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1. INTNODUCTION

rn Theory of rnequarities, the famous Jensen's inequarity(1) ,(+ 
É^0,,,) _ + E,øÍtn,)

valid for evety convex function def
and for every tu e I and ?t Þ 0(i

:l"lr, rt.:Tpoltant lote, i,hatro"esraDlish (1) in a valiety ofletinements and counterpäris
are given.

fn this paper, 
-. 

we will give 
19m9 inequalities for differentiable,ïff;." runcúions definecl oo- uñ-iãturout d-"'oË;äioi. with rhis main

. 
2. THE IÍAIN RESULTS

the follow

û¿s 
I=IR*R itY:

rtas t e i and, 7t, on r
one

(2) o *+ ip'Í(n¡-'(+,Ð,P'n')<
I,, I<+\g,n,J,(t,) -i 

tt ø

Pu ¿:t pi Ðro,noÐrprf'(nr)
Proof . Since / is convex on /, it follows that

lØ)-lØ >Í,(y)(û-y)
for all a,E e i.
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Now, choosing

n: I
Pn

we derive the inequality :

\ 'Pøt, a : atj : I, +t)

< (å -- a)(d, - ú)( X eù(P" - I p,)
íeN JeN
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, (*,:'å,u,,,)- Í @ù 
"( +å i,ni - *,)Í'@,)

for all j 
= 

1,. . . )n. If rve multipiy this inequality with pt Þ O and if
we add those inequalities, rve decluce that

t(;i,8, ,,,) - +'h o,Í@,) ,

, +ìi þ,*,+ä,r,t'{n,) - -Ë;É

wlrelc (r 4 nt < Z¡. c : E, S d (i:Tlf and ì/ is ilre subset of {1,,..,ø}which rninirnize túe cxpi,esion ' I '

/,ä,n, - P,lz 
[.

Bv the use of tiis 
'es'It, we arso have the fo'owing coronary :

conor'r'¡'nv 
''t,'.8 

ppose tltut f, p,, üt ure cts aboae øntl, itr ackl,itiott,.17r 4 n¿ < M, for all, i:'I,...t11. itirii'o*, tms th,e'inàqu;tCtr"'" 
wqwvuw'v,

h

1

P,
Er,fØù-t(

< (.,1f - m)(f,(M) * l,@)) É Ar)(

o< J
Pu

u¿*at

!)tfrt

1-¿
l)Ln

which is clearly equivalenl, with (2).
In paper [B], J. E. Feðar.ió ìras proved the follorvirig intelesting con-

verse of Cebyëev's inecluality

11 't I il " -l
I A ,Ð Pttt'tbt - nl E P'o' 

P, 
o''' l 

*

( I øn - ørl lb" * hl,"HI ,{prFr*rlpT,}
lvlrere a:(ctrr...rú,,),b:(brr.,.rbu) are monotonous ø-tuples, p:(p1;...1)r)

-his- positi'r'e,-. i;o.1.. g¿ .>- 0 (i :7, m) ald .P¡:: 
,E ,p', 

' Fr+t: : P,,--

-Po(L</d<n-I). 
i:l

By the use of this resul-t and,by Theor.em 1, rÃ'e can state the folto-
wing corollary.

- Cono¿r,Ä*,y, 1,1. Suptpose thøt f r f)t, .ûi are oß aboae ancl, in acld,itiotr,,
trù 4 h 4 M, for all i:'i,....,n. nítír'one has tlte inequulity

I0<_
Pn E, n,tt*ù - ,(+ 

Ð, 
n,.,) 

"
< (M - u,)(f'Q[) - Í'(n)),y?l_{PrFr*rlP?,).

fn papor l1l, D. Andlica ancl C. tsarlea havc obtainecl 1,he following
inverse of Cebyéev's,inqualiúy

i "",8, 
p¡ntu¿ - Ë o,*,Ë, n*,1

Ep'
d €.^¡

The seconcl result is ernborliecl in the following theolem.
" T¡r¡onn¡r 2. Let f : I ç [R * [R_áe a, d,ifferentiable contsen funorion

ärlrl".rifoll ?¿ Þ 0 (i: r'"',n) wittt' P,, > o. :ihe*' oir"ir*, ttre fottowin1

o <.1 " i
;,.8" r¿Í(e:t)-;F ,ù,r,rl(glz) *

(3)

*1|--1 " L n- z L ã ,Ð, 
Ptøf'(nt) - ;, ,8, 

o,*, ,ä o,¡'çæ,)1.

