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Ç. CoBZil$
(Cluj -- \la¡roca)

1. tNrROt)ufj.lÌ01\I

Iìcceiveel 1 \/II 1992

Ï-¡e x be ¡¡' norrnecr space and y fì, _rìon-void subset of -y. For n e xpnt ct(r, y) : inf {ll;, _ i¡¡, y . r¡-_ rh¿ ¿ista"cã'tr.åìo, to y, anct ter
(1) Py(u): {y e y :lla _ Ull : rt(r, y)},

n z is a surr,space of 'y a.d y a'on-r,oicr bo.naecr subset of r thentlre chebvsrrev'aclius ot r'ì"itììì'J.rri.r to z is ã;ìil;iiry(2) racl(Y, Z) :inf s¡p lly - z¡:ez ),ey

the problem of bes1, tr,pplorirnation

3il;il""u 
sequerlces rry-nrn,rrunis ii.

";Jr¡: 
¿-(¿l ilre -Ftarracl. spacc of

1r t z¡ . . . j, equ Ípped wiûÌr f he

(3) 
ll ø ll : sup {ll r(rr,) }l : ?¿ € ry:,r,

lor n e I*(-E).
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of all conr.e
ging to 0 e
) such tlnt: ø irnpties lirn lly@)ll: llzll arict

11 : 0, it lotlosiitrVt coer) Ç.o(il)) c_

.e. the stql-norms), all these
thet. are Bauach spacres too.
1l ol Z : C' lhesc spac'es ar.e
el-r..

nìânJ'ltroblems of lrcst approxi-
voicl closed con\:er 'boundecl 

an-
. {l,so, thet'e are lnalL.r¡ papers dea-
of bourided or coutinriòn.s r.ectoL-

[12], [14]).
ploximirralit¡' of the subspaces

.\- itì ¿*(,1?'i'), givingexplicii for.-

'*'e shorv urar nrese surrspaces a'e 'rr ch.fty-'i1"11-llu?i]lli3-'',ï*;3,'äi,tlî:
peclivelv of l*(J?,,').

2. .1t.,11ts lÌDstit,Ts

lhe rnain .cs*lts of this pâpc' are c'ntai'ecl in the followi n9 theo-r.et'n :

We have to shorv t]hab yoe co(l/), i.e. lim !¡o(tt) :0. Let e > 0. Then thosel' [-" - {* e i/: rrr(ri.)lr > ¿ + '1 is iiitu.a¡a r:onbained in r. rt folrorvs
l,Ï,il,rlíå(îì]1, ,,11,î,1'ti 

: |¡t ¿ .'i;' ,,. içr."ä",îï)r,,r :0 j. rest,

(Ð) of I-( rU) and tet n e J-(_D)\ c,t-Ð).t|',n!"{"1tt' E:2-1(r, } é,¡"ànli

,å;.i"ä t L.¿!Tl ¡gt ;# i)iî1
Ey the <lefjnit,jons of hru inf and lirnseguonces (ni) of natu'al ,r;;i;ì,:;

lf 
^ 

> E. .thcn lim ( ll.¿l(l!*: Ell : sutr'l'llrln¡ * lt¡ùll : n e> À - òr ) 4 _ àr : ô. "' '¡ "" -

t,rlifitr:r,t: 
q L 3l'u iln - v¡ >

llo e ct(Ð) such that ll n _ ,u^il :
d(r,c,(h))):Ð. ,fo bhis cíå"rn,e

.lla(y)lj <ò,1 anct r\r:1neN:lrg rL as {ø} : /¿ e }}. wiilr (,n,!.\

- ò,. Sirrriìar ly, i t Áz : {"î ì n'"é

\, anrl t\, ane infinite then define

(5) uoþr|):c,(tti,)+-f ,3 ttn(ni),
1)\11ï)

for' /c e-¿\r and :i,: l,Z. în lest dcfjne lo try

I

ì

for'

for"

2 llcst Âp¡tr.oxilnation
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the
') ,¿s

''i,r';

a) it(e;, cr@)): Iirn sup" ll r(n)ll;
ì:) d(ø, cr(II)) :2-1(lirnsup,lf n(nlll - liminf,, lldrø)ll) i 

' 
:

_^,^,,..")^ ;L1y,c!!;")) 
:8, toltcrc à rs f/¿e Chebushat'ra,diro- of tlte sci o.f:ti.mit

?ot1t,r;t f,l |.tte sequpnc( t, : (r(n)) e l-( l?,,,).

