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O}J SO}.IE TTERATIVIÌ I{ETHOÐS FOR
SOLVING NO\TLI\TEAR E 9UATIONS

EI,IIL C-\'fINÁ$
(Cìn j-Nnpoca)

1. INT'ltoDUc'uON

1-,r,* H"t1'no,,,TLn""t 
l3l, l4l anct l5l are sl,ucliod nontinear. equatiors ha-

(i.) 
.f'(a) )- !t(r) : o,

rvltere J, Q :, X - X, *p?g", ./ is a tliffer,entiable operaturraucl ¡7 is continuous i*rrp, hò" l¡ìïï;;;;" ure Nervron,si"'.i||å1,¿,ï:"tffi,,îlj å sorutio,i ,;;l ir;""t1uarion (1) by

(2) n,-r7: uu - (.f'(:¡u) -r g,(n,))-t$@,) I g(:tc,)),rro e_y, 7¡:7,2, ...
eanlt he appliec'l.

trro¿sln 
the 

'rentioletl pape,r's ¿ur'e trrcr consicre.ed t,rre r{enton-rike nle_
(3) ã)n¡1 : t:u -.f,(c:,) -t U'(,¡t,) * ¡¡( ,a,)), ao e 'Y, ÌL :1,2, . . .

(3') íii¡1_1 : :r_,,, - :l(nn)_tff(r,) I ç(t;,,)),:ro e .y, n, _ I,2, ...
ìrea,r' ollelator' :l1rÞr'oxir-nating.f,. lt is srro*,r-L 

'irat, 'nrter.-ns, llresc se(lìtences are conr_eijg.ìng to 1,he solui,jorr of (1).sc,'l; paper,, f.r st¡l'ing eq'zr,tioiì (fl, ir". pì,"pose the follo_

(4) 't,t, : it)tt - (.f,(u,) -l- [*;,-r, u,,; !l)_1(,T(¿:,) 1, g(t,,)) j ù0r n1 e ],* _
_=j,2r...

,):îi# olerl thc {ilst oldol dir.irtert tÌjffelente ,of

So, is ollt:¡inctl l:], cclrnlti ¡i¡g the Ncrvto*,sr'ethoet *¡ ,i. rr,".-"i,r",.';r ;;;,_f;iüå1i,,", creroterr by
p' crt Lhis lnrfrrorr is trrc sarre as fo¡.1rrc rr<rrr.cr orcrro.rr (;,, \ro =; r'ors), rvhicrr is greate'ilra, th.e c;r,cre' of the r'eilrocrs (B) *'d (8,) (see



^R

alsc., t,he numelitr¿rl crarnltlc), Jrut is less than |he oltlel tlf .Nctvton'¡i mot-
horl (

rncfhorl oT chottl, lhs pt'oposed urethoil has a bcttel'
lalc bcc¿ruse tltc rLsc ill .f'( zr,,¡ 

'insteatl of [r,,-t, :1:,t-; f]r âit

it is i c ror¿, docsn't a{ledt the coefficicnt c, I'roru t}tt ine-
qualitios of t he tvpe :

li nt,,r r - ø,, ll ç crlla', ri,-rll2 f crJ¡i'ro - ã)n-ril lln',-t - r¡,,-'¿ll,

rvhich s'e'11 obtain in the lol1otving.

2. 1'Iflì {l0NYIÌllGIiS{,Iì {)$ TII¡i llrì'j't1{)1)

l,\¡t: sh:ill use, as irr [1]arrd 12] lhe hrLotytr dcÏitritions for thc t!.ivrtltrtr

rl-iffclenccs of an opeÌ'iùtol'.
l)ul'rlirttro'l 'l . Lltt, oTteratot' ltalortg'í'nq tr¡ th,a sltace 9(X, X) (Ihe {trt'-

n,u,ch lltucc oj ttta l,i,tlcttr uitrl ltc¡ttttderl operatoTs_ft'om_X lo--L) i.s' cnl\ed tl¡e

f¡ist oittu, tt.i,uirlect differen,r:e o.f tltc o,perator r¡:X - ,Y t¡n the ç;oirtt's fi,,, llo e

e X iJ' the .l'olktwi.tr'g 'p'ro'¡tert'ies ltrt'[cl :

a) lø,0, 3loi gl(llo - rn) : g(yo) - f/(ero), for ru # tloi

it) ii g'is llréchet iliJferantiab|c ttt t:oe 'Y, then, [co, no ; U1 : g'(uolr'

