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BILATERAL APPROXIh{ATIONS FOR THE SOLUTIONS
OF' SCALAR EOUATIONS

ION PÄ\',U,OItr

(Clu j-Napoca)

1. IN'1'ItODUt;1'I0N

Let 1:
the ecluation :

(1.1)

rvith/:1+[R

lct,, bf, u, < b, be an interr.al on tlìe reel axis. Oonsider,

.f(u) : o,

In papeÌ tllltPsoh'e ccluation (1.1), the aubhor has consjrlered t¡es('qucnces. (*',,) aurl. (g(r,)), ?¿ :0, 1,..., gc'c'ated b.y.rncans r¡l' Stetfen_scrr's rne[hotl fol the cnsr¡ u.]rcn.f is'of iÉä tor,ì,-,* 
"/ '^"

(1'2) l@) : :c - s(n),

u'lrele g:r - [p, ancl rre rras stucriccl the conditions under u,hich the two
r'ncleasing, thc ot,her clecrcasing),
alion ( 1.1). :

l_¡ccn sl udiet[, consir]cl,irrg
e,- I haû is, u.hen / antl r¡ ão
t,hat ecluation (L.1) is dqui-

(1.3) r- g(:n):o
Paper f2 ar_rtages of steffenseri's methoct in ilre men-tionecl ca aboì.e conctiLior¡ lr"r* ii:ti clocs ,iòirräi¿1.;rS rnethod, stuclierl in [l]'anti ¡21¡, cor,sisi.i,ogenelatitt and (g(ø,)) 7 ,tr :0,1;.: .,ìf,*;Ái, , : -.'

(1.4) ff¡+l : n,, .f(n,\ . r^ e tr.
lr,, !J(r,,) ; ll ' "

ï'hc stancls for the Tirst olclcr diyiclecl rlifferencres of / onthc (r,), [B].

're "i"ff";ì,iå]'.$i".r,ll,1l: ,,J.,ïl_'"*-L:t_,îr.",1l3"Í",[rì1,'f;
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Í(t) : o;

n-ttr(r) :0;
n-gr(a):0,

¡)
l líl¿r tcl.al À¡t¡l.rrxirrrati ons 97

three ,e.quatiorrs :

(1.5)

lvhere !lr, !z: -ir * p

(1.6)

quations_ (1.õ) in olrlcr 1,o approxi_uation (1 .1) u' the sequencres (;r,,),
), ¡¿ : 0, 1,. . . he -titken-Steffensen

!' htoN()?{)ilfft'l'l'1' l}trr '!'r114 .slÌ{)f'liN(;rls cIìNtìIt.1'r'lÌr) IBt .i,Íllt rrlTxliÀí-s,t.tì:rrÍruNsll¡{

,,,- ,"îii.l,lìi*ì:i,.iTLr:ï* î"o" 
,",,i:1;i'ii¿rt 1ìrc r.n*iturs J, {tt, {t,¿rurr'r

(al tha lu,nt:Iírtns l, {h, {lz n,rc crmlin,trotts;
(tt) //re .fu.tr,r:tiou, Q, is i,ncreo,sì.wl on, Í;
(c) lhe cqurüion,l,- lr(r) - 0 ltas on.ly op,( t.r¡çt Ð e [;(tll thc .funcLir.tu, g, is rleoea,si,tt,g ott I ,.(c) lår eq,uul,tlrns (Lit) are eq,nita.l,ent on, l.

*r r"riTì"li 
1hc lrroì:lern stntcd i' sr:cbion r, sor'e theorcrns a.c r-erifierlr

lrrno¡rn¡r z'1' rr the .fntnotions r, {Jt, ¡7" Jnt,fit t't,e crvnditi,o.ns (a)- (c)o,ntl, in. otldition,
(ir). f is i'nu'ca,sittq ¡s7l1 co?t,rleÍ rt,n Í.
(ii,). lhere ¿n'isls n'^e l,lgttulrí,t,ttJ(rn\ ( 0,;r,,,._ g,1,r,6) {Ountl gr(gr(e4\le[,
'i::iln!;: 

stquenu's ('f'); (,í,(r',,)) i'ì',a"'ç¡¡r(u,(.",,'j¡¡, ,í"--'ir, ì," . ., t,i,"r'íîi,r''¡uiuJ

(itl' the sequences (n,,1 nttt! (gr( e,,,)) a,re ,i,,cra'si*g tt,ntr crttaergeni,!
\i.Q, tt,, seqxdence (gr(gr(n,D) is cleu,ettsl,ng ontl ci,rtuergetr,t;
,]ìll¡ì:::rrï,-tt'" !tln,):\im (t.(q,(n,)) :ã', utîtere ã is ttte roor tf

Proo.f. si'cc erlnations (1.5) ilre ccruir.ale't, a'tl ã is the urìque
'r¡ot 

1o'thc ctf ilti.Ì 1,- ¡7r(a,)': ô,itìosùts iltat år"rJrru.orrr*o' *'iquelool of cqrral iorrs (J.5).

