0y Ryt 1 S"H)]

" () (80 — uyy)?®
= gy — Swiqe

Now we are going to prove (4.12). Notice that

I
g(tn) = ’5 (7‘1_ L) (?‘2 — u)

and

gl = =5 [, — 1) 4 (1 — )]

Denote ay == v — tu, by = r, — t,. Then we have,

K
g(t-u) — E a’ﬂbﬂy
; e
§'(ty) = — 5 (au + D)

atud,

by = an + (1 — 6%)y/0.
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Now by (3.2), we have

Wy bu @y + Duy)? -+ (1 — a)ad_ b3,
(tyq + Daq)® — @ty by (g + buy)

3 @y 4 (2 — @)ad by

-
(@ + bay)® — atybuy(@ng + buy)

Ay = Oy—q —

By a similar way we have an expression for b, :

bia + (2 — )bl atny

by = _ .
(a’n—l + b"—-l)s — Ocan—'lbn-l(a“n_l + bn-])

S0, we obtain

[/ __[a/n.l]a{f'_u 1 ‘|"' (-)-‘ = m)bn-]

E;; bn—_]_ bu- 1 (2 = )aﬁ—]

Sot 4 (2 — )

]t e
-bn_l 1 (()7”) CGn_ -

huy

Case (i): 0 = « < 1. Note that 0 < "L <9<1, so

b"—l

anl
T2 — )
240 by

=
A
1A
1A

o

An_q

+20 14 (2—q)-

by

tn—q 35 2+ 9 [a,,_l ]3 < e [_an—1 ]3-

bn~1 3 1 _i" 20 bu_l bn b;ul
Then, we solve this equation for a,, using the fact of b, = a, -+
+ (1 — 02)n/0. It is easy to see that

That is,

IA

. I 3n_
(1*62)0 03"1< ) [ 3+0 0] 1
1__@371 v] _|_96l Z—|—6 0]3" 1 +20

2+ o0Lf1F20
02 5 nat
é Ay = "‘1 - t;l é (1 1 ) V2 0]3 -1
— = V2 07"

/2
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Case (11): 1 < o < 2. By a similar method, we can obtain the following
error bounds :

I
(11 : ),‘ [V2 - 0’-]30“-1 £ a, = 71 — ta
1— ——— 2= «]26"
VZ — o
< (1 T 0‘5))" 3"71'
— 1 o 03"

That completes the proof of the theorem.
LRemarks
(@) The theorem establishes the existence of a zero X* of equation
P(X) = 0. If we further assume that
. i
(4.14) h<5ﬂﬁﬁ£L
20M + K)?
then X* 4s the unique zero of equation P(X) = 0 in U(yy, r, — v). Indeed,

let us assume that Y* is another zevo of the equation P(X) = 0 in the same
ball. Then for all t € [0, 11, from the estimate

Y* g (X*—Y*)
I PV 4 (X% — T*) — P(TH)] = H S P2y (X* — Y*)dzi
17‘

< M — x|,

l
we oblain,

HP(J*) S[l)’( Y* (X — Y¥)) — P’(Y*)]dt“

. =

— T PCY*) M M- A™* — T

[Nl

i - oo
ST J( M@ — Y[+ [y — X*]])

& — ¢'(r) M (ry — ) <— g'(r) 1My, < 1, by (4.14).
Therefore the linear operator
1
SP’( Y* 4 A — YV)de

0
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18 inveriible and from the estimale

P(X*) — P(Y*) = S PUYH 4y X* — YR)AX* — ¥¥),

it follows immediately that X* = Y*.
(b) Under Newton-Kantorovich asswmptions, Gragg and Tapic [4]
as well as others [5]—[10] provided the following bound for Newlon’s method

PAD
%gz#?— 02"-1 for all n > 0,
which cannot be improved. That is the order of convergence of N ewton’s met-
hod is two where (by (4.13)) the Halley- Werner method has order three.
(¢) Note also, that we have shown (by (4.13)) the existence of infinitely
many methods for « €1, 2) where the wpper bounds are less than that of
Halley’s method (« = 1 then).

‘}'] - tn -
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