_ ^ProoJ cn(D) ancl let d : lirn sup,,llrr,(rr,)ll.,then
d > o_ancl - ill > r/, for atl gr à 

"'¡jÐ..Lat y tion of lirn ,sup thei.e eiìsts a subsequence
(ø(m,¡)) of ( 

o_* llr,:(nr)ll : d.

Then lirn (lir("*)ll - lly(,rr)ll) : r/, an¿

ll*-yll :s..tr{lir(") -y(n)ll:neN! ) sup {ltrþt)\l-liø(ø,)li :rce-&rj >ct.
Non-, let I = {ø eÀ- : llr(n)ll > r¿} ancl clefine !/ot N * It ìry

lþ:(n)ll
.n(n)

r(n,)

(4) '¡¡oþt) : llø(n)ll
0

I
I

llr(ø)ll - d

tt.kitt'^") ror'

n(n') for

n(nl for r¿ e I
fol n e l!\I.

(6)
17oþr,) :

(?) Eo@) :

5 - c, 1080

ff Á, is infinite ancl Â, is finite, then

ò, < llø(n )ll ( à,,

u(n) : g.

rlefine yo(nÌ) by (5) ancl

ð, ç llø(rø)ll < ð,

llø(ø)ll < s,

I
ì
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(11)

whcrc r\n -
'llhcn
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Best Approximation
67If ,4, is inf iniLe and 

^2 
is finiic then dcfinc yo(,ntr) by (5) and

tt(8) unþr) -1 ffi 't"' for' 8, ç llr('rT')ll à,'

t "(") fol S, < llø(m,) 0r u(n) : s

fn this case the set {rr, e r\r:ø(rr,) --- 0} is also'finite bccause 8' } 0.
If l¡oth of the sets Â, and t\, l.tliore o,rr'sts a, str,iolLv

inclc¿r,sirìg sc(lucncc (nI) o[ nn,trLlal illr¿t. lim llø(øfl)ll : $,
alld E < lln(nf,)ll ( àr, for all Ä; e N. lina yo@fi by (5) (rvibli
rzfl instcacl of n,i, antl à, insteacl of à¡), and

I v- .,. : ^(e) uoþ¡\ i,'uil "f"l I'or' à' ( lla;(n)ll ('8,, n' e M\Â,

[ ,r,(n,) for ll,u(n)ll ( òr:or llr(n)ll ) à,,

whelc Âr': {rfl : ir e Àr}.
fn the ca,so à, : 0 and .4, infirrito tle{ino yo@i) lry (5) and

(ro) roþt,\ {,ffi ""' 
ror o < llr(ø)ll ( Ð,'

[ , for n(n) : ç¡,

whclc z e il is such {,h¿lt lløll : [ (such ¿ln clcr-¡rent exists l¡ecause -lve haye
srrlrposecl I,f + iOj).

Fitrally, iÎ à1 :0 ancl ,{, is finite thcn bhe¡O eNists â subsequenco
(nþtLr)) ol (ø(m,)) such th¿r,t lim llø(øf)ll =: à¿ a'net f .illn(nar)ll ( àr, for

all 7c e -À/. fn this casc def inc yu(nî,) by (5) (rviütr øf, instead of zr,'* and ò2
instcarI of 8r) atttl

