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SEVER S. DRAGOMIR and NICOLETA M. IONESCU
(Timisoara)

1. INTRODUCTION

In Theory of Inequalities, the famous Jensen’s inequality
i » 1 fa ;
(1) ‘ f(?” El pm) < Egl P f( @)

valid for every convex function defined on an interval I of real numbers
and for every s, eI ang Pi 2 01 =1, n) with P, : — 3 2i>0, plays

r i=1

such an important role, that many mathematicians have tried not only
to establish (1) in a variety of ways but also to find different extensions,
refinements angd counterparts ; see [2] and [6] where further references
are given. . 2 5

In this paper, we will give some inequalities for differentiable
convex functions defined on an interval in connection with this ‘main
result.

2. THE MAIN RESULTS

We will start with the following converse of Jensen’s inequality :

THROREM 1. Let f: I < R -IR be a differentiable conves Sunction on I
(I is the inlerior of I), wel and P> 0t = 1, n) with P> 0. Then one
has the nequality '

. 1 % 1 #n
0 <— Yopf(am) —ff L1 ] <
p, 2@ f(P,, iglp’a")

(2)

1 ¢ 1 » n
< E‘5§1 B wif,(wi) - .l'?,'iglpta’itgl pif'(wt) 5

Proof. Since f is convex on I, it follows that

@) —fy) > fy) (o — y)

for all o,y e 1.
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Now, choosing

y = =1, n)

Z P,

nonl

we derive the inequality.:

f(%‘i thi)—f(wf) >( P

7 fa=1

}3 Pty — m;)f(wj)

7 {1

for all j =1,...,n. If we multiply this inequality with p,> 0 and if

we add these 1nequaht1es, we deduce that

(“P— b} Ptﬂ%) - Z pif (@) >

n i=1 n j=
2 10“% Z p:f(
—Pﬁ fu] Pn i=

which is clearly equlvalent with (2).
In paper [8], J. B. Pelarid hag proved the followmg interesting con-
verse of Oebysev 8 1nequahty

- “““‘Z @y f'(0))ps
n i=

o i pibi| <

1
—— Z Pil;

nzl

Ia’” By (11] Ibﬂ i b1| <ma’X {PEPLH/ M

<n—1

where G=(ay,. . .,as), b=(by,...

is - positive,. ie.,

—~ Py(1 gk gn—1). »
By the use of this result and:-by Theorem 1, we can state the folle-
Wing corollary.

- COROLLARY. 1.1. Suppose that f, pi, @ are as above and, 1n adduﬁwn
m < @ < M, for all ¢ = 1,...,n. Then one has the mequamy

Sw) —f{5 ¥ v <

# 1=1

— f'tm)) max {Pk P.1| PL}.

1<kgn—1

In paper [1], D. Andrica and C. Badea have obtained the follo mno
inverse of Oebysev §: inquality:

l P, E DYy
i=1

< (M — m) (f(I)

<

I Z D% Z DY
i=1 i=1
3 ) (Pe =3 pi)

ieN teN

< (b — a)(d = o)(

,ba) are monotonous n- tuple‘s, Pp=(py.. . Pu)

>0 (1 = 1 n) and -Py: =¥ pi, _Pk+'1.: = -Pn w5 |
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where ¢ < o <b,0 <y <d (¢ =1, n) and N is the subset of {1,...,n}

which minimize the ekpl esion

By the wuse of this Iesult we also have the following corollary :

COROLLARY 1.1. Suppose that fs Diy @ are as above and, in addition,
m < o < M, forall ¢ =1,....n. Then one has the mequahty

5 Z] pif —f(%—pm)<

Py S n
1
Pn ¢§N pi) '

The second result is embodied in the followmg theorem.
. THEOREM 2. Let f: T < R _

< (M — m) (F(H) *f'(m))( % p‘)(l N

n teN

R be a differentiable convex function

on Iymel, p; » 0 ({ = L. n) with P, > 0. Then one has. the Jollowing
me_qualmes

1 = T 4 ay

T Xg) — i <

= ; pifa) Lglppff( ; )
(3)

1ri1 -
SE[ P, E:l Pz@f(a?t == ==y Z Jhmiz p;f(:pt)]

1=1

 Proof. The inequality

1 T + @ i
—) <

Pz ? 25 ( 2 ) P

n t, =1

i€

was proved by the first author in the paper [3] (see also [7]). :
To prove the second part-of (3), we observe, by the convexity of -

f, that
5521 (238 —a)
for all 7,j = 1,.

If we multlply this inequality with Pipy =
inequalities, we deduce

1 Ty + &y . L " 1
P2 t.?— pzpjf( g - ) I E pif(“/'t)?

N 1=

0 and if we sum these

11,2 Z Pipy ("--;—@—)f’(wi).

n ¢, j=1



74 S. 8. Dragomir, N. M. Ionescu 4

Since a.simple computation shows that

)f'(wz‘) =

1 2 r — @
; EM%(—’Z—’

n 1, j=1

1 ”° . 1"
' s @) — o (@)
5 P2 ;Zl P 1;2{ e flw P,”Z pumi f'(

the proof of the inequality (3) is finished.
By the use of Pelarié’s result, we have

COROLLARY 2.1. If f, puy a; ave as above and, in addition, m< o< M
for all + =1,...,n. Then one has the followmg inequality :

ZPz (@) — — Z pipff( L—'—mj)\

ﬂtl n 4, j=1

)

— f'(m)) max {PlcPkH/P}

1<k n—1

< f;—,(M —m)(f( M

We also have
COROLLARY 2.2. In the above assumpm'ons, one has

0 <—Z D f (@) — i ipjf(w—i—zl_—wj)$<

7 =1 1;1;1

The proof of this fact follows by the result of Andrics and Badea.
The last result is ebodied in the following theorem.

