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ON SOME ITERATIVE METHODS FOR
SOLVING NONLINEAR EQUATIONS
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1. INFRODUGCTION

In the papers [3], [4] and [5] are studied nonlinear equations ha-
ving the form :

(1) M) + g(a) = 0,

where f,g: X - X, X is a Banach space, f is a differentiable operator
and ¢ is continuous but nondifferentiable. For this reason the Newton’s
method, i.e. the approximation of the solution z* of the equation (1) by
the sequence (@n)n > 0 given by

(2) @1 = @0 — () + ¢ () Y f2a) -+ HK2n)s @€ Xym = 1,2, ..,

can’t be applied.
In the mentioned bapers-are then considered the N. ewton-like ime-
thods :

(3) vt = an — (o) 7 (fln) - Hwa)), my e X, 0 — 12, ..
or
(3") T = &w — A(@a) Y fl,) - H ), wg € X, 0 — 1,2, .

where 4 js a linear operator approximating f'. It is shown that, under. -

certain conditions, these sequences are converging to the solubion of (1).

In the present paper, for solving equation (1), we propose the follg-
wing method :
(4) 241 = 20 — (f'(x,) 4 [ 1y 205 gD flay) - P an))y 29, 2y € X, 0 —

= 20, .

where by [z, y; g1 we have denoted the first order divided difference of
¢ on the points @, yeX. 7

So, the proposed method is obtained by combining the Newton’s
method with the method of chord. The order of convergence, denoted by

1+Y5
el £

S 1.618), which is greater than the order of the methods (3) and (3') (see

P, of this method is the same as for the method of chord ( p =



)
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also the numerical example), but is less than the order of Newton’s web-
hod (where p = 2).

But, unlike the method of chord, the proposed method has a better
rate of convergence, because the use of f'(w,) instead of [wu—1, &a 3 [l as
it is in the method of chord, doesn’t affect the coefficient ¢, from the ine-
gualitios of the type:

H Ty — Cl?."H < Cl”afﬂ L a-‘n~1|‘|2 -+ PQHITN R a"u—l“ Ha"u»l - -Tn—'zny

which we'll obtain in the following.

2. THE CONVERGEXCE OF T MITHOD

We shall use, as in [1] and [2] the known definitions for the divided
differences of an operator.

DERINITION L. An operator belonging lo the space (X, X) (the Fo-
nach space of the linear and bounded operators from X to X) is called the
first order divided difference of the operator g:X — X on the points Zg, Y, €
e X if the following properties hold :

a) [ag, %03 91 (5o — @) = ¢(te) — g(@o), for @y # Yo
b) if g 1s Dréchet differentiable at @y € X, then [y, @45 g1 = ¢'(w,)-

DEVINITION 2. An operater belonging lo the space & (X, (X, X)),
denoled by 2y, Yoy 203 1 18 called the second order divided difference of the
operator i X — X on the poinds @y Yo % € X if the following properiies
hold :

y " I . o
. a ) (20 Wo» %03 (/],(‘0
timel points @y, Yoy %o € A ;

@) = [Woy %05 91 — (@0 Y5 01 for the dis-

L) if g ds {wo times differentiable al @y € X, then [wy, @y, Lo 61 =
1 1

= 59 (@)

We shall denote by By(x,) = {@we X||le — a | <7 } the ball having
the contre at o, € X and the radius © > 0. ‘

Conecerning the convergence of Lhe iterative process (4) we'll prove
the following :

TuuorEM. If there exist the elements xg, @y € X and the positive real
numbers 7, 1, M, K and ¢ such that the conditions

i) the operator f 4s Ifvéchet differentiable on BJa,) and f(+) satisfies

I (o) — fli < Ullw = yll, ¥V e,y € Bilay) s

ii) the operalor g is continvous on B, (ay);

iil) for any distinct points z,y € B(x,) there exists the application

2
() + (2,55 9D and the inequality |\(f'(y) 4 [2 95 D7 < M ds
irue;
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iv) for any distinct points x, y, 2z € B, (@) we have the )
I oy, 25011 < K5 R i o

V) the elements ay, @, satisfy ||a, — @;l| < Me, where ¢ = | f(w) +

+ gla)ll;
vi) the following relations hold :