I)nr¡rxltrox 2. A¡t, o,pertr,lrtr ltelr¡ttgí'tt'g to tlt,e spa'cc I (1{, Sçl'íK)_)'
d.er¿o¿r¡l l¡,! lnu,, ?Jot zoi u) ii catlr rl the seconcl orcler tt'iaid,ed t'LifJ'crcnca of 

.t!t'e
oX;erutot.",l; X -J',Y"on" the ,poirtls ,uor /or zç€ 'Y ,íJ the .follor.o'in'g pro'pe'rt'ies

Itoltl :

a') fa'o, llo¡ zoi tll Go e:o) : [/0, zo) 0] - [r'0, tloì U).for t'ho t|'is'
timct poíttts î:o,'!l o, øo e 'Y 1

b') ij ç¡ 'is ltL;o tint,es dl.f.lL'renl'icll¡'le Qt 1:oe X, I'hen Irt'u. a;,,, :r'ti gl:
1, ,,

,tl"('"")'
\,1re s|all clenotc b¡. 3,(tr) : [n. I lll r - rtll <r ] thc l¡ail hzr,r'ins

flte ccuttc ztt r, e '{ ¿lnil thc latlius r > 0'
Concelniirg tl-tc cortr.clgence t¡Î lhc itol'al ivc pl'o(rcslJ ('1 ) ivc'i1 1)Io\¡o

the lollorvittg

lnllglllcru. I.f' thera erist, l,he elcntenls fio) LI)1 e X a,'ntl Lhc'¡trtsiti.ae real
tuu,t'¡il¡ers rr l, n[, K ttttcl e s'LLclL tltql ihe cond'iti'o'ttt

i) ttte r,tperulctr' .f is fu't'éclt,et tL'í.ffcren'tiuULe on, 13,(nr\ an'd .f'(') safi,sfics

ll/'(,r) -,J''!)li ( I ll n; -- yll, V :v, Y e lì,'(nr) ;

ii) ihe ctperulor g is crttt,tirt't(,o'üs ott Jì, (a'r) ;

iii) ,/ol ctn.¡ tl'is!,ittct Ttoittls r, y 9 l),(,t:t
U'(a) I ln, y ; gl) ' unrl the i.n'crytality ll(
It'u,e 1

) there e:t¡ists llto u,1;7;licu,t"ion

;'r'0) i lrt:'11' ll) 'li < ?[ t]s

i:) fo1' ony__distinct points (t)t !/t z e B,(nr) ue lutae tlte inequality
ll ltt, U, z; glll < I{;

s'l tlte elentenls ero, n' søftsfy ll.r;, - troll ( l{e, utltere u: ll_f(a,.) fI {íu)ll;
r.i) d/r,e .fetllotuíng t'elatiotts holtl :

llar- rtll ( flri - nnll,uittt nrç1i,,uen by(+)for n:t,e: Ì[2e t- ¡zx
2

ll[e -< L {111,d 1 =: 
-trQ ¡'3t

(f!À,, ,¿Ðh.ci'e (ur\oro is Íhe f ibonacci,s seqtrence ,u,o : th: lt

xtt,-t, l; Þ 1;
then tlrc.seqr'tcnce (rtr,)r¡0 generuted. by (+l is øuell elcfinetl, aU, its
ttg ttt 8,.(rrl.