_,.iT'diiii#;'.{:lË,gi'"iï flfit"i;rrl¿), 
it rolrorvs i"haL c,(E)is a pro-

tuo Úy iËJ"r'oiì"on ¡1. slance f.onr æ e z*(E) io ár¡bñ.";;:
c) Let E: R^lt

ilrere set -4" ancl I it* ch"ì,J3at' 
A* # Ø' Let € be a

nach . Garlcavi [g] pro.r_ed thal
cente

IJ €C(

: :/;ii1J":ir'f ;:,," ; ì"ffi*uroose 
,o e N such urar ¡r@) - n, <

llø@) - rli< ø(r¿) pt(n),illeÁn) _ rli < à _- e * 
11 

: r_ 
r,,

for alr n 4 t¡^' This 
ingSlality imprieo 

llu.t the set /" rs contaired in ,reclosecl l,¡alt of ccnter .l¡ and radius à.---"'ui2,.in .oor,"àjiåLiàn-t" tt,u liypot]re_sis that its Chebysh.i ,f"¿l"J'ii"¡. rnå"uto"e llû _ U| > S.Non', d.efine the sequence Uo: ly _ Ro lty

(72) yo(n) :[*r", - 
- 

+ - 
.(u(n) - g¡ fo' ln:(ry,

[ 
, .(u(n) - E) foÏ lla(n) _ 

€ j] > s,

for ll a(,Ì?,) _ 6ll < ¡.t/o(tt) :

r¡_ '_ . fr(1t\
ll¡,'(ø)ll

n(n)

for 0<llø(ø)ll (8r, øe.M\\Ân,

lor' llr(ru)ll > 8r,
fol n(n\ -: {J -

{nf :

Iim
/c e 7V) anrl ø e 1/ is again such itrab ll?,ll:. E.

llyo(n,'*)ll :Iim llu(ttt)ll + q - åil : ¡', j:11213,4,
h+æ

r
arrd r7o(rr) : .- .ø(ø) irnplies llyu(rz)ll : f,. Atrso if Uo(n) - z l'e have

n\l.r)
llyo(n)ll: lløll - E. n{, follows that in all of the consitlcled cases lim llyo@)ll: {, i.o. t¡o e cr(ðtr).

Also ll Un(nl,) - n(nf,)ll l q - I' l B if r¡o(n/) is rlcfincrl by (5).r:It yo(tt)::-2.n(,n) thcn llr(n,) - yo(n)ll -= lq - lln(n)lll < à. In
lla,(rr.) ll

tlre case àr - 0 and ø(rr,) : 0 wc have yo(w) : ø a,nrL lln(n) - llo(n)ll :_ r_ \.

11, lollo.ws thaL in all of the consiclercrl cases llø - Uoll ç à and, ta-
lring into account thc fact, that llr - yll > I for aIT 1y ecr(fr)), it follows
lln - yoll : ¡ : d(r, c,(Ð)) and ?Joe P",rx¡(cl).

llE@)- €ll : illr(n)- €ll -¡l (u,
excepting a finite set of natural numbers rø, so tìrat lim go@): {, imply_ing that yo e c(R*).

| : 8 in the first case of the formul a (12) andgll < I, in the seconct o^u- Thú,f";;
e c(R*), it folou.s ïiai

Again, for æec(E
minatit! ot î¡e *;*; ø]' proving the proxi-
mula ci. e validily of the for-
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3. REù'IARI(S

!" We l¿aae shown tltat tlte spa,ces oo(E), cr(E) and, c(R*) are proniminal
inl,*(E),respeatiaely i,nI*(R^). Now we sh,all sltow thu,tno one of these sub-
sp&aes is a Ch,ebysltea subspace.

Consider first the case of the space co(Z). Fol ø e l*(-D)\.co(-Ð), rve
have ¿f : lim sup llø(æ)ll > 0, so that l,here exists a subsequence (ø(ø¡))
of (æ(m)) such that lim llø(ra¡)ll= a ancl, ll n(nb)ll ) 0, for a|l kelI. Norv

. À+æ
lor p eff define 3¡.p: N - E hy ye(,tt¡) : r(txr)t h:\,2; ...,p,' and
Ee(n):Eo@)in rest. îhen, for 1<k <p, llyr(nr)-tlo(nr)ll :d>O
If' so@¡) :llffif ' u@r) and ll un(nr)-tro@ùll:lla,@r)ll: llø(z¡)ll>0
iÎ 310@) : 0 (see formula (4) for the definition of yo). It follows that
plneco(E),, ?lo * yo and lla - yrll : d : d(u,co(D)), showing lhat Uo¡