Strlrstitutiux- f_-. pr t:.: çr(c:o), y =. tr(q{.*o)) in (1.8), and takinginlo ¿rcc<¡ulLt (1.6) for a : O, ivÉ'þ-cí'tirc i¿"c,nîiij,":' 
-- ,-''

J(r,) : lr¡.'t, (,tlt'o), gr(gr(ro)) ;/l (r,r _ gr(no))) (r, _ gzçh(ffiò)|.

\'\'-i1 h thìs, *nrt tariing i't, accont rhc, co.r,exiüv of .f a'tl rrrr.: abovetr)r'ui't'r[ Lesttlls, rvc obllii. ./(r,) < 0, f''lrr ti,lriclr ¡i ,.*ruít, tt., {';,I¡cneert - gt(q) 'i 0'
In 1.his wa¡' thc follou,ing rclatjons w.elc ploved :

ro<t¡r(n) < lr.1 < n <gr(gr(nu}.
7 - c. 1080

-ïn+t : glr") -
.f (ot(,Ì"))

Lu'(¡n), gzkll(or,)) ; J'1,

.rØ,( gr(er)) --

, l:oetr

It is rvell knon,n th¿r,t l,lle.colrr
for setluence (1.a) is 2 if the funotÍolr

ln the case of the rnor,e
gelrce otrlcl is p + I if the
'!1,+t : g1l ), Io e I, has the co

llJre co'r'c.ge'ce o'crc' of trre rretrrocr.(1.6) is p(çt + 1),if trrc sequelì_ccs (y") zr,rtrl (e,,), tL:0,1,..., gcuer.ate-rt' lrli /,.i': àrö1,1, ?ntr: uz(,!tt),llo¡z¡e f, ltilvr'llte crllr-ct,gcrrc,, rtl,rlel.s p lrrtl q, t,(,sl)c(,Li \cl,\..
lù'orn trris r,-it*vp.i't trre r.es.I.s oi t2l antt triose of ilris Ì)a,per, .-,¿ìnpresetrt celtajn âllvil,ntagt,s; l.ì.()r.,e corrcr,etely,, g.iyori ifi" Iunc,tio¡ ./, thef nncl ions ¡¡ and-!Jt, (lzt rt,.sìleclivcl\', nrirl llr,'clrJscn irì llrlirrilel' r,a.jtl¡¡srvrì.r's. 'lÌrose rvilr rx' cìassificrr rlt t he <,llri ,rf trris rrrii,. "''
\\'e sll r.rol:atiorr I,u,tt,¡!larrrl f r,, !1.¡: r.l'1, r.vir h t,¡¡,2 e x,fo¡' the f ilsf rrer rrivictc<l iii|J'r,r'r,rr.r's or' i'tj"'ti,,i.r iorr ./, r,espec-tivel¡'. Wes,p'oofs,rcrr.orì,ir,¡;í;;;i.r',trierrt¡ties,

(1.?) o,@)___lgtl!\_:sz@tþ;))_
lg,(a), lJz?J,(,t')t, t t

li, 
gr( n) , g ,ktr( ¡:)) ; .,f I 

... 
)- t , 

i(1.8) fþ):.f(n) -f ln, y;J'lþ - n) I lr, r, y,líþ _ u) (ø _ y)
rvlrel'e Æ1 .u]? e I' -¡ls lrt llrc trotiolrs of lno¡rotonicilr- arrrl (,()n\.(,xi1 v of tlref ilníljilr ./oil r lr. inl,elva,r ¡, u," *i,ajt lìtn¡rr, t,rrc tori,rìr,rìr'c (rciirri¡ors :