11"[oreor]er, lhe n,erl prr;pert.i,cs tn.e trtte:
j) tlte seqt.Len,ce (n,)uro is rtotzaprgen,t;

ji) let,- : 
lT) ¡-t,,. Tlrcn, r* 'is a, so]¿ttiott, of tlrc eqttatit¡n (L);

jjjl øue haae th,e n, ptiori error esllíntates:

ll",*, - n,ll ( 
-!i,r, 

¡@y?)0,, ,r, ) !.
' t1(1 -q lr)

Prool.\'Ifu shall p'or¡e f i'st by ind'ctiol'r that, fo. nt-ry *, ) 2,
(5) n^ e l),(rrl,
(6) li rr, - r,,-r ll ( ll n,-, - r,,-z ll, :rncl

(7) llnr,, - r,,-r ll ( e1t,-r-tn¡".

.for m:2, flom r.) antl r.i) rvc infel the abor.e relations.
^ J,*t ns_sllpr)ose nos' that 

'eral;ions 
(õ), (6) a'tt (z) holcl for m, :: 2,^3, ....,..1¡, r¡'hcr,e l¡ > 2. _lJecause rr, rr_rè h,çrr¡, ì"å 

"o,, 
coustruct

â;r*, ltonr (4), rvhence, using iii), rve har.e

llø'*t - n¡ll: ll("f'(r'*) f [ø^-r, rr;u])-1$(r,) * g(rr))llçlr{ll/(r¡)f g(cro)l¡.

tr'o'tìre esLinration of li/(r¿) t g(nr\ll u-e shall reh-on the equalil,y
{i(e',r) - 9@r-t) - Ini.-r, rrl^-ti gl(nr - ør-r) : l_rr-í, not, rt ) 1l(frr - ur_t')

(r* - rr-r)
(easilv obtainecl flonr Dcfinition 1 and Defiirition 2), nhich imply,
u,sing ir-),

(8) llg(at.) - g(rr_r) - lr^_", nlt_ti !tl(**, _ e,r_r)ll ( Illlar¡ _ ¿ur_rll

(ll ar" - øi.-r ll f ll ¿r.-, - ¿rr-z ll)

4 - c. 1080

lì. (lrìtiira.q
.l
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50 lì. C:ilfnas

a,nd on the inequalit¡'

(9) ll/(ø*) - Í(sr-r) -J'(,r-^-r) (r,,, - rr¡-1)il * | ttr, - .?¡,-rilz, vatirt beeause

of tho assrunptions l) concerning /.
Ilor r¿ : lu .- 1, bV (4), ne ge1,

- (l'@*-r) I Lnn,", ¡h-t) ttl) (n,, -,ri r) - J'(nr-r) - g(;t:¡-r) : ¡, rvhcrrce

l@ì -l g(æn):/(,u) - .f(r,,_r) - l'(rr_r) (u - rr¿,_r) * 0(,u,,) - U@r-t) -
- l,tr_2, ¡:t_t j lJl (ro - ¡^_,).

îhe abor¡e lelation, togethcr rvith (g), (g) ancl (6) for ù: l¡ írntrrly

lle;*, - r,;ll ( J[llf(,x¡,,) I g(r,,)"' fIl
ll < 

-- 
llr,,, _ .ri,_r llz _f

+ Ml{lln,, - r,,_ril(ll¿,, _ ,rr_rll * ll,r,,_, _ ¡,,_rll) (

4 M lla, - ¿,r-r tl(! Vrr-, - ür-zil + 2Kllr,-, - ,.-r ll)

: M (l + r") lc:,, _.r¡,_,ll llr,_r _ ¡h_zll.

F-r'orn 1,he hypothcsis of flre lnrluebiorì $,/e hà\.e, o¡ ole halcl that

ll,rr,, - e'^ll ( ,(l+2t()t1"n-z-t,t[etl,r¡, - r:t-tll . q,,], .,llno 
-¿*-rll i\2 l'

{ lla; - nb-rll, thnt is, (6) fo' i¿ : /r; f 1, a,'rl, o' ilre other, hancl

ll ør*t - err, ll { g;It*-zlln¡, - i;t-tll { q"e-'zq"t,-1,'l1s: Q',,,1[s,t that is, (Z) for
tt,:l¡iI.