@y — ayll < lwy — @y, with @, given by (4) for n =1, q — M2 (7_ —1—2K)
. 2

<1 and v = Meg ! "l
nd 7 = TZ Gy where (ug)iso 18 the Fibonacer’s sequence Up = U, =1,
k=1 & N ’

W1 = U - Uy, kB 2= 1

are fulfilled, then the sequence (w,)as0 gencrated by (4) is well defined ;
terms bf?.ow-s;'?'mg 1o Bw). - ( Pzt SR, (0 e et d(&f 1,7?:(_@1_, ol its

HMoreover, the mext properties are true :

-

J) the sequence (x0)uso i convergent ;

33) let @* = lim a,. Then a* is a solution of the equation (1)

n—o0 ?

1)) we have the o priori error estimates :

Me Vls_
— (9" n > L

gt —q V5

” a* — mu” <

Proof. We shall prove first by induction that, for any = > 2

(5) @ € By(w)),

)

(6) 1o — @all < | @t — @u_sll, and
(7) Mo — x| < gr—1" 1} e.

Fol n = 2, from v) and vi) we infer the above relations. ’
. ;Le.t us’sup%)ose now that relations (5), (6) and (7) hold for n —
=S Oy vy I8 i ! g L SC 4 ?

: a,fﬁ, -+ -y ki, where 5 > 2.”}39(,2111.56 Uy Tk—y € B(@y), we can construct
Zr+qy from (4), whence, using iii), we have :

s — aull = 10 (20) + [emss @5 9D (Waen) + glad) | < B[ f(22) + gl .

For the estimation of [|f(x,) 4 ¢(a)| we shall rely on the equality
@) — gl@ey) — [@oogy @iy ; g1 (we — @) = (28 Pe—yy @5 g1 (@ — @y

('Tk aa -Tk-z)

(easily obtained from Definitior Nets initi ¥ :
using iv), ttion 1 and Definition 2), which imply,

(8) lglw) — glaey) — [y, Tpy 5 g1 — @) || < K| — Ty ||
(lae — aey|f + [ @y — @es))

4 — c. 1080
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and on the inequality

(9 f(w) — flwi—) — J(#y) (@ — oe- i <

% llax — ax—1]l?, valid because
of the assumptions i) concerning f.
For w =k — 1, by (4), we get
— (F(@r—g) + [Begs ay s 91 (B — 24y) — f(@ey) — g(wiy) = 0, whenee
@) + glw) = fln) — f@ey) — [y (2 — Te—y) + glan) — g(o) —
= [z @ney 5 g1 (@B — 2py).
The above relation, together with (8), (9) and (6) for » =k imply

Ml :
e — all < M f(w) + gl || < — lloe — p—y [I* -+

+ ME o — syl — 2|+ ey — @i ) <
z .
< Mo — ol 5 1o — sl + 20 oy — niall) =

1
=M (7 -+ 2K) loe — @xoq | 85—y — Broslls
Krom the hypothesis of the induction we have, on one hand that
! ,
Il #ury — 2l < ‘M(E - 21{) (=2 Moy — zgll = ¢r2|my — moq) <

<@ — @y ], that is, (6) for » = &k + 1, and, on the other hand
l@er1 — 2l < @—2llme — 2y || < @h—2qs—1 Ms = qMe, that is, (7) for
W=k - 1.
The fact that z,,, € B,(x) results from :

1esy — @l < llog — @l + llog — 2ol + oo 4 2y, — 2] <

Me
< ——q (g« + q'= + ... gw) <.

Now we shall prove that (@.).s0 is a Cauchy sequence, whenee j)
follows.
It is obvious that

S ) )

for & > 1.
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So, for any k > 1, m > 1 we have

| @aym — 2 < il 2rgr — @ + | ®iye — @l + ... + Il B — Bram= || S

M #* phAL ph+m—1
€ = rppp— =
+ an»rm_l‘) < T (q/5 - q Vs +... _I_g Vs )

. M-
< Lard ™ (qu,, + q”‘--}—] + [
q
Using Bernoulli’s inequality, it follows
pEH1—pk phte—pk pl+m—1_pk

/;k
Jp[s T— . — ——*_’_—_
mem—w.MTqu’(lﬂ Vg P g TPy =

b PE(p—Y PR(p—Y phpm—1_1)