Dur¡ll'll,r'loN ,.1:.?,:, ,l'trtrcl.iott f :[ - lR is ¡¡¡,¡¿,rsirrg 
.q 

uotttteerrtr,si*g,rlecrutsittq, non,incre&sítr,g.) o'ír I tJ f,); iì.,,r.4 ,,,.,¡ e I l,lte t.,,i,t¡¡,r,, l,u,,u;.1]] û( ) o, { o, { o, respecii,o,th¡ h,¡ídis. 
-'

lLonco TIte ,f'ttilctiotø J' : tr -p, ís .e:o¡taen (nonco+teutsttl c().nc(r,t)û1

( 0, eL\eru D1'tl) z 
= X the relr'¡'l'iott' l:t;, y, r:;/]> 0 ( > 0, :-û;
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(2.1)

hence

T. ìr¿ìvàìoiu
5

since 'ø-o ( ær a'rr 1¡ is irr'*rsirrg, it toto*s rrrar g,(;.,0) < gr(,tt)rfr,.lrr *.rri.<,rr
llìT;" 

tt*t'tt' 
'Jr1t,(,rb))> gzful,t',\\, bc"á rr*" ri.c a**rrirc<l ri.iat tz is de',ca..'Lct rew Ð¿ e 1.be arL a'irit'ar'¡'cle,ren1, o_f the sequellce ge'e.atecr bv

!1'6) t"l' I'hich {?,ll:<.g i"rl n,ilrti,il .1. rìror* ctu{E ir r,c,s'rrs thar
i;;,::\:!uñji,,1,o,,oati,rg (roií";iii tií¿ ar,orã r,i;;;iù; (co'respo'ding

'l:;;riJ',t 
se(lrcetrces (nn), (gr(u,)), (grkrr(n,,))), ,,: 0, 1, . . ., tra,ue the gtro-(jr) 

l!,) !"(.(gr(r,)). r.rr_e...tteueasing anct conaergent;
Íjff (s,((t,(,r,,0i"ìà"i'ilrrìnr¡,,u..ctrut 

,ä,run,-sn;,ir,
eq,¿t r\ h(r,,) : liln g"(gr(ì,,,)) | n, 

"rilr"rr'"'Ð 
is tlte root of

1, gt, lJz futfit tlte conclitit¡tts (a)_ (e)

,,rrrr, Ï;'Hlll:,,:,+ tl ttte fu'nctiorLs Í, et, ç1, futfit tlt'e co+ttJitiors (a) - (e)

'9i "9 - g,(lio) < 0 and t¡r(gr(.rn)) e,I,
))), n :0, 1,.. ., haoe Ltì, ¡riòpiími|
ittcreasing and, conoergent ;sittg ancl conoergent;
(n,)) : ã, wlrere E is tllc root ,f

e also ll.ue if 17, arrrl r/o â.t,c t)t,o_
¡.atrtl t¡r(.r) - r) - l,r.f(i,),,,o*j,nã_
u a Àz <./'(ø).

grven using ,llheolcms 2.2) 2.5,,

3. NUMIìI¡ICAI, IìXATIPI,È

Considel the equation

.l(n) : *; - Z arcta,n r¿ : (.t

tir: 
i,'r.-F,'j,,1;f;.",.,i;oing 

to the abo'c'ernartr, we co.srr,ucr rhe r.crio's

Rilateral _r\¡rprox inrations
99

tt'laÛirrtls \ìriclr llt't¡t'c.f Ile ttlotrof ,rricitl of trlc f ritr serJrrcir.cs. ,rlrcse r,r,la-ûiorrs ¿tso l)r'(r'e'rh*û trorìr -;qì;;,;;;ì ,;;""i,riiì,.ì";ir 
\\ \r(¡(',

,: r,,l,r);..t'c'sho' 
tlial, thcse scquences hr¡r¡e a corìrnì()Ìr lirnit,, I, n,hele

\4¡r'ite l, :.''r. !t.\nu),lz : lir' 
'z(g{,x,)), 

a'. s'ppose .hat l, * lr.
.0r," .rol[àîr.t'c 

continoooriro** of .r7, årrri yr, a'cl rro,r. inl" rlefinitio' .r l,
(2.2) tt : gl(D ;

lz : !z?t).
Rrrü, by vir.lrrc of (2.1), /, ( z ( t2,,,0,,::-0,!r,,,S..{,(¿) < tr({z) antl gr(lr)Þ> ttz(t) Þ !z0z), anai 'tár,ù,; ì,iÍå"i..o.i,ir' ¡z.zil'ír ì,cïurrs .q,(r,) ( L,il'iilllT,rl¡;!;{:r),' 0, r;hcrcrot'" 1, )¡.-r,ì ò;ñî i,:"':-;i; ure 