'Ihc faot l,ltat, lts*, e 8,.(rr) r'csults ft'orn :

lr*'*' - r't tt <*tt; 
;: î 'u'^:," * :'" : u*,,^, ) ,.t'"'+1 

- r"' rr <

q

Norv rve s]rall plovo that (,rr),,>e is i.l, caucrry se(luence, whenee j)
follorvs.

ft, is oltvious that

?,r - ìr(=t¿)" _(_r +)r"), +(!rP)' :lft ,

fov lc Þ L.
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So, for a,ny le Þ l, rn Þ 1 rve have

llurn,, -r¡ll {}l*rr*r-,r.ll -}-llai'nr-J'¡,+ltl +... +llfir,+rn-.¡+"o-rll (
M î, ,tr _ lk þw' gÈ¡1¿-r

nlq
ìUsing Betnoulli's ineclua,lity, it follows

51

ll nr*,u - ør ll < t: o#g ¡ o
€1

þk+1- þk þt-+z-lk þtr+rn_\_þÌvr +q¡tt +...+q--Ð
¡È A¡(y'-r)

hI¿ 
= 

L-
15 (1fq Ís

g:

III ¿ + þìtr'-t)

E

ihØr-t')

+q vr
þk lþtn-t- t)

..-lq Yt )<+
plt¡1i t1¡-t¡-t1 pr61,rrt-t¡1¡_l¡-r)

t (l /s- +...+q llr

1î¿
g

l¡ù yt@-tl ptt¡p-t) z

q|i¡+q Y' _Flq-r. l*
1,r.Ø_1)þÐ_t)

n¡q Y'- J ):

¡ìMt +=
-_qys

q]

tL(þ_t)
7- q Vr ^

pt(p-t)

1-q Ì[{
ï{ence

¡b
Jl[e e¡Vs (1 - q

þbØ-1)
y5

7r,

ll ,¡,.-ru, - a¡ ll ( ¡ttþ- t) ,lcà7,
(l(1 -q Vr)

attd (ør),¿o is a Ca.uchy sequence.
f,t follows i,ltal, (n,"),p6 is convelge4t, ancl let n* :Iirn nn. I.or

1, * T.it (a) .rvg gct that ø* is a solution of (1). tr,or n¿ * * tr,-i¡e a]:6vert eguality rve o'lrl,¿uin tlre vely r,elatjon jjj).' '
'Iho üheorern is lrrovecl.

3. NUMDNI{ìÀI, RXA]TIPLIì

Given the systelt

3a'yl!J2-1_+l.n- 1l:0
aa -'- ulJs - 1 + lE I : 0,



b2 Cirtiuas t) lJn Sorrrc ltel'a t ile l\4c th ods

\\'€'ll consiLlcr X : (Rr, ll .ll-), llrrllæ -
: ("ft,"fr), U : kJt, ¡¡2). Iror s - (r'., $"\ e

f (ø")2 - 1, lr(m', n") : (n')4 * n'(
g2(c' , t:") : 1fi" l. \{re shall take ln,

ll@', ql,'\ ll- - rnax{l n'1, l.g" ll,, I :
[R2 u.e talce /.(ø', ir"\ - S(r')zn" {
fr")3 - L, ¡¡r(s,, at") : ln' - 11,

y ; g) e M'*r(tR) e,s lr, '!/ ; 91'¡. :

It can be easily see-n tìrat, g'iveir these tlataf, nret,hocl (4) is conrrer'-
ging fastcl than (3) alrl thall the llrelJroel of t,lroltl.'
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ftt Nonlineu ]']c¡*ttniotrs, J:çan Journ:il ol A¡rpìiccì Ìr'Iathciraiics, Z, i (1gg0), p1;. 1il1 -_143.
5. Xiaojuti O.' T'c[sru'o Y., Crtrtuerqcnre ])o¡¡tnins oI Ccr!uitt Iter.ctliuc ÀItlho¿s for SoIui¡t1 Nonii-
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!!' (Í:'