TarorEM 3. Let f:I s R - R be o differentiuble convew mapping
on the tnterval I and P20, mel (i = 1, n) with P, > 0. Then

) e O e T

11,1]1

')li

(4)

P E Z’zpaf(a”—l—wj) —%Z Pty z pp,f(x”;‘o“’)

% %, j=1 » t=1 1, §=1

Proof. The first 1nequa11ty was proved in [3] (see also [7] for
E=1).
To prove the second part of (4), we observe, by the convexity of

f, that
1 %+
f(P,”ZIWZ)_f( 2 j)>

: 1 i i ’ 3 g
>(Pﬁ§1ptwi—w;—wj)f(m -{—a"f)

2
for all ¢,j = 1,.

i3

o
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If we multiply with Pip;= 0 (3

lities, we derive J = 1,n) and if we sum these inequa-
1
f(
P,

igi pmg)—- : Z z]),f(m’—’- a,) .
PR
.1 1
E ptm,———— : (ml+aj)_

utjl

Fis i+ @\, { @ + Z
Pz E ppr(T)f (T)

n £, f=1

Since a simple computation shows that

& m. &y + a'/'j , &y L PXs 7 )
z',jz=1plp?(7)f (#} =Y ppmf (%@-)
i, j=1

the proof is thus finished.

3. APPLICATIONS

a. Let 5> 0, pr >0 (1 = 1,...,m) with P, > . Then one has
1/p, Z Dii |

1 < t=1

# /P,
I =
N =1

) 1 " 1t
< exp (F 21 P Y, pof wy — 1)
n o= i=1

and
[ ﬁ ( T+ @, )”13’1 1/p2
1 g Lii=t 2 A 1 1
(f[ mpl)tm. < exp g (PE FZ p;mtz p,/a;;__]_)}
iel
and =
l/Pﬂ Z P
1 <
T“—W <
i, j=1 2 ) ] .
1 » 22}4} 1 »n 2
<530 szpia'zz _\]—_—_Z&_
£ PE 4 o=t (@ 4+ @) P2 e (4 1 ;)
Tespectively,

The ploofs follow b Theor ] ¢
740, oL R, fop o ! %In ml‘,emems 1, 2, and 3 for the convex mapping
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0 (i =1, n) with P, > 0 and p >

Z pzwz) <

: > 1. Then
1

o~ ’ i p
P, 2;1 Pelty (

" ” 1 1
ql%.,” Pt — —; Z ME p“”ﬂ ]

n t=

and
. _})_ ﬁ] pu] — é.,§1p11)1<ﬁ—;;@)ﬁ <
g[ 7. é}l P @] —-z}l?: éi pt@i,é p;a,,‘"I]
and
= p[ 1122 i;iilp[pjw[(m_—;ﬁ)ﬂ 1 _ 1” Lﬁ . *‘wzlppf(mz i a:;);s 1]

respectively.

The pl oofs follow by Theolems 1,2 and 3 for the convex mapping
f:10, o0) = [0, o0), fl@): = o (p > 1).

c. In paper [9], C. L. Wang has obtained the following inequality
" P, " Wike i
(Ao = ar " < (% pa) /(5 00— o)
=1 t= i=

where p; > 0, », €(0,1/2] (i = 1, n), whicli-shows that Ky Fan’s ine-
quality [2] also holds for weighted means.

Ler i, p: (i =1, n) be as above ‘tlien one hag- the. mequahtles

n

Z P n 4 P YYPy
i=1 . . <
s ['=III( 1— wi) ] h

# Ton ) 1o Dy
sexp[—lz—z’pmz—“j—gﬁ_ Z“]

Py < o1 wll —w) PSS 1 —

- ' ) - 2 i I . AT P;IfP" :
- @i @y )uzaj ,Jl/pf2 /[ ( @ ) ]
= TR I{—
! [5,1;!11 (2 — Wy— i1 \ 1 — .

(1 1 " ) :u _.._..L.__.. i 1 .2 Vi ]}
=" { 2 [?ﬁ g{ Prts El w1 — i) ?” El e

and

7 Jensen’s Inequality
and
.
T gf [ diSt ttua o [II (‘——-a sl ) ’J”P'” < .
Z 2)2 (1 Iy m{) : i i=1 2 — Xy ~— &y
L
' " DPipy
< exp Pt —
[ Z i ;—;1 (@ + )2 — w — %)
_"_l__ " 2 Ty ___:I
¥ £ j=1 (@ -+ P2 — @ — @)
respectively.
The plOOfb follow by Themems 1, 2 and 3 applied for the convex
mapping f: (0,1/2] - y @) = —1n [@/ 1 — 2]
d. Let 2 eR, p, > O (z -1, m) with P, > 0. Then one has the ine-
qualities
0 < L ;exXp () eX)( Ly @) <
\Pngp, p (@ I P“;pu)\
1 ¢ Pz exp (a) L ity y exp (x,)
—— 443 L 1Ly i &y
and
1 1 ” 2
0 ) — 1 OXP (/2 <
= ) Htgpp(m)
171 1
< 5[ Z Piwviexp (@) — 7 Z D }:, D: exp (mf)]
n =1 n t=1
and

1
0 SE(Z piexp (60;/2 —eXp(P

i=

Z Pia?i) <
1 R #
S 70 Y pawiexp (w:)2) Y pioexp (w)2) — Z pm(
Pn i=1 t=1 -Pn i=
respectively.

The proofs follow from Theor ems 1,2 and 3 a
mapping f:R — R, f(#) = exp ().

)3 D1 €Xp (mt/2))

pplied for the convex
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