'oìrorvin.s
ã( /r ç I ( /rr

from rvhicÌr, taliir.rg iltto acc'u'1, iiic'roirolo'icit''f r¡r, u,e gel, :

n" { ç¡ln,) { Ì,rr< t < tlr(gr(,¡;,)) ;

!lt(:¡:;,) < gr(n,*r) ;

o 
"1gr( 

n,)) ) g ,ktr( r, ,r)) ,

rr:gL(ñ) <ír(ä) <tr(t) (.tr(tr),
ø<9,(/,)<¡,.

,,,r,r, ¡l;'TÎÌrì'nlä,?;' 
tJ th'e Juncticttts ,,'"0Ï,, ,ä,' i,ri)Yr:'"""' ;;::;Ïîit -,",(i) J^ _'is 

increasittq u,n,r,l cancctue on I;(iir) there enists nn e I for ulticlt /(r,J > 0, r,o _ 
.r7r(.r;o) ) 0 atz,rl gr(gr(rn))e I,
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ADVUú II,ANALYSE NUIItrIIIQUIì l]T DE, Tniloltln Dlì I.'APt'ltoXIlfATIOlv

lornc 23, I\" l, 199{r PP. 101-10&
$t(.nl :(10 arctaar ffi - nll+l

gz(n\ : (26 ar.ctan n - 8ffi115.

trt is ea,ri-v to see that, puttirìg r0 - 312, and 0'z fulfill
tlre conditions of Theorem 2.l on 1,ho int

The sequet"" g*tu.rtetl by relat' oase can be

stoppetl at thä step rr,-: 3, becausõ o1 [hc ) : g¿(gi(æs))'

as icsults frotn the Lable belou':

ON AN INTEGRAL INEQUALITY OF
A. LUPA$

n 3:b

o, 1.500000000000000

t 2.323572652303234

2 2.331122226685803

3 2.331122370474423

r¡.(:ur )

2.081984308118323

2 .330068291038034

2.331122350500425

2.3317223'.10414423

ft(ør(rn))

2 . 508547854696064

2 .33105S675671097

2.33rt2238ßt82627

2.331122370414423

f(cr)

- 4 .658-0001

- 5.198-0003

- I .9011-0008

- 3 . 53tr-0017

JOS'IP E. PEÕARIC

(Zagreb)

A. Lupaç [1] proved the following theorem:

Tunonn¡r A. IT f, g are conueû fu,nctions on tlùe intert¡al X : la, bf1

th,em,
RIìIIDIIFJNClìS

(i
b

XI*',1. B of ll'cal lìqyalio1tstt
992) pp. 111-117'

2. P inetl bg Sleffeirsenìs

:1, l, Rotrraniatr)'

(1)
1

f@)s\.t) dr - ;|-o .f(n) d,n d.m

Receir'ed E XII 1903 I¡tstituhtl de CaIcttL
SIr. Repttblicü, Nr' 3l

PO llor 68
3100 Cltti-NaPoca

RomattiQ

12 'u 
h

4 ¡6_,n[(" -'+)/(e')or) (l(,-t#)s(n) ar)

wittt erytøtity wh,en at least otte of the functictn, O n, a, line,ar futtction om.,I.

Ïn tniî pâ,pel lre shall girie the folio'wing generalization ol inequality
(1) :

Tunonn¡¡. 7f f zI2 - -R zs a conaen fwnction of order (2,2\, th'en

b ú.b

(z) tf t., 
r) ttr - *5 IO"' 

Yt dred'Y >

t2
(b - a)z II(' -+)þ -ry)xn'at drdY

Proof . .4. function / is couvex of orcler' (2.2\ if for every ür fi21 üs¡

!!t,, Azr 3t3 r\¡c have (see [2]) :

lî::, î;:, î,:'/ I 
: 

å å 
Mr\ 

* \ t, ( \ 
z o

wlrere q(æ) : (n - nr\ (n - url(n - nr),l'I,(y) : U - ytl\ - yrl\ -ll3l'
So, $'o ha,t'e

|frr1 fizt fig

frþ ffin ffi,J
,l >0