Eø e P""1n¡(u).
Now let ø el-(E)\cr(-E) and let ,4.¡ : {nl: tu eì/}, j :I,2,3,4 be

the sets of the strictly increasing sequences of natural numbers, consitle-
Theorem 2.1. Then, in all of the consi-

(ø). laking into acco
¡t\r¿E)-qll >eo)0,
,ts a prouintinal stúl* onto cn (see l1?l)
no continuous tineai
E : R'the.forntrtlua a), b), c) front, Ilreorem Z,l to,lte

rt,un,cf;'o:!ì:-" frj¡r.t;lcot 
crt ctt* bc the corresitond,cns spt,ces for Ð : ft.

a) tl(n, co) : lirn sup lø(rz)1,
lt) cl(n, cr) : 2-t llim sup I a(n) I _ lirn inf. I n(n) l),c) tl(u, c) : 2-t llirn sup ø(+a) _ lim inf ø(ø)f

6

Best Approximation
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recl in the proof of the point b)
dered cases, there exist j e{I,2,

of
3, 4] and i e {1, 2} such that

lluo?ntù - n(ntr)ll :0, for lr:r,2, ...,p, ancl llar@) - n(n)ll:: ll,1¡oþt) - u(n) ll < I in rest, shorving that d(ye,cr(E)): à ancl !/ee
e P*1a¡(æ). Since llyn@l) - Ao@tr)11 : ll n(nt¡)ll > 0, for h : I, 2, . . ., ?,it follows l}rat, lle # Uo.

tr'inally, let u eZ-(ll')\c(-E'). ff the set .A. : {n e N : llø(n) - Ell>S}
is infinite, then there exists a subsequence (ø(rr,¡)) of @@)) with ø¡ e À,
for all /c e-lI. tr'or p e-try' define !/p: N - R" hy yp(tt¡) : n(nþ)) lor lt,:
:L,2, ,..¡?¡ and ye(n) : yo(n) in rest (see forrnula (12) for the defini-
tion of 370). Then lim p¡p(n) : 

l13 !lo(n) : 1, llurþt,,) - r(n¡) ll : 0, for

It,:L,21 ...,p, and, llyr(n) - n(n) ll : llyo(m) - u(n) ll < I in rest, sho-
wing that rl,(yo, c(R )) : à ancL lln e P"¡nn¡(n). Also llyn(nr) - tto(nr)ll :: à > 0, for k :7,2, ...,tp¡ shorving that y, t' 170.

Suppose no'w that the set ¡: {ir, eìtr: llø(rr,) - 6ll > 8} is fini-te.
Since n f c(R") it follorvs that there exisl, eo, 0 ( uo < à such that the
set {ø etrfl: eo <lln(n) - Ell < 8] is also infinite. 'Iherefore, there exists
a subsequenco (r(æ¡)) of (ø(m)) verifying eo < llø(tt¡) - Ell < à, for all
fuel[. Definenol,fot ?€N,Ae:N nR* by Ur@r):ü(nùt lor 7t==:tr2¡ ...¡? and. ,¡1,p(n) : !/o(n) in rest. It follorvs that Iin'¡1r(n) -
: lim Uo(n) : t, ¡rr(nr) - u(nr)ll : 0, Îor k :1t2, ':i, and

Wrtõ - ø@)ll : llgo(æ) - u(n)ll < à, in rest, shorving that '.ct(y,p,c(R*)).-

hy cet la rT}ccr5', ,!;."n'" 
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ttlls on neatest painls rtnd
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for all keN.
n'or p e-l[ define !Jt, : N - E by

and, g.p(n) : !to(n) in rest. It follows
llo(nt) : n(n|), lor k = 7, -2, . . ., F,
limllypþt) ll : lim llyo@) ¡¡ : I ancl
tl+æ ,l)@
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