=l g T g TE +... e V5 ) g
q

e ﬁ_’i : ﬁ"’(:f»:l) Pr(14-2(p—1)—1) PR (m—1)(p—1)—1)
< ¢ (L+q 7% +q 75 4. 4y e )=
et A=l phpo1 2 PRp—1)m—1)
==+ g T g TE b g B )=
y Ph(p—-1) "
P2y g VF
q php—1)
1—q Vs
Henee
ped phe=1)
MegVs (1 — Vs
” eTl:»}—m — wk“ < .—(I(—/ﬂf(g——l) ) ’ k = ]_,
g(1 —q V&)

and (@a)nso is a Cauchy sequence.
It follows that (@,).50 is convergent, and let x* — lim ¥ For

7 — coin (4) we get that #* is a solution of (1). For m — oo i;ﬁfhe above
n equality we obtain the very relation i)

The theorem is proved.

3. NUMERICAEL EXAMPLYE,

Given the system

32+ 9y —14 |z —1]=0
o+ ay — 14 |y =o,
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|8 f =
= (fi, 2y 0 = (g1, ¢5). For @ = (&', 2”') e RE we take f(a, @) = ') 2w -
(@) =1 A, @) = (@) e (@) =L, glaf, @) =2 1,
g’y @) = (@], We shall take [2,y;¢] € Man(R) as [@, 95 gha =
O 0 R T G WP (4 v odey ™) i —12.

Y — ¥ 8

Using method (3) with z, = (1,0) we obtain

we'll consider X = (R2, || *|lo),

@&

\oo — “(wl’ mu) “00 :lllaﬂ{{l (vr

n 2D '1‘(2? 2 § e Il @r =1 J-‘n_1|| 3
" 3 ®
0 1 0
1 L 0.333333333333333 53331
2 0.906550218340611 0.354002911208151 9:3{l4[ﬁ72
3 0. 885328400663,412 0.338027276361:332 _;2 A228--2
4 0.891329556832800 0.326613976593560 1.1416—2
4] 0.895238815163844 0.326406852843625 3.6091.—3
G 0.895151671372635 (0.327730334045043 1 432:3Iﬂ73
7 0.894673743471137 0.327979154372032 4,809 4
8 0.894598908977148 0.327865059348755 1.1401— 4
je) 0.891643228355865 0.327815039208286 5.00210--5
i0 0.8946599930615645 0.327819889264891 i.
1t 0).894657640195329 0.327826728208560 6. :
12 ().89465521'9565_091 0.327827351826856 2. 2018 G
13 0.894655074977661 0.327826643198810 7.08610-7
39 0.8%1655373334687 0.327826521746298 5.1495—-19

Using the method of chord with =, = (5, 5), &, = (1,0), we obtain

n .“L‘:ll) 'L(’;) oM Tp_q |l
0 5 5
1 1 0 5.00C1 4-00
2 0.989800874210782 0.012627489072365 1.2621—02
3 0.921814765493287 0.307939916152252 2.95312— 01
4 0 3765660214 0.325927010697792 “2.1745—02
5 0.894939851624105 0.327725137396226 5.135F—03
6 1658420586013 0.327825363500787 2. 8141 —04
7 . 5375077418 0.32782652105183: 3.0455— 06
8 0. 894655373534698 0.327826521746293 w1742 — 09
9 0.804655373334687 0. 327626521746208 _1.676E-—14
10 0.8946556373334687 0.327826521746298 5.4217— 20
Using method (4) with z, = (5, 5), 2, = (1, 9), we obtain
n ) WS) 1',(‘2) fl e — xa_yll
0 5 5
1 1 0 ; 5
2 0. 909090909090909 0.363636363636304 3.6361:— 01
3 0. R94886945874111 0.328008638203060 3.45315— 02
4 0.8946556531901489 0. 327827544745560 1.27115203
5 0.894666373334793 0.127826521746906 1.0228 ¢
6 0. 894655373334687 0.7127826521746208 6.0895— 13
7 0. 804655373331687 0.327826621746298 2.71015—20
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It can be easily seen that, given these (lata%, method (4) is conver-
ging faster than (3) and than the method of chord.
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