Proof. The inequaliúy

+,,y,r,r,r("+-) - * \ p,r(n,)

was plo.r'ed b¡,thc firsl auLhor jn 1he papor. [B] (see also [Z]).
/, rhatÏo 

p'o'c f hc seconrl pr,'t ói-(sj, iun o"t .orìu"; by rün convexity of

?tql'(nt

(_ ¡çnt) > Í'(n,)2

for all i.i - 1 ü

. Ít'i'" Å,riipii rni*
tnequalities, rve deduce

inequality wilh prp1) 0 and if we sum these

1

PÊ t
z,o'n,r(yj+) - j; i r,Ítnù,

'+ ,h,o*,(*#¡,',.,,.



74

(4)
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l, r,rij:1

n¿In¡

75Since a simple computation shows that

+,,v:,n',,(ry)Í'{*l:

h\,non'z u' ¡@ù - ;i,F- ptrtf'(c:t)

the proof of the inequality (B) is finished.
By the use of Peðarið's result, we have

Conor,r,an¡r 2.1. IÍ_ f , pi¡ fi¡ &r'a a-s ø11g1;e a.nd,, i,tu add,ition, m 4 $¡ 4 M ¡for all,,i : L,. . . ¡rL. Ilten- one h,as the fol,touing' tnequ,ct;ttiy,

o * + É_0,, 
1n) - +,y,n,rtt(t+t) "

* ** - nx)(Í'@r) - l'(m)),.T?i _fprl,r,l p,,).

S/e also have
Conolr,A¡y 2.2. In tlte aboue assumptions, one hcr,s

o * + Ð_ 
0,, @,) - t", ,,F:,e,p,r (+!r) <

" frrr-,t)(r'(rt) - t,(m)) (*,ä"r,) ( t - å,8"r,)
The proof of thfs fact foilorvs by the resurt of -anclrica ancl -Baclea.

Tho last result is ebodied in the follon'ing theorem.
Tnnonpu 3. Let /:r s R : R be ø_d,i,ffer:entitrblo conøen tnctppíng

on tlte interoal I o,nd, ?¿ Þ 0, n¿ e i (i : t, ,-r) äitl, p,, ) 0. Tlrett,

o *å ,,y:,n*,,(+t) -,(+,ü0,,,) .

" } ,h,n,n,Í'(-+-)*, - 
L 

E o,*, 
,T, ,o,n,r'(t 

j:)

riries, 
t*J"åJl,îTiplv wiúh P¿pt ) 0 (i,,i - r,.\-t) anrir we sum rìrese inequa_

,(+ a n,.,)

'+ ä n,*,

I P¡?¡

?,?¡Í'

t'

r(

("+'
('+'

,

1

Pl, o,

n¡*nJ
o

)-

)
Since a sirnple computation shows ilrat

3. APPLICATIONS

a. Let n¿) 0¡ ?¿ ) O (i : I,.
7lP* Ë p,r,

'l''"'
l1

IIt

IIi' i-r

1ç
þí

e'i

It

i:l )

lt

xi:l

1

t

1

P:
< exp

'ø) 
with P,, > 0. Then one has

.' - ')l

t¿iut

(s

2

PúrL p,lnt -L
and

1ç

ancl

respectively

n¿* ut

)

þ¡þ

(þ,.,')
( exp (+,ü u'ø,f,, P,t

Proo.f. The first inecluality rvas proved in t3l (see also [?] fo'k:1).
To prove the second palt, of (4), rve observe, by the convoxity of

f , that

,(+É,n,*,) -,("+u),
, (+ y. o,n, - "+-) ,,("+u)

for all i,j : 7.,. . .t11.

(exp[+,ä Zp,p¡ ._ I å 2p,p, l(r, i ¿) Pi, ,,î, (r1 + ,', J

1<
rlp, i p,*,

i:1
1t¿p J 1l

2

Pth \
i, j-|

¡,r0, iT"*ntffï(;it:.1ilrÏt"t'"ms 1, 2, and.3 for rtre corvex mapping
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b. Let. t¡ Þ 0¡ p¡, 2 0' (r,:1, ø)'ivith P¿ > 0 ancl p > 1. Then and

o * å ,ä ,,,i - (* ,ä o,o,)'

*l,[+,ì p,ú +E pn,i n,

\ Ð P'''' i=:l :

\P(l -n)

1< ui*
)e:erfuPs 

<*!- 1

and

,10 <---
P, X

1

1 fl

T
n¿* üt þ

lTntt< ex, I ol ,ì ,'*',.F ?tPt
P¿n!