Lrsirrg rncthocl (3) u.ith tr, : (1,0) $'c oì]t,ain

TL ,1'( l)
B

1

t
0 9065502t834061 i
0 . ti85Íì28400{;ti3 4 1 2

n-(z)
l¿

0
rr. ().).rr)r), rr)ür)rt,),r!)!r,i

0.1154&)291120i11 51
0 . 3:i802727ri3ri ì:ì:!2
0 . 3266 1 39765.91:i Siit)
o . 32640ô852843{ì2t>
() . 327730111ì404 f-;O4 iÌ
o.32797915.1.37203',2
o. 327B(i505{.1Ij48755
0.3278150:i920tt2{ì6
0.:i278198892ti48{r1
o . :t27ti2672820{ì560
0.32782735182685ö
r') . 3:17 82664310881-!ì

ll c¿ ; c¿-r ll

0
7

2

i
5
l)
1

I
'tO
i1
72

0 . íJ9 1 Íì29ÍrirliBli)8(X)
0 . [J9r238U f 54 03tì,1.1
0.8C;-r15 lti71372635
(). 89-l (ì737.1:iil7 I 1 ;17

tl 8941-r9fJ9O39?7.14 1ì

t) . S91 6-13228:J5ir[iti5
0.89.r6599930i 5645
O . [ì94 657G.1019r32f)
0.894(ì5521956509 1

0. [ì94655074977661

t) . iif)rtt1f-;¡l]7ijíìlì4 687

:t .31.'tri- 1

9.:i44 Il 2
-.2.7221Ì-2
1.14111,-2
3.$09Ð-3
1 .12í¡fi 3
4.8091;l- 4
:t.140f1- 4

5.ft)2Il- l-¡

1 . [i76ri 5

6.838!l- {ì

2.420ill-(ì
7 .08{iri,- 7

r-¡ .149Iì- 19

lìccciveeì 1 XII 1C103 Inslilttlttl c!c Calrul
fllt. llepublirii Nr. ,Z

P.(). JJU¡: 68
J400 Clttj,Nnpoca

Iì.0na ¡titt

0.327tì20521746298

[Ising- thc methocl of cjrord lf itlì #0 i (5,5), trr : (1,0), we ol¡tain

¡l ^ 
(1)

l¡
1

0 . f)8¡J800874210782
0 . 92 t 8l ,l?ri54 932ti7
o.90{x)737ti5669214
().894{):i9851 624r 05
() . 39,16ó8-12058tiO1 3
0 . tì94(iir5375( )7741 tì
0. B9465537333'1698
0 . 891{ì5ir3711334687
0 . ¡19.1 65r37:l:i:i lti87

r:(2)
t¿

5r

()

0. 01 2iì27r1 89O72liGr¡
0.li07Dí199 r(ì 152262
o.325t)27010ô97792
0.327725437396220
0 . Íi2 ? S2 i¡li03 5007 8 -1

0.327iì2(;õ21051Utì3
0.327U2{1fi2174{ì293
0. :127tì2ii5217462{)8
() .327,S261r217402$8

ll .r:2 - r¡-r ll

0
1

2
.!
4

6
,7

I
1i)

5.()()Of,lJ o(t
1 .2ç2ti 02
2.0tilil-01
2 .77 4In_A2
5 .1:ì:iFl- 0lt
2.8t4ìrj-04
3 . ()4 Ílli 06. 1.7212U-0$
'i.(¡7fìE-14
'r.42lll-2A

l¿

Usirr^ r-û€thod ('t) I'iLh ro: (5,5), $L== (7,0), ne ßL)lrain
:

ru jrt ) 
"Ír, 

) ll r-¿ - :t o_r ll

0
1

2

,I

5
(ì

j

lr
1
() . 909{19C9090f}0909
0.8948369458?4l.l 1

0 . 89,1fiSSlllìl 9914fi9
t) . 89,1(ì5 5373:J34 79:J

0 ..c046a537333.1tiB7
0 . tÌ 0.1 ti ir5373334 087

5
()

o . 36:ltiit636:ìtì3{ì3 64
0 . 329098{ì3820309t)
0 .'.12i fl27 lt,t,I1 4 it r.t li I
0.:'2782652174690ti
o .32782{i5217 46258
0.1i2782652174ii298

5
:ì . 636rÌ (r I
.3.453rì--02
1 . 271 tt -O:i1.022ri-ciì
(i.o89rÌ- 1iì
2.710lt 20