Pl, ,,
PtP¡ r( n I n¡)(2 -- n¿ - at)

1

x

o
o

-#l il

l, Ptrf - 1
T)ZLn

p,r,ä ptt:itf r( (h -l c:)(2 -. c:¡ -- e.¡)
Pn lespectivel.y.

Trre p'cofs fo'orr by Trreo'erns 7,.2,.at-td 3 appried for trre c.n\-cxrnalrliing f : (0,rl2l * IR,' /(rj-:':_"1" 
,¡"¡î.1 "r)j:r,,.. '

cluatit*s 
Lct ¿¿ e [R' 2' > 0 (i' == T, rr¡ rvith Po > o. rnen one has the iue-

and

_1u <_
T)¿rtt i

h,n,o,("'-l, '')' 1
Pr*,)Pr T

" 
r 

[ å,,þ,0,0,*, (t+t)'-' = +l fi ,,,,,,,$,r,,r,, (,, n--.t)'-'f

lespectirrely,
The proofs follorv.by Theorerns r, 2 and, B fo. bhe convex mapping

/:[0, co) * [0, æ), Í(n), : n\'(]t Þ I).
c' rn paper l9l, c. L. wang has obtainecl the following inequality

[úr',lrt - u,))o']"""* (å,,,,) I$,a,(r - ø,))

rvhe19 P,_}-0-, nr,e_(O,Il2l þ.:I, n), rvhiclí shows that Ky Fan's ine-qualit,y [2] a,lso holds fol weighl,ecl lncans.
Le,- fr¡, F¡Q: ¡ 14 fc as above; llíen oue has thc inequatities:

0 <-l
Pn

It
1f, ?, exp (r,) - exp

fl

Pn 2 t', u¿

1
i ,r,*, exp (rr) - 

1

¡;:1 P?,

,t

x

fl

n
lt

x

ptixt EP,, pi exll t:r)

ancl

o*åÉr,u*nr."r-+( pt exp (nlz)

1f 1 't*;[ 
n,,4:, Ptt¡ exÞ (r,) - 

L

P3 O,r,Ér 1r, exV ØùJ
and

D p,n,
,t

0¿ rt¡ 1lP"
o * 

å (É,o,exp (n¿f2)z- exp (*É,0,,,
- 

+,Ér e¿n¿exþt*,P) 
-tpi 

exp (n,r2) - +,,ü,n,.,(Ð,

1< 7 il \<n

Ti:l
1

Pi,

p'(7 nr)
I-n,

P¿ exp uf2 )'fl 1 tt pt respectively.
The proofs

mapping /:[R -
< exÌl l, ?'n' 2i:I i:t Ei:1 t¡Ïlii;o3".-1i'äîl'1, 2 ancr 3 applied ror the convex

nt(L - n¡) P,, 1 û¿

and.

t * 
[,,+,

(exp{+t

(
l,,o*' ),,, llg (

lt¿

fr¿
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1. INTROI}UCTION

Lel (,S") be a. sequence of numbers,converging to 
^g. A sequence

';#;{":ïF:ï:*ïå,:t*t*^in tra;qr;ä'iÅ'g tnu se[u-enc-e 
"is,¡ 

ioto tËe se-

:

i

l

I
l

I

L

I

I

I

I* : T(Sn, Snnr, ..., ñn*r), n : or]t,,..
a,níJ p is a fixed integer. The aim of such transformation is to provide asequence (In) converging ro s ia*i"""ilrãï (ö;iiäi,i:l ,

11¡1 
?'- tl -- 6.,-- No - ,,S

rt is knolvn l'qee tll) that accele'ati.ng convergence is equiyalent toitiiT- a ((perfect 
ìsr,imaüon ;f ;Ë;;;" r,,, thati*, ä ;;á;;nce (r,,) such

tim ?" :r
ø+ø ,r$ :- ¡$n

proceeding in this way, Ana c. Matos proposeal in i2r an accelerat-
i:ä."iìåtJ:d 

based on a generat-Lonve.guo.ä iäJäîa'ån tne rouowing

-"." l"it"[f¿]r!:; fffi:ilîåiî]',ffiîrT: @.) a siven auxliarv sequ-
l_¡et us define :

(1) T¡:: c'- frn,, væ e rfrf

(2) A,Qù | : -êg-!--, vø e llrl, /u e INA,S,+r
rvhere Afrn : frn¡1 -^r¡¡ A8ilt : ñz+r+r - ñn+rr and consider the follow_rng convergence test for *óquur"äÄ",-rf,
(3) lim inf A*(k